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Abstract

This note gives a generalization of Shelah’s omitting types theorem.
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Theorem Let T be a theory formulated in a countable language L and Lg
a sublanguage of L. Let R be a set of nonisolated complete Lo-types such
that |R| < 2. Let S be a countable set of nonisolated L-types. Then there
is a model M = T omitting all the members of RU S.

Proof:

Throughout, L is a countable language and T is a countable first-order
theory formulated in L. (T may be incomplete.) We always work under T'.
L-formulas are denoted by ¢, 1,0,%,.... We fix a sublanguage Lo C L.
Lo-formulas are denoted by &, . ... Types are (possibly inocomplete) L-types
over the empty set. We say a type p(Z) is a complete Lo-type if p consists of
only Lo-formulas, and if for every £(Z) € Lo, £ or —¢ is in p.
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Definition 1 Let Ly C L and ¢;(%) € L satisfiable.

1. We say that two L-formulas ¢o(Z) and (%) are Ly-separable in Z’ C
if there are Lo-formulas &(z) and &;(z’) such that T = @i(Z) — &(Z)
(k=0,1), and & and & are incompatible in 7.

2. We say ¢o(Z) and (%) are essentially Lo-separable in Z' if there are
satisfiable L-formulas gok(a:) (k=0,1) with T }— 0, (Z) = on(E) (k =
0,1) such that ¢} and ¢} are Ly-separable in Z'.

3. Let ® = po(Z), ..., on(Z) be a sequnece of satisfiable L-formulas. We say
that @ is maximally Ly-separated if for each ¢ # j and each %ubqequence
Z' C z, whenever ¢} (%) and ¢/;(Z) are essentially Lo-separable in &’ then
they are Ly-separable in Z'.

A maximally Lo-separated sequence &' = (%), ..., . (& ) will be called
a maximal Lg-separation of @ if T = ¢i(Z) — i(Z) (4 = ,M).

Lemma 2 Let & = @y(Z), ..., pu(Z) be satisfiable L-formulas. Then there
are satisfiable L-formulas ©(Z) (i < n) such that ®' = @}(%), ..., (Z) is a
maximal Lo-separation of ®.

Proof: Let § C Z and suppose that ¢;(§) and @;(7) are essentially Lo-
separable in g. Choose L-formulas ¢}(Z) and L-formulas ©(Z) witnessing
the essential Lo-seprability. Then we replace ;(Z) and p;(% ) by ¢}(Z) and
(), respectively. We repeat this process (finitely many times) and finally
we get a desired maximal Lgy-separation.

Definition 3 Let v(z1, ..., z,) be an L-formula and s(7) an L-type. We say
Y(71, ..., ) totally omits s() if whenever M |= T and ay, ..., an € M satisfes
¥(a) then no tuple from {ay,...,a,} realizes s(§). Let ¥ be a finite set of
formulas. We simply say that ¥ totally omits s if A\ ¥ totally omits s.

Remark 4 o Let 5(Z) be a nonisolated type. Then for every satisfiable
L-formula ¢(Z) there is a satisfiable L-formula ¢'(Z) with T = ¢'(Z) —
©(Z) such that ¢’ and s are inconsistent.

e It is easy to check that for every satisfiable L-formula ¢(Z) and noniso-
lated type s(§), there is a satisfiable L-formula (%) with T &= ¢ — ¢
such that v totally omits s.
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Next lemma is easy but important for our proof of the theorem.

Lemma 5 Let po(Z) and ¢1(Z) be satisfiable L-formulas such that they are
not essentially Ly-separable in ' C I. Then o and ¢, isolate the same
complete Lo-type p(Z').

Proof: Suppose otherwise. Then it is easy to find an Lo-formula x(Z’) such
that both ¢y A x and ¢; A - are satisfiable. Two L-formulas ¢o A x and
1A are Ly-separable in Z'. Since T |= poAx — wo and T = p1A—x — 1,
this means that ¢y and ¢; are essentiall Ly-separable. A contradiction.

Suppose Z = {zli < w} is a fixed countable set of new variables. We
denote a sequence 2g, 21, - , %1 by %. Enumerate S as S = {s;(Z;) : ¢ €
w}. We may assume that for each s,(Zn), |Zn| < n. Let {6;(Z,z)} be an
enumeration of L-formulas having the form 3xp(Z;, z) = ¢(Zi, 2:)-

By induction, we construct a binary tree {Xy(Zien(n))|n € 2<“} of finite
sets of L-formulas with the following properties: For every n € w and every
ne 2",

1. If m < n then X, C Xyjn;

2. {A\ 2(z,)}se2n is maximally separated;
3. X, is consistent;

4. ¥, contains 6p;

5. ¥, totally omits each of s; ( < n).

Let Xy = 0 and suppose £,(Z,) is defined for every o € 2". Take two copies
of ¥,(Z,) and set
5% (Zn) = To(Zn) (k= 0,1).

Then, by Lemma 2, there is a set {¢sx(Zx)}oe2n k=01 Which is a maximal
Lo-separation of {A Z%*(2,)}oean k=0,1. Set

T2 (2n) = 2% (Zn) U {Yhok(2n) }-

Next, for each o € 2", take a satisfiable L-formula Xox(Zs) = »1*(z,) such
that xo,x totally omits 5:(Z;) for every ¢ < n. (Such formula exists by Remark
4.) Set

Ei’k(zn) = Eclr’k(zn) U {Xo,k(Zn) }-



Finally set Y.+ = X2%(2,) U {0n(Zn, 2,)}. It is easy to check that
{20 (Zn+1) }yean+ satisfies the required conditions 1-5 (with n replaced by
n + 1). So we have succeeded to construct all ¥,’s. Now, for a path
n € 2, we define X,(Z) by X, = U,e, Znin- Recall that 6, has the form
320 (Zn, ) = 9(Zn, 2,). So, by the condition 4, every M, realizing X,(Z) is
a model of T. By the condition 5, M, omits all types in S.

Claim A For eachp e R, {n €2 | M, &= 3zp(Z)} is countable.

We fix p(Z) € Rand Z C Z with |Z| = |z|. Suppose £,(Z)Up(Z) is consistent.
Take any ' # 0. If £,(Z) U p(Z) is also consistent, then ¥, and T,
are not essentially Lo-separable in Z, where n is chosen so that Z C Z,.
Hence p must be isolated by a L-formula, by Lemma 5. But R is a set of
nonisolated types, a contradiction. So, for each p € Rand zZ C Z, {n €
2°|%,(Z) Up(z) consistant} has at most one element. This proves the claim,

since there are only countably many possible choices of Z C Z. (End of Proof
of Claim)

Finally, by the claim above and the assumption that |R| < 2¥, we can
find a path n € 2“ such that M, omits R.

Corollary 6 Suppose a < 2“. Let Ty be a complete L-theory and p,q; €
S(T) (i < a). If for every i < a there is a model M such that M omits g
and M realizes p, then there is a model N such that N omits all ¢g;’s but NV
realizes p.

Definition 7 Let M be an L-structure. We say that M is finitely generated
if there is a tuple a € M such that M = acly(a).

In [4], Tsuboi generalized Steinhorn’s omitting types theorem. He showed
the next result in his paper,

Theorem 8 Let M be an L-structure. Suppose M is not finitely generated.
Let p(Z) be a type that is not realized in M. Then p(Z) is not isolated in
the theory Thya)(M) U {y—ala € M}. So, there is a proper elementary
extension N of M, which omits p.

We also have a generalization of Tsuboi’s result, by our generalization of
Shelah’s omitting types theorem.
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Corollary 9 Let M be an L-structure and k < 2“. Suppose M is not finitely
generated. Let p,(Z,) € S(T) be a complete type that is not realized in M,
for each 17 < k. Then, there is a proper elementary extension N of M, which
omits p, for all n < k.
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