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SPACES OF SL(2)-ORBITS IN MIXED CASE
(Joint work with Kazuya Kato and Chikara Nakayama)

SamPEI Usul (Osaka University)

INTRODUCTION

For a Griffiths domain D in [G], basing on the SL(2)-orbit theorem of Cattani, Kaplan
and Schmid [CKS], Kato and the author constructed in [KU2] the space of SL(2)-orbits
Dsy,(2) which is an enlargement of D.

We evolve this to the mixed case. Let now D be a classifying space of mixed Hodge
structures with polarized graded quotients defined in [U]. The construction of our spaces
of SL(2)-orbits are now based on a mixed Hodge theoretic version of SL(2)-orbit theorem
obtained by Kato, Nakayama and the author in [KNU1|. Let Dgy2) be the set of torus
orbits associated to SL(2)-orbits in mixed case (for the precise definition, see §5). We
define (in §7) two structures on the set Dgy 2y as real analytic manifold endowed with
a log structure with sign, allowing corners and slits (i.e., as object of Br(log) in §6),
which contains D as a dense open subset. We denote Dgp o) with these structures by
DéL(2) and Dé{,(z)- There is a morphism DéL(2) — Déi(z) whose underlying map is the
identity map of Dgy,(2)- The log structure with sign of DéL(2) coincides with the inverse
image of that of D ,.

In the pure case, these two structures coincide, and the topology of Dgy,(2) given by
these structures coincides with the one defined in [KU2].

D§£(2) is proper over spl(W) x Dgr,2)(gr"’) (7.9). This shows that our definition of
Dg1(2) in the mixed case provides sufficiently many points at infinity. This properness
is a good property of Dé'{(z) which DéL@) need not have. On the other hand, DéL(2)

is nice for norm estimate (§8), but Dé—{,(z) need not be. The topologies of DéL(2) and
Dé£(2) often differ.

In Part I ([KNUZ2]) of a series of papers “Classifying spaces of degenerating mixed
Hodge structures”, joint with Kato and Nakayama, we constructed and studied Borel-
Serre space Dgg which is a real analytic manifold with corners like original Borel-Serre
space in [BS]. In Part II ([KNUS5]), we constructed and studied spaces of SL(2)-orbits
Dgp(2y. This is the topic of the present note. The spaces of nilpotent orbits Dy, are
constructed and studied in Part ITII ((KNU6]). These spaces Dy, Dgr(2), and Dgg belong
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to the following fundamental diagram of eight enlargements of D whose construction is
one aim of this series of papers.

Dspi2)yva — Dgsyval
l !

DE,V&I «— Dg_),val - DSL(2) DBS

! l
Ds « DY

This fundamental diagram in the pure case was constructed in [KU3].

This is a note for the conference talk, which is edited a joint work [KNU5] to make
a brief guide. [KNUS5] contains a theory and applications of log modification for log
structures with sign. This is also an important topic, but we omit it here. The author
takes full responsibility for the wording and content of this note.

Acknowledgment. The author would like to express his gratitude for all participants,
all speakers, and the organizers of the conference.

§1. CLASSIFYING SPACE

We recall standard notation.
Fix a quadruple (H07 W’ (( ’ >w)wEZa (hp’q)P,(IEZ)y where

Hj : a finitely generated free Z-module,

W : an increasing filtration on Hyr := R ®z Hy defined over Q,

(, )w : a non-degenerate R-bilinear form gr)’ x gr’¥ — R, defined over Q for each
w € Z which is symmetric if w is even and anti-symmetric if w is odd,

hP? : a non-negative integer given for p,q € Z such that h?? = h?P, rankz(Hy) =
D p.q P79, and dimg (gry)) = D pig= P77 for all w.

Let D be the set of all decreasing filtrations F' on Hy ¢ := C ®z Hj satisfying the
following two conditions.

(1) dim(FP(gry, )/ FP+(gryl,)) = hP? (Yp,q € Z).
(2) (, )w kills FP(gr?) x Fi(gr¥V) (Vp,q,w € Z such that p+ q > w).
Here F(gr¥’) denotes the filtration on gruvf’: c = C®r grY¥ induced by F.

Let D be the set of all decreasing filtrations F' € D which also satisfy the following
condition.

(3) P=%x,Z)yy, > 0 (0 # Vz € FP(gr¥ )N Fa(grl), Vp, q,w € Z with p + ¢ = w).
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Then, D is an open subset of D and, for each F € D and w € Z, F(gr!’) is a Hodge
structure on (HoNW,,)/(HoNWy—1) of weight w with Hodge number (h?*9)p4 ¢= Which
is polarized by (, ).,. The space D is the classifying space of mixed Hodge structures
of type (Ho, W, ({ , )w)wez, (h""?)pqcz) in [U}], which is a natural generalization of
Griffiths domain in [G] to the mixed case. These two are related by taking graded
quotients by W as follows.

D(gry)) : the D for ((Ho N Wa)/(Ho N Wy-1), {, Yws (hP*)ptg=uw) (Vw € Z).
D(gr") = 1z Dlers)-

D — D(gt"), F — F(grV) := (F(gr?))wez, the canonical surjection.

For A=2,Q,R, or C,

Ga: the group of all A-automorphisms g of Hyp 4 := A ®z Hp compatible with W
such that gr’¥(g) : gr’¥ — gr’¥ are compatible with (, ), for all w.

Gaw:={g€Ga| gr¥(g) =1 for all w € Z}, the unipotent radical of G 4.
Ga(gr¥): the G4 of ((Ho N Wy,)/(HoNWy_1),(, Yuw) for each w € Z.

Gaer") =1, Galery)-

Then, G4/Gan = Ga(gr’), and G4 is a semi-direct product of G4, and Ga(gr').

The natural action of Gg on D is transitive, and D is a complex homogeneous space
under this action. Hence D is a complex analytic manifold. An open subset D of D
is also a complex analytic manifold. However, the action of Ggr on D is not transitive
in general (see the equivalent conditions (4), (5) below). The subgroup GrGc . of G¢
acts always transitively on D, and the action of Gc  on each fiber of D — D(gr') is
transitive.

spl(W): the set of all isomorphisms s : gr'¥ = @, gr’¥ — Hp g of R-vector spaces
such that for any w € Z and v € gr)¥, s(v) € Wy, and v = (s(v) mod Wy,_1).

We have the action Ggr . X spl(W) — spi(W), (g,s) — gs.

For a fixed s € spl(W), we have a bijection Gr . — spl(W), g +— gs. Via this bijection,
we endow spl(WW) with a structure of a real analytic manifold.

Dgp := {s(F) | s € sp(W), F € D(gr")} C D, the subset of R-split elements.
Here s(F)? := s(@,, F{,)) for F = (Flu))w € D(grt").
Dnspl =D\ Dsp].

Then, Dy, is a closed real analytic submanifold of D, and we have a real analytic
isomorphism spl(W) x D(gr"') = Dgp1, (s, F) — s(F).

The following two conditions are equivalent ([KNU2], Proposition 8.7).

(4) D is Gr-homogeneous.
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(5) D = Dsp1.

For example, if there is w € Z such that W,, = Hor and W,,_s = 0, then the above
equivalent conditions are satisfied. But in general these conditions are not satisfied (see
Examples I, III, IV below).

Examples. Let E and E’ be elliptic curves.

gtV geometry
0 HYE)(1) period of E
I Z\) e Z extension data: Z\C ~ C*
11 HY(E)(1) & Z J(HY(E) = E
111 HY(E)2)® Z regulator
v ZO) e HY(E)1)aZ E «— (Poincaré bundle) — (dual of E)
Vi Sym®(H(E))(2) & Z intermediate Jacobian of CY with A%'! =1

Vo HYE)(1) ®© Sym*(H'(E"))(1)
Vs Sym’(HY(E'))(1) @ HY(E)(1)  H2((K3 with p = 19) \ (elliptic curve))(1)

For the precise description of the spaces D with the same type of graded quotients
as these examples, see §9 below.

§2. DECOMPOSITION OF D AS REAL ANALYTIC MANIFOLD

Let W and D be as in §1. In this section, we review the canonical splitting sply;, (F’) €
spl(W) of the weight filtration W associated to F/ € D, defined by the theory of Cattani-
Kaplan-Schmid [CKS]. In §1 of [KNU1] reviewed the definition of sply;, (F’) in detail.

Let F = (Fluw))w € D(gr'"). Regard F as the filtration @, F(,,) on grfl =

w P _ P4 w
@D, gry o, and let HR? = Hg . . C8pgc Let

L= EndR(ng)S_g

be the set of all R-linear maps & : gr'¥ — gr'¥' such that 6(gr’’) c @, <w—2 8Thy for
any w € Z. Let

LIF)={6eL|§HE) CD HZY for all p, q € Z).

p'<p,qg'<q

Then, a result in [CKS] is reformulated as follows.
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Theorem. We have an isomorphism of real analytic manifolds
D~ {(s,F,8) € sp(W) x D(gr") x L | 6 € L(F)}, F' > (sply (F'), F'(gr"),8(F")),
whose inverse is given by (s, F,d) — s(0(F,4)).

We explain the above correspondences.

For F' € D, there is a unique pair (s’,6) € spl(W) x L(F’(gr"")) such that
F' = s'(exp(i6) F' ("))

([CKS)). This is the definition of § = §(F") associated to F".

Let F’ € D, and let s’ € spl(W) and § € L(F'(gr"")) be as above. Then the canonical
splitting s = sply, (F’) of W associated to F’ is defined by

s = s exp((),

where ¢ = ((F'(gr'"), ) is a certain element of £(F’(gr"')) determined by F’(gr")
and J in the following way.

Let 0,4 (p,q € Z) be the (p,q)-Hodge component of § with respect to F'(gr
defined by

")

8= 04 0pa (8pq € Lc(F(g"))=C&rLIF(er")),
Spa(Hph gewy) C Hpol3 for allk,l € Z.

Then the (p, ¢)-Hodge component (, , of ¢ = ((F'(gr”), §) with respect to F’(gr"V) is
given as a certain universal Lie polynomial of §, o (0',¢' € Z, p' < —1, ¢’ < —1). See
[CKS] and Section 1 of [KNU1]|. For example,

¢(-1,-1 =0,
(—1,-2 = —%6_1,-2,

(-2,-1=%0_2,1.

For F € D(gr¥) and § € L(F), we define a filtration §(F,§) on grd by

0(F, ) = exp(—() exp(id)F,

where ¢ = ((F,0) is the element of L(F) associated to the pair (F,J) as above.
For g = (guw)w € Gr(gr") = [1,, Gr(grl), we have

go(F,d) = 6(gF, Ad(g)d),
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where Ad(g)d = gbg~?.

For F € D(gr"), § € L(F) and s € spl(W), the element s(8(F,d)) of D belongs to
Dyp, if and only if § = 0.

We consider Examples 0-IV, V3 in §1. For these examples, L(F') C L is independent
of the choice of F € D(gr'), which is denoted by L. By the above Theorem, we have
a real analytic presentation of D

D ~spl(W) x D(gr") x L.

The following is the table of correspondence with the complex analytic presentations.

D spl(W) x D(gr") x L
0 b {0} x b x {0}
I CeoZ R x {pt} xR
11 hx C R? x h x {0}
11 h x C2 R2 x h x R2
vV b x C3 R’ x b x R

V3 bhExhxC3 RS x (% x b) x {0}

Here h¥ is the disjoint union of h* = hand b~ = {x +iy |z € R, 0 > y > —o0}
(bt ~b~, z + iy — z — iy). For more precise description, see §9 below.

§3. NILPOTENT ORBITS AND SL(2)-ORBITS IN MIXED CASE
3.1. Let N; € gr (1 < j<n)andlet F € D. Wesay (Ny,..., Ny, F) generates a
nilpotent orbit if the following conditions (1)—(4) are satisfied.

(1) The R-linear maps N; : Hor — Ho g are nilpotent for all j, and N;N; = NgN;
for all j, k.

(2) Ify; >0 (1 <j<n), thenexp(>."_, iy; N;)F € D. (Positivity)
J J=1"97-"J
(3) N;FP C FP~! for all j and p. (Griffiths transversality)

(4) Let J be any subset of {1,...,n}. Then, for y; € Rsq (j € J), the relative
monodromy filtration M (3, ; y;N;, W) exists. (Admissibility)

Let Diyilp,n be the set of all (Ny,..., N,, F) which generate nilpotent orbits.
For (Ny,--+ ,Np, F) € Dyipn, we call the map (z1,...,2,) — exp(Z;;l z;N;)F a
nilpotent orbit in n variables.
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In the terminology of Kashiwara [K], Dhilp,n is the set of all (Ni,...,Nyp, F) such that
(Ho,c;Wc; F,F;Ny,...,N,), with F the complex conjugate of F, is an “infinitesimal
mixed Hodge module”.

3.2. We review SL(2)-orbits in the case of pure weight. Let w € Z and assume
Ww = HO,R and Ww—l = 0.
Let n > 0, and consider a pair (p, ) consisting of a homomorphism

p:SL(2,C)" — Gg

of algebraic groups which is defined over R and a holomorphic map ¢ : P!(C)"* — D
satisfying the following condition.

©(9z) = p(g)p(z) for any g € SL(2,C)", 2 € P}(C)™

As in [KU3], §5 (see also [KUZ2]|, §3), we call the pair (p, ¢) an SL(2)-orbit in n variables
if it further satisfies the following two conditions (1) and (2).

(1) o(h™) c D.

(2) p«(FP(sl(2,C)®™)) C Fg(z)(gc) for any z € P!(C)" and any p € Z.

Here in (1), € P!(C) is an upper-half plane. In (2), p, denotes the Lie algebra
homomorphism sl(2, C)®" — g¢ induced by p, and F,(sl(2,C)®"), F,,)(gc) are the
Hodge filtrations induced by those for z € P1(C)", p(z) € D, respectively.

Let

-1 0 .
Yj=p*<0 1)_€9R (1<j<n),
J

where ( ); means the embedding s[(2) — s[(2)®™ into the j-th factor.

For 1 < j < n, define the increasing filtration W on Hy r as follows. Let Hor =
@D.nczn Vim be the decomposition, where Y; acts on V;, as the multiplication by m;.
Let

() —
Wk] - @mezﬂ,m1+'--+mj§k—w Vm
= (the part of Ho g on which eigen values of Y1 + --- +Y; are < k — w).

Let s\ be the splitting of W) given by the eigen spaces of Y1 + - -- + Y.
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Proposition3.3. An SL(2)-orbit in n variables is determined by (W) <j<pn, @(i)).

3.4. In the situation of 3.2, let W’ be an increasing filtration on Ho g such that
there exists a group homomorphism « : G,, r — GRr such that, for k£ € Z, W, =
@D.<k—w H(m), where w is as in 3.2, and H(m) := {x € Hyr | a(t)r = t™z (¢t €
R*)}.

We define the real analytic map

splbs : D — spl(W')

as follows. Let P = (Gy,/)r be the parabolic subgroup of Gr defined by W' (G° is
the connected component of G as an algebraic group containing 1). Let P, be the
- unipotent radical of P, and Sp the maximal R-split torus of the center of P/P,. Let
Gnr — Sp, t (tk_w on gr,zv')k be the weight map induced by a. For F € D, let
KF be the maximal compact subgroup of Gr consisting of the elements of Gr which
preserve the Hodge metric (Cr(e), 8),,, where Cr is the Weil operator associated to F.
Let Sp — P be the Borel-Serre lifting homomorphism at F, which assigns a € Sp to
the element ar € P uniquely determined by the following condition: the class of ag in
P/P, coincides with a, and 0k, (ar) = az', where O, is the Cartan involution at Kz
which coincides with Int(Cr) in the present situation ([KU3] 5.1.3, [KNU1] 8.1). Then,
the composite G,, r — Sp — P defines an action of Gn.r on Hogr, and we call the
corresponding splitting of W’ the Borel-Serre splitting at F, and denote it by spllévs, (F).

It is easy to see that the map splB> : D — spl(W'), F — spl55 (F), is real analytic.

Proposition 3.5. Let (p,p) be an SL(2)-orbit in n variables, let y; > 0 (1 < j < n),
and let p = @(iy1,...,iyn) € D. Then

s =splpzsy(p) (1 <j<n).

3.6. We now consider SL(2)-orbits in mixed case. Let W be-an increasing filtration
of Ho r such that W, = 0 for w < 0 and W = Hy r for w > 0.

Forn >0, let Dsy,(2),n be the set of all triples ((pw, Pw)wez, T, J), where (pw, Py) is
an SL(2)-orbit in n variables for gr)¥ for each w € Z, r is an element of D such that
r(gry) = @u(i) for each w € Z (i = (i,...,i) € C* C P}(C)"), and J is a subset of
{1,...,n} satisfying the following conditions (1) and (2). Let

J' ={j|1<j<mn, thereis w € Z such that the j-th component

SL(2) — Gr(gr¥) of p,, is a non-trivial homomorphism}.

(1) Ifr € Dapy, J = J'.
(2) If r € Dygpy, either J = J' or J = J' U {k} for some k < min J'.

Let
Dsr2) = ln>0 Psr(2)n-
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We call an element of Dgy,(z),, an SL(2)-orbit in n variables, and an element of Dgy,(2)
an SL(2)-orbit. Note that, in the pure case, J is determined uniquely by (pu)w since
D = Dyy).

We call the cardinality of the set J the rank of the SL(2)-orbit.

When ((0w, Pw)w,T,J) is an SL(2)-orbit in n variables of rank n, we denote it also
simply by ((Pw,Pw)w,T) since J is clearly {1,...,n}.

3.7. If ((pw,Pw)w,T,J) is an SL(2)-orbit in n variables of rank r, we have the
associated SL(2)-orbit ((0l,, ¥, )w,T) in T variables of rank r, defined as follows. Let
J ={a(l),...,a(r)} with a(1) < --- < a(r). Then

p'lw(ga(l)a s aga(r)) = pw(g1, cee ,gn)a ‘p:u(za(l)a <o ’za(r)) = ‘Pw(zl’ .. "Z'n)'

Note that for any w € Z, p,, factors through the projection SL(2)" — SL(2)”
the J-component, and ¢, factors through the projection P*(C)” — P(C)’ to the
J-component, and hence (pu, ¢ )w is essentially the same as (py,, ¢4, )w-

3.8. Associated torus action.
Assume that we are given an SL(2)-orbit in n variables ((pw, Yw)w, T, J).
We define the associated homomorphism of algebraic groups over R

7:Gr R~ Autr (Hor, W)

as follows. Let s, : gr'¥ = Hy g be the canonical splitting sply, (r) of W associated to
r (§2). Then

T(tl,...,tn)=8r0( wEZ( ]) Pw(g1s---,gn) ON grzvuv)osr_l
1/TTk= 0 >
with g, ( “7 n .

For1<j<m,let 7;: Gy r — Autg(Hor, W) be the j-th component of 7.

Remark. The induced action of 7(t) (t € RZy) on D is described as follows. For
s(8(F,8)) € D with s € spl(W), F € D(gt"), § € L(F) (§2), we have

7(¢)s(0(F,0)) = s'(6(F",0"))

with s’ = 7(t)sgrV (7(t)) "}, F' = gt (r(t))F, &' = Ad(gr™ (7(t)))d.

3.9. Associated family of weight filtrations.

In the situation of 3.8, for 1 < j < n, we define the associated j-th weight filtration
W) on Hy g as follows. For k € Z, W,gj) is the direct sum of {z € Hor | 7j(t)z =
‘r (Vte R*)} over all £ < k.

By definition, we have W) =3, s (W) (gr¥)), and WY (gr¥) coincides with
the k-th filter of the j-th weight filtration on gr!” associated to the SL(2)-orbit (0w, ¥w)
in n variables.
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Proposition 3.10. (i) An SL(2)-orbit in n variables ((pw, Pw)w,t,J) is uniquely de-
termined by (W9 (gr"))1<j<n, 1, J).

(ii) An SL(2)-orbit in n variables ((pw, Pw)w, T, J) is uniquely determined by (t,r, J).

3.11. For an increasing filtration W’ on a finite dimensional vector space E such
that W), = E for w > 0 and W/, = 0 for w < 0, define the mean value of the weights
u(W') € Q of W’ and the variance of the weights o?(W') € Q of W' by

pW') = ¥ ez dim(grl )w/ dim(E),
*(W') = Luez dim(gry))(w — p(W")?/ dim(E).

Proposition 3.12. Let ((py, Pw)w,T,J) be an SL(2)-orbit in n variables, and let W)
(1<j<n)beasin3d.9. Let WO =W.

(i) Let 1 < j <n. Then W) = WU=1 if and only if for any w € Z, the j-th factor
SL(2,C) — Ge(gr¥) of py, is the trivial homomorphism.

(ii) For 0 < j < n, let 02(j) = > wez GQ(W(j)(ng)V)). Then, o%(j5) < o2(j') if
0<j<j <n.

(iii) Let 0 < j < n, 0 < j' < n. Then, WD = WU if and only if 02(j) = o2(j').

§4. SL(2)-ORBIT THEOREM IN MIXED CASE

SL(2)-orbit theorem in [KNU1] is rewritten as

Theorem 4.1. There is a map
Y : Dhipn = Dsr2),ns (V15 o+, Ny F) = ((Pws Pw)w> T1, ),

defined as follows. _

Let (Ny,...,Np, F) € Dyjp,n. For each w € Z, let (py, ) be the SL(2)-orbit in
n variables for gryy associated to (gr’’ (Ny),...,gr (Ny,), F(gr¥)), which generates a
nilpotent orbit for grly . Let k =min({j|1 <j<n, N; #0}U{n+1}).

(i) If y; € Rso and yj/yjs1 — o© (1 < j < n, yny1 means 1), the canonical
splitting sply (exp(3_7_, iy; N;)F) of W associated to exp(}_7_, iy; N;)F (§2) converges
in spl(W).

Let s € spl(W) be the limit.

(ii) Let 7 : G r — Autr(Hor, W) be the homomorphism of algebraic groups de-
fined by

T(tl" : "tn) =$s0 (@wez ((H?:l tj)wp’w(gl,' . ,gn) on grr)/)) © 8—1a
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where g; is as in 3.8. Then, as y; >0, y1 =+ =Yk, Y;/Yj+1 = 00 (£ < J <N, Ynpa

means 1),
[y2 /yn+1>—1 no
T /=, .. exp(> ., iy;N;)F
( y17 ) Un (Zg 1°%J7 J)
converges in D.

Let r1 € D be the limit.
(iii) Let

J' ={j|1<j<n, the j-th component of p,, is non-trivial for some w € Z}.

For k defined at the beginning, let J = J = @ ifk =n+1, and let J = J' U {k} if
otherwise. Then
((ow, Pw)w,T1,J) € DSL(2),n-

For p € Dhiip,n, we call ¥(p) € Dsr(2),n the SL(2)-orbit associated to p.

4.2. For p = (Nl, ooy, Np, F) € Dnilp,n, Tin 4.1 (ii) and (M(N1 +---+N;, W))ISJ'STI
coincide with the torus action (3.8) and the family of weight filtrations (3.9) associated
to 1(p) € Dgr(2),n, respectively.

The map v in 4.1 is not necessarily surjective, e.g. in Example III in 9.1 below, Im ¢
is contained in Case 1, and the SL(2)-orbits in Case 2 and in Case 3 are away from
Im .

Note that, in the definition of a nilpotent orbit in 3.1, the order of Ny,...,N, in
(N1, , Np, F) is not important, but when we consider the SL(2)-orbit associated to
(N1, , Ny, F), the order of Ny,..., N, becomes essential.

Note that, even when k = 1, r; in 4.1 (ii) above is not r but exp(go)r in Theorem
0.5 of [KNU1], and that s in 4.1 (i) above coincides with sply,(r1) (§2).

§5 SET DSL(2)

5.1. Two SL(2)-orbits p = ((pw; Pw)w,T),P’ = (P Pw)w:T') € Dg(g),,, In N vari-
ables of rank n (3.6) are said to be equivalent if there is a t € RZ, such that

pl, = Int(gr (7(£)) 0 pw, @, =g (T(t)) o (NweZ), r =7(t)r.

Here 7 : G} g — Autr(Ho,r, W) is the torus action associated to ((pw; Pw)w,r) (3.8).

Two SL(2)-orbits ((pw, Yw)w: T, J), ((Py, Pop)w, ', J') € Dgr(2y in n variables of rank
r, and in n’ variables of rank 7/, respectively, are said to be equivalent if r = r’ and
their associated SL(2)-orbits in r variables of rank r (3.7) are equivalent.

Proposition 5.2. Let p = ((pw, Yw)w,T) be an SL(2)-orbit in n variables of rank n.

(i) The WU of p, the T and the 7; of p (1 < j < n), the canonical splitting sply,(r)
of W associated to r (§2), and Z = 7(R%)r depend only on the equivalence class of p.
Z s called the torus orbit associated to p.
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(ii) The equivalence class of p is determined by (W9 (grW))1<j<n, Z), where Z is
as above.

(iii) The equivalence class of p is determined by (7, Z), where T and Z are as above.

5.3. Let Dgr(2) be the set of all equivalence classes of SL(2)-orbits satisfying the
following condition (1).

Take an SL(2)-orbit ((pw,¥w)w,r,J) in n variables which is a representative of the
class in question.

(1) For each w € Z and for each 1 < j < n, the weight filtration W) (gr’?) is rational.

As a set, we have
Dsv(2) = >0 Dsi2)ns

where Dgy,(2) , is the set of equivalence classes of SL(2)-orbits of rank n with rational
associated weight filtrations. We identify Dgr(2),0 with D in the evident way.

Let Dsp(2),sp1 be the subset of Dgy2) consisting of the classes of ((pw;Pw)w,T,J)
with r € Dspl- Let DSL(Q)’nSpl = DSL(2) N DSL(Q),SP]_.

5.4. We have a canonical projection
Dsr(2) — Dsriz)(gr"”) = [Tyez Dsiez)(eryy),

class((pw, Pw)w, Iy J) — (class(pw, Pw))w-

Here DSL(Q) (ng,V) is the DSL(z) for ((Ho ﬂWw)/(Ho NWy-1),(, >w) Note that, in the
pure case, the definition of Dgy 2y coincides with that of [KUZ2].

We have a canonical map
DSL(Z) - Spl(W)a class((pw, Sow)wy r, J) — S,

where s denotes the canonical splitting of W associated to r (see 5.2 (i)).
5.5. For p € Dgy(2), we denote by 7, and Z, the corresponding 7 and Z, respectively.

Later in §7, we will define two topologies on the set Dgr,(2). Basic properties of these
topologies are the following.

(i) If p € Dgp(2) is the class of (7p,r) (cf. 5.2 (iii)), then we have in Dgy o)
Tp(t)r — p when ¢t € R, tends to 0.

Here n is the rank of p and 0 = (0,...,0) € R,
(ii) If (N1,- -, Np, F') generates a nilpotent orbit and if the monodromy filtration of
grV (N1) + - - - + gr¥ (V) is rational for any w € Z and any 1 < j < n, then we have in

Dg,(2)
exp(>_7_; iy N;)F —p
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when y; > 0, y;/yj+1 — o© (1 < j £ n, yns1 denotes 1), where p denotes the class of
the SL(2)-orbit associated to (Ni,...,N,, F) by 4.2.

This (ii) is the basic principle which lies in our construction of the topologies on
Dgy,(2). Our SL(2)-orbit theorem 4.1 says roughly that, when y; /y;4+1 — oo (1 < j <,

Ynt1 = 1), exp(3_; ty;N;)F is near to 7,(1/%,...,, /¥4 )r, where r € Z,. Hence
(i) is natural in view of (ii).

§6. CATEGORY Bgr(log)

6.1. We define a category Br of spaces with real analytic structures. An object of
Bg is a local ringed space (S, Os) over R such that the following holds locally on S.
There are n > 0 and a morphism ¢ : S — R" of local ringed spaces over R from S to
the real analytic manifold R™ such that ¢ is injective, the topology of S coincides with
the one induced from the topology of R™ via ¢, and the canonical map :™*(Ogr») — Og
is surjective and the kernel is a finitely generated ideal. Here Or~ denotes the sheaf of
R-valued real analytic functions on R™ and +~!( ) denotes the inverse image of a sheaf.
Morphisms of Br are those of local ringed spaces over R.

Of course a real analytic manifold is an object of Bg. An example of an object of
Bgr which often appears in this note is RY, with the inverse image of the sheaf of real

analytic functions on R”™.
For an object (S, Og) of Br, we often call Og the sheaf of real analytic functions of

S though (S, Os) need not be a real analytic space.

6.2. For (S,0s) € Br, let O§,>O be the subsheaf of O consisting of all local sections
whose values are > 0. A log structure with sign on S is an integral log structure Mg on
S in the sense of Fontaine-Illusie ([KU3], §2.1) endowed with a subgroup sheaf Mg~ , of
MEP satisfying the following three conditions (1)-(3). Here M O Mg denotes the sheaf
of commutative groups {ab~!|a,b € Mg} associated to the sheaf Mg of commutative
monoids.

(1) Mg, D Og 50
(2) 05 /03 50 — ME/ME,,.
(3) Let Mg o := Mg N Mgf;o C MEP. Then the image of Mg 5o in Og under the

structural map Mg — Og of the log structure has values in R>p C R at any points of
S. (We remark (Ms,>0)8 = Mg, and thus MgY,, is recovered from Ms o.)

Define Bgr(log) to be the category of objects of Br endowed with an fs log structure
([KU3], §2.1) with sign.

6.3. As standard examples of objects of Bgr(log), we have real toric varieties, and
also real analytic manifolds with corners.
Let P be an fs monoid. Then we have

toric| p := Hom(P, RZ§") C toricp := Spec(C[P))an = Hom(P, C™"),
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where the log structure M of |toric|p is the one assomated to P — O. MEY is generated
by P& and O,

In the case P N™, we have |toric|, = RY,

A real analytic mamfold with corners S is a local ringed space over R which has an
open covering (Uy)x such that for each A, Uy is isomorphic to an open set of the object

R"(’\) of Br(log) for some n(A) > 0. The inverse images on U, of the fs log structures

with sign of Rg(o)‘ ) glue together to an fs log structure with sign on S canonically. Thus
a real analytic manifold with corners is regarded canonically as an object of Bgr(log).

§7. REAL ANALYTIC STRUCTURES OF Dgp(2)

In this section, we define on the set Dgr,2) two structures as object of Bg(log).

. We define sets W, W, a subset D{},5y(¥) of Dgp () for ¥ € W, and a subset
Dé{‘(z)(@) of Dgp(y for ® € W, as follows.
For p € Dgy(z), let W(p) be the set of weight filtrations associated to p.
By an admissible set of weight filtrations on Ho r, we mean a finite set ¥ of increasing
filtrations on Hy g such that ¥ = W(p) for some element p of Dgr,(2). We denote by

W the set of all admissible sets of weight filtrations on Ho gr.
For U € W, we define a subset Dg; ,,(¥) of Dgy2) by

Di19)(%) = {p € Dgy(2) | W(p) C T}.

Note that Dgr(g) is covered by the subsets DéL@)(\P) for ¥ € W. Furthermore,
Dgy,(2) is covered by the subsets DéL(z)(\Il) for ¥ € W with W ¢ ¥ and the sub-
sets DéL(z)(\Il)nspl = DéL(z)(\Il) N Dsr(2),nspt for ¥ € W with W € ¥. As is stated in
Theorem 7.7 below, these are open coverings of Dgp,c2) for the topology of DéL(2)'

For p € Dgy(9), let
W(p) = {W'(e”) | W € W(p), W # W},

where W’(gr') is the filtration on gr'¥ = @, grlinduced by W', i.e., W' (gt )i :=

D, Wilery) C B, erl)
By an admaissible set of weight filtrations on grV| we mean a finite set ® of increasing
filtrations on gr¥ such that ® = W(p) for some element p of Dg1(2). We denote by W

the set of all admissible sets of weight filtrations on gr'¥’
For ® € W, we define a subset DéL@)((I)) of Dgy,(2) by

Déﬁ(z)(q’) = {p € Dgr(2) | W(p) C ®}.

As a set, Dgy,(g) is covered by DSL(Q)((I)) (® € W). As is stated in Theorem 7.7 below,
this is an open covering for the topology of DSL(2)
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We have a canonical map L
W—-Ww
which sends ¥ € W to ¥ := {W'(gr") | W' € ¥, W' # W} € W. For ¥ € W, we have
DéL(z)(‘I’) C DSL(2)(‘I’)

7.2. Let ¥ € W. A homomorphism & : Gy g — Autr(Hor, W) of algebraic
groups over R is called a splitting of ¥ if it satlsﬁes the following conditions (1)—(2).

(1) The corresponding direct sum decomposition Hor = @u S, into eigen R-
subspaces S, (1 € ZY) satisfies W, = 3, (wry<ur Su for all W’ € ¥ and all v’ € Z.

(2) For all w € Z, the image of ¢~%¢/, is contained in Gr(gr)), where o,
Gy R~ Autgr(gr?) is the homomorphism induced by a, and ¢ is the composite of the

multiplication G r — Gm,r and the canonical map G, r — Autgr(gr’).

A splitting of ¥ exists: If ¥ is associated to p € Dsy,(2), the torus action 7, associated
to p is a splitting of ¥. Here and hereafter, we identify {1,... ,n} (n is the rank of p)
with ¥ via the bijection j — W), which is independent of the choice of p by 3.12.

Let ® € W. A homomorphism «a : G?;L,R — I, Autr (gr”) of algebraic groups
over R is called a splitting of ® if it satisfies the following conditions (I1)-(2).

(1) The corresponding direct sum decomposition gr'¥ = @®,, S. into eigen R-sub-
spaces S, (u € Z®) satisfies W, = 3_ 1)< Su for all W' € @ and all w' € Z.

(2) For all w € Z, the image of . =%/, is contained in Gr (gr¥y ), where o, : GE 5
Autr(gr?) is the w-component of ¢, and ¢ is the comp081te of the multlphcatlon
G%R — Gy, r and the canonical map G, r — Autg (gr'?).

A splitting of ® exists: For p € Dgp,(2), let 7, be gr'¥ (r,) in the case W ¢ W(p), and
in the case W € W(p), let 7, be the restriction of gr'¥ () to Gr: (ﬁ) which we identify

with the part of G,, (” ) with the W-component removed. Then if & = W(p), Tp is a
splitting of ®.

7.3. Let ¥ € W. Assume W ¢ ¥ (resp. W € ¥). If a real analytic map §: D —
RY, (resp. Dysp — RY) satisfies the following (1) for any splitting o of ¥, then we
call B a distance to ¥-boundary.

(1) Bla(t)p) =tB(p) (te R>0, p € D (resp. Dpgpl))-

A distance to ¥-boundary exists.

Let ® € W. If a real analytic map 8 : D(gr"’) — R, satisfies the following (1) for
any splitting o of @, then we call 8 a distance to ®-boundary.

(1) B(e(t)p) =tB(p) (t € REy, pe D(gr™)).

A distance to ®-boundary exists.
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Theorem 7.4. (i) Let ¥ € W, let a be a splitting of ¥, and let G be a distance to
U-boundary. Assume W & U (resp. W € U) and consider the map

Va,g 0 D (resp. Dpspi) — Ry x D x spl(W) X [Ty cq sPUW'(gr")),

p— (B(p), @B(p)"p, splw (), (Pl (grw) (p(er™ ) wrew).

Here splyy (p) is the canonical splitting of W associated to p (§2) and spl]‘?‘;ql,(ng)(p(ng))
is the Borel-Serre splitting of W'(gr"') associated to p(gr') (3.4). Let p € Dy (%)
(resp. DéL@)(\Il)nspl), J the set of weight filtrations associated to p (3.9), 7 : G, g =
Autr (Ho r, W) the associated torus action (3.8), and r € D a point on the torus orbit
(5.2) associated to p. Then, when t € R, tends to 07 in Ry, v g(7p(t)r) converges
in B :=R3y x D x spl(W) x [Tycq spl(W'(gr™)). This limit depends only on p and
is independent of the choice of r.
The extended map vq p : DéL(Q)(\I!) (resp. DéL(z)(\If)nspl) — B is injective.

(ii) Let @ € W, let o be a splitting of ®, and let 8 be a distance to ®-boundary.
Consider the map

Va,g: D — REy x D(gr™) x L x spl(W) x [Tyrcq SPLW?),

p— (Bp(er™)), aBm(er™))p(gr"), Ad(aB(p(er™))) " é(p),
sply (p), (splip (P(gr")))wes)-

Here L is in §3 and 6(p) denotes § of p. Letp € Déﬁ(z)((b), J the set of weight filtrations
associated to p, Tp : G;{LR — Autr (Ho r, W) the associated torus action, and r € D
a point on the torus orbit associated to p. Then, when t € RL, tends to 07 in R,
Va,5(7p(t)r) converges in B := RZ, x D(gr") x L x spl(W) x [TyyrepspU(W’). This
limit depends only on p and is independent of the choice of r.

The estended map va,5 @ D, 5)(®) — B is injective.

7.5. On £ in 7.4 (ii).

We recall the compactified vector space V associated to a weightened finite dimen-
sional R-vector space V = @, .5 Vi such that V;, = 0 unless w < —1. It is a compact
real analytic manifold with boundary. For t € Ryg and v = Y, o7 Vw # 0 (Vw € Va),
let tov =3 t“v,. Then as a set, V is the disjoint union of V and the points 0o v
(v € V\{0}), where Qow is the limit point in V of tov with ¢t € R, ¢t — 0. 0ov = 0ov’
if and only if v/ =t o v for some t € Rq.

Since V is a real analytic manifold with boundary (a special case of a real analytic
manifold with corners), V is regarded as an object of B(log).

Since L is a finite dimensional weightened R-~vector space of weights < —2, we have
the associated compactified vector space £ D L.

In 7.4 (ii), the L-component of v, 5(p) belongs to £ (resp. £\ £) if and only if
W & W(p) (resp. W € W(p)).
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7.6. Let ¥ €¢ W. Assume W ¢ ¥ (resp. W € V). Let A = DéL(z)(\P) (resp.
A= DéL(z)(\Il)nspl), and let B be as in 7.4 (i). Regard B as an object of Bg(log).
Define the topology of A to be the one as a subspace of B in which A is embedded
by Vo in 7.4 (i). We define the sheaf of real analytic functions on A as follows. For
an open set U of A and a function f : U — R, we say f is a real analytic function
if and only if for each p € U, there are an open neighborhood U’ of p in U, an open
neighborhood U” of U’ in B, and a real analytic function g : U” — R such that the
restrictions to U’ of f and g coincide. Define the log structure with sign on A as the
inverse image of the log structure with sign of B.

Let ® € W. Let A = D{{ ,)(®), B be as in 7.4 (ii). Regard B as an object of

Br(log). Define the topology of A to be the one as a subspace of B in which 4 is
embedded by v, g in 7.4 (ii). We define the sheaf of real analytic functions on A as
follows. For an open set U of A and a function f : U — R, we say f is a real analytic
function if and only if, for each p € U, there are an open neighborhood U’ of p in U, an
open neighborhood U” of U’ in B, and a real analytic function g : U” — R such that
the restrictions to U’ of f and g coincide. Define the log structure with sign on A as
the inverse image of the log structure with sign of B.

Theorem 7.7. (i) There exists a unique structure DéL(2) of an object of Br(log) on the
set Dsy2) having the following property: For any ¥ € W, D{; (%) and D§p oy (¥)nspi
are open in DéL(zy and if W ¢ VU (resp. W € V), the induced structure on DéL(z)(\Il)
(resp. DéLQ)(\II)nSpl) of local ringed space over R endowed with log structure with sign
cotncides with the one in 7.6.

(i) There ezists a unique structure D, of an object of Br (log) on the set Dgz)
having the following property: For any ® € W, DY{ ) (®) is open in Dél{@)’ and the
induced structure on Dgy,)(®) of local ringed space over R endowed with log structure
with sign coincides with the one in 7.6.

(iii) We have a morphism DéL(2) — Dél{(?) in Br(log) whose underlying map of sets
is the identity map of Dgy,(2). This morphism is strict, i.e., the log structure with sign
on DéL@) coincides with the inverse image of that of D§£(2).

In the pure case, this morphism is an isomorphism, and the topology of Dsy2) given
by these structures coincides with the one defined in [KU2].

Proposition 7.8. The following conditions (1)-(3) are equivalent.
(1) The topology of Dgy 4y coincides with that of DE{ .
(2) Dgp(y) and Dg{ 3y coincide in Br(log).

(3) For any p € Dgyg), for any w,w’ € Z such that w > w', for any member W' of

the set of weight filtrations associated to p, and for any a,b € Z such that gr’’’ (gr¥) #0
and grl¥ (gr%) # 0, we have a > b.
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Theorem 7.9. The canonical map
D 5y — spl(W) x Dgr2)(gr")

1S proper.

Theorem 7.10. Let ' be a subgroup of Ggz. For x = I, 11, we have the following.
(i) The action of T on D;L(z) is proper, and the quotient space I‘\DgL(Q) 1s Hausdorff.

(ii) Assume that T' is neat. Then the quotient I‘\D;L(Q) belongs to Br(log), and the
projection D;L(Z) — F\DgL(z) is a local isomorphism of objects of Br(log).

§8. APPLICATION TO HODGE METRICS AT THE BOUNDARY OF DéL(g)

We apply our present result to norm estimate.
8.1. Let F € D. For ¢ > 0, we define a Hermitian form
(, )re : Hoc x Hoc — C

as follows.
For each w € Z, let
( )F(er) : 8Tuw,c X 8l = C
be the Hodge metric on gr!} « defined by (, )., and F(grly) (cf. [KNU2] 1.3 (2)). For

v € Hy,c and for w € Z, let v, r be the image in ngK c of the w-component of v with
respect to the canonical splitting of W associated to F. Define

('val)F,c = ZwEZ Cw('vw,F‘; U;‘;,F)F(grl‘ﬁ’) ('Uavl € HO,C)'

Proposition 8.2. Let ¥ be an admissible set of weight filtrations on Hyr (7.1). Let 3
be a distance to V-boundary (7.3). Assume W & U (resp. W € ¥). For each W' € ¥,
let Bw : D — R (resp. Dyspt — Rso) be the W'-component of 8. Forp € D, let
( ) )p,ﬁ = ( ; )p,c with ¢ = HW’E\I’ ,BW’(p)—z-

Let m : ¥ — Z be a map, let V = Vi = Nyreo Wyywiy,or and let Her(V) be the
space of all Hermitian forms on V.

Let (, )p,8,m € Her(V) be the restriction of [Iyycg Bw: (0)2™WI(, )ps to V.

(i) The real analytic map f : D (resp. Dypsp1) — Her(V), p— (, )p,8,m, extends to a
real analytic map f : DéL(z)(\I') (resp. DéL(z)(\If)nspl) — Her(V).

(ii) For a point p € DéL(Q)(\II) (resp. p € DéL(Q)(\I!)nspl) such that ¥ is the set of
weight filtrations associated to p, the limit of (, )p.s,m Gt p induces a positive definite
Hermitian form on the quotient space

VI <m Nwrcw Wi own), )
where m' < m means m'(W') < m(W') for all W' € ¥ and m' # m.
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§9. EXAMPLES

9.1. We describe what kind of SL(2)-orbits of positive rank exist in Examples I-IV,
V3. We consider only an SL(2)-orbit in r variables of rank r, hence J = {1,...,r} in
the following.

Example 1. Let Hy = Z? = Ze; + Zey, let W be the increasing filtration on Ho r

defined by
W_3=0C Wo=W_1=Re; C W= HQ,R.

For j =1 (resp. j = 2), let €} be the image of ¢; in gt (resp. gry’). Let (e}, €40 = 1,
(e},e)_2 =1, and let h%0 = p~1:=1 =1, AP = 0 for all the other (p, g).

Any SL(2)-orbit of rank > 0 is of rank 1. An SL(2)-orbit in one variable of rank 1 is
((pw, Pw)w,T), where p,, is the trivial homomorphism from SL(2) onto the unit group
Gr(gr?) and ¢, is the unique map from P!(C) onto the one point set D(gr? ), and r
is any element of Dpsp) = C \ R. We have W) = W.

Example II. Let Hy = Z3 = Ze; + Zeg + Zegs, let
W_o=0C W_;=Re; +Rey C Wy = H()’R.

For j = 1,2 (resp. 3), let €} be the image of ¢; in gr™) (resp. grlV). Let (e}, e5)o = 1,
(eh,el)—1 =1, and let h00 = p%~1 = =10 =1 AP49 = for all the other (p,q).

Any SL(2)-orbit of rank > 0 is of rank 1. An SL(2)-orbit in one variable of rank 1
is ((pw, Pw)w,T), where (0w, Ppw) is of rank 0 for w # —1, and (p-1,¢—1) is of rank 1.
An example of such SL(2)-orbit is given by p_; = id : SL(2,C) — G¢ = SL(2,C),
-1 =id: P}(C) = D =P}(C), and r = r(i,2) € D for z € C defined by

r' =0 c r%=C(ie; +e2) + Clze; +e3) C rt = Hyc.
For this SL(2)-orbit, W) is given by

wh =0cw =w =Re; c W" = Hor.

Example I11. Let Hy = Z3 = Ze; + Zes + Zes, let
W_s=0C W_3=W_; =Re; +Rex C Wy = Hpr.

For j = 1,2 (resp. 3), let e; be the image of ¢; in grs (resp. grl/). Let (e}, e5)0 = 1,
(eh,el)—3 =1, and let h%0 = h~1=2 = 4=2~1 =1, BP9 = 0 for all the other (p,q).

There are three cases for SL(2)-orbits in r variables of rank r > 0. For any of them,
(Pw, Pw) is of rank O unless w = —3. .

Case 1. r =1 and (p_3,p-3) is of rank 1. An example of such SL(2)-orbit is given
as follows. (p_3,¢_3) = (p—1,-1(1)) where (p—1,¢_1) is in the example in Example
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IT (we identify D(gr'%;) with P1(C) via the Tate twist), and r = r(4, z,4) for z € C is
defined by

r'=0C r®=C(ze; +ies+e3) Cr ' =r’+ Clie; +e3) C r 2= Hpc.
For this SL(2)-orbit,

W% =0c W =wl) =Re; c W8 =W = W) + Rep c WM = Hor.

Case 2. r = 1 and (p-3,9—3) is of rank 0. An example of such SL(2)-orbit is
given as follows. p_j is a trivial homomorphism onto {1}, ¢_3 is a constant map with
value i € h = D(gr%;), and r = r(4, 21, 2) for (21,22) € C? \ R? is the one replaced
r? (: C(ze; +ieg +e3) by r® = C(z1e1 + 22€2 + €3) in r in Case 1. For this SL(2)-orbit,
wh =w,

Case 3. r = 2 and (p_3,¢—3) is of rank 1. p_3 : SL(2,C)? — Gc(gr%) = SL(2,C)
factors through the second projection onto SL(2,C), and ¢_3 : P}(C)? — D(gr%;) =
P!(C) factors through the second projection onto P!(C). An example of such SL(2)-
orbit is given as follows. p_3(g1,92) = g2, ¢—3(p1,P2) = pe2, and r = F(i, 21, 23) for
(21,22) € C? N\ R? is as in Case 2. For this SL(2)-orbit, W) = W and W®) is the
W@ in the example in Case 1.

Example IV. Let Hy = Z* = Ze, + Zey + Zes + Zey, let
W_3=0C W.o=Re; C W_i=W_s+Rey+Res C Wy= Hyor.

For j =1 (resp. 2,3, resp. 4), let € be the image of e; in gr'% (resp. gr’¥y, resp. grf’).
Let (eg,e3)o = 1, (ef,e1)—2 = 1, and (e3,e5)_1 = 1, and let h®0 = p%~1 = p710 =
h~1=1 =1, hP9 = 0 for all the other (p, q).

There are three cases for SL(2)-orbits in r variables of rank r > 0. For any of them,
(Pw, Pw) is of rank 0 unless w = —1.

Casel. r =1 and (p_1,¢—1) is of rank 1. An example of such SL(2)-orbit is given
as follows. (p_1,¢-1) is as in Example II, and r = r(i, 21, 22, 23) for 21, 29,23 € C is
defined by

rl=0cr= C(z1€1 +iex +e3) + C(zoey + zzep +e4) C rl = Hp.c.
For this SL(2)-orbit,
W% =0cwY =wY =Re;, + Re, c WY = Hyg.
Case 2. 7 =1 and (p-1,¢—1) is of rank 0. An example of such SL(2)-orbit is given
as follows. p_; is a trivial homomorphism onto {1}, ¢_; is a constant map with value

i€ b= D(grt™)), and r = F(i, 21, 29, z3) With Im(22) # Im(z;)Im(23) (the last condition
says r(i, 21, 22, 23) € Dysp1). For this SL(2)-orbit, W) = W
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Case 3. r =2 and (p_y1,_1) is of rank 1. p_; : SL(2,C)? — Gc(gr?)) factors
through the second projection onto SL(2,C), and ¢_; : P}(C)? — D(gr%;) = P*(C)
factors through the second projection onto P(C). An example of such SL(2)-orbit
is given as follows. p*l(glaQQ) = 92, 90—1(P1,p2) = P2, and r = r(i,21,22,23) with
Im(z2) # Im(21)Im(z3). For this SL(2)-orbit, W) = W and W® is the W) in the
example in Case 1.

Example Vs. Let Hy = Z% = Ze; + Zez + Zes + Zey + Zes, let
W_1=0C Wog=Re; +Res+Rez C W; = Hyr.

For j = 1,2,3 (resp. 4,5), let e be the image of e; in gry’ (resp. grl¥). Let (e}, e4)1 =1,
(e},e5)o = 2, (eh,eh)o = —1, and (e}, ep)o =0 (+k # 4,1 < j, k < 3), and let
h1=1 = p00 = p=11 = p1.0 = g0l =1 and hP? = 0 for all the other (p,q).

There are five cases for SL(2)-orbits in r variables of rank r > 0. For any of them,
(pw, Pw) is of rank 0 if w ¢ {0, 1}.

Case 1 (resp. Case 2). 7 = 1 and (po, @o) is of rank 1 (resp. 0), and (p1, ¢1) is of rank
0 (resp. 1). An example of such SL(2)-orbit is given as follows. (po, o) (resp. (o1,%1))
is (Sym®(p), Sym®(¢)(—1)) (resp. (p,¢(—1))) for the standard (p,¢) (i-e., (p-1,-1) in

Example II), where (—1) means the Tate twist, and r = r(%, ¢, 21, 22, 23) for 21,22,23 € C
is defined by
r’=0cCcrl= C(—ey + 2ieg + 63) + C(z1€1 + 29€2 + €4 + es),
C r=r! + C(z’el + 62) + C(Z361 + 64) crl= HO,C-

For this SL(2)-orbit,

WD =0c W =w =Re; c W =W + Rey
c W = W) + Res + Res € Wit = Hor

(resp. W& =0c W = W) = Re; + Rey + Res + Reg € Wi = Hor).

Case 3. T = 1, and both (pg, o) and (p1,¢1) are of rank 1. An example of such
SL(2)-orbit is given as follows. py = Sym?(p), po = Sym?(¢)(—1), p1 = p, 1 = @(—1)
for the standard (p,¢) (i.e., (p-1,9—-1) in Example II), and r = r(3,4, 21, 22, 23) for
21, 22,23 € C. For this SL(2)-orbit,

w =0cwh =w® =Re; c WP = W) = W) + Res + Res ¢ WiV = Hopg.

Case 4 (resp. Case 5). 7 = 2, both (po, wo) and (p1, 1) are of rank 1, pg : SL(2, C)?
— Gel(gry’) factors through the first (resp. second) projection onto SL(2,C), o :
P1(C)?> — D(gr¥) factors through the first (resp. second) projection onto P*(C),
p1 : SL(2,C)? — Gc(grlV) factors through the second (resp. first) projection onto
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SL(2,C), o1 : P}(C)? — D(gr¥) factors through the second (resp. first) projection
onto P}(C). An example of such SL(2)-orbit is given as follows. For j = 1 (resp.
2); pol91,92) = Sym*(g;), wo(p1,p2) = p; € PY(C) = D(grf’), p1(91,92) = 955,
©1(p1,p2) = p3—;(—1) € P}(C) ~ D(gr}"), and r = r(i,4, 21, 22, 23) With 21, 22,23 € C.
For this SL(2)-orbit, W) is the W) in the example in Case 1 (resp. Case 2) and W (?)
is the W) in the example in Case 3.

9.2. By Proposition 7.8, DéL(z) = Déﬂ(z) for Examples I-IV. We describe the
structure of the open set D{{ ) (®) of D, for some & € W.

Let h = {z+iy | z,y € R,0 < y < 00} D h. We regard b as an object of Br(log)
viah~Ryo xR, z+iy— (1//7,2).

Example I. We have a commutative diagram in Bg(log)
D ~ spl(W)x L
N N
Dgry =~ spl(W) x L.

Here spl(W) ~ R, DSL(Q)(ng) = D(gr"V) which is just a one point set, L ~ R with
weight —2, and L is isomorphic to the interval [—00, 0] endowed with the real analytic
structure as in [KNU2], 7.5, with w = —2 which contains R = L in the natural way.

Example II. Let ® = ¥ for ¥ = W) in 9.1 Example II. We have a commutative
diagram in Bg (log)
D ~ spl(W) x b

N N
DY, (®) = spl(W)xb.

Here spl(W) ~ R2. In this diagram, the lower isomorphism is induced by the canonical
morphisms Dg{ , — spl(W) and D (5y(®) — Dsp(2)(gr™)(®) = b.

The specific examples of SL(2)-orbits of rank 1 in 9.1 Example II have classes in
D{,5y(®) whose images in § are ico.

Example III. Let ® = ¥ for & = W) in 9.1 Example III. We have a commutative
diagram in Bgr(log)

D ~ spl(W)xhxL (s,  + 1y, (d1, d2))
n ! !

Déi(z)(‘b) ~ spl(W)xbhxL (s, z + iy, (y~2dy, y~1dz)).
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Here spl(W) ~ R?, L ~ R? with weight —3, and (d;,d2) € R? = L. In this diagram,
the lower isomorphism is induced by the canonical morphisms Déﬂ(z) — spl(W) and
D{f 5y(®) — Dsr(2)(gr")(®) ~ b, and the following morphism DZf ,\(®) — L. It is
induced by v4 s (7.4 (ii)), where a_3 : G r — Aut(gr’) is defined by a_3(t)e; =
t~%e1,a_3(t)ey = t=2ey, and B : D(gr’%) = h — Rg is the distance to ®-boundary
defined by z + iy — 1/,/y. Note that the right vertical arrow is not the evident map,
as indicated.

The SL(2)-orbits in 9.1 Example III, Case 1 (resp. Case 2, resp. Case 3) have classes
in D§{ ,(®) whose images in b x L belong to {ico} x L (resp. {i} x (L \ L), resp.
{ico} x (L \ L)).

Example IV. Let ® = ¥ for ¥ = W) in 9.1 Example IV. We have a commutative
diagram in Bg (log)

D ~ spl(W)xhxL (s, & + iy, d)
N l !
Dl )(®) = splW)xhxL (s, z+iy y 'd).

Here spl(W) ~ R® L ~ R with weight —2, and d € R = L. In this diagram, the
lower isomorphism is induced from the canonical morphisms Dél‘:@) — spl(W) and
D§£(2)(¢>) — Dgr(2)(gr")(®) ~ b, and the following morphism Dé{m)((b) — L. Itis
induced by va g (7.4 (ii)), where a_; : Gpr — Aut(gr?;) is defined by

a_1(t)ey =t 2ey, a_i(t)ez =e3 with e =e; modW_ (j =2,3),

and B : D(gr’) = h — R is the distance to ®-boundary defined by z + iy — 1/,/¥.
Note that the right vertical arrow is not the inclusion map, as indicated.

The SL(2)-orbits in 9.1 Example IV, Case 1 (resp. Case 2, resp. Case 3) have classes
in D{{ 5)(®) whose images in b x L belong to {ico} x L (resp. {i} x (L \ L), resp.
{icc} x (L \ L)).

9.3. By Proposition 7.8, DéL(z) # Dé{,(z) for Example V3. For this example, we
describe the structures of the open sets D{ o) (¥) of D§; 5y and DE{ ,\(¥) of DE
for U = {WM} € W with W) in 9.1, V3, Case 1.

For j =1,2,3, let A; = Homg(gr!’,Re;). We have an isomorphism of real analytic

manifolds 3
spl(W) — [I;=1 45, s~ (a5)155<ss

where s(v) = Z;Ll aj(v) mod Rey + Res for v € grl’.

Let
(As x §%) := {(v,z +iy) € A3 x b | v =0if y = +o0} C A3z x h=.



99

Then we have a commutative diagram in Bg(log)
D = ([[j=y4) xb* xb
(1) N N
D{{ 5y(¥) = (H?:l Aj) x bE x b.
Here h* is the disjoint union of h* = hand h~ = {x+4y |z € R, 0 > y > —o0}.

In this diagram, the upper isomorphism is induced by the isomorphism in §2 and the
above isomorphism spl(W) ~ ]_[3:1 A;. On the other hand, we have a commutative

diagram in Bgr (log)
D ~ (H3=1 A;j) x h* x b =) (a1, az, az, x+ iy, T)
(2) n | !
DéL(z)(\I/) ~ A; x Ay x (A3 x hE) x h > (a1, a9, [y|/%as3,  + iy, 7).

In this diagram (2), the upper isomorphism is the same as in diagram (1). The lower
isomorphism is induced from the canonical morphisms DSL(2) — spl(W) — A; x A

and DL (%) — D§£(2)( ) — h* x b, and the following morphism DSL(Z)(\I/) — As.
It is the composite

by va, spl :
Dy, (y(¥) =2 D 222, spl(W) = [T, A; — As,

where v, g is the morphism described in 7.4 (i). Here o : G r — Autr (Hor, W) is
the splitting of ¥ defined by a(t)er = t~2e1, a(t)es = eq, a(t)es = t2es, a(t)es = tey,
a(t)es = tes, and B : D — R is the distance to U-boundary defined as the composite
D — D(gr{’) ~ b* — R, where the last arrow is z + iy 1/\/E

Note that the right vertical arrow of the commutative diagram (2) i is not the inclusion
map, as indicated.

The lower isomorphisms in two commutative diagrams (1) and (2) form a, commuta-
tive diagram in Bg (log)

SL(2 (U) ~ A; xAyx(A3xbE)Y xp > (a1, ag, a3, T + iy, 7)
(3) ! ! l
Dél{a(Z)(@) = (H?zl Aj) X h* x b > (a1, az, Iyl‘l/2a3, T +1iy, 7).

Here in diagram (3), the left vertical arrow is the inclusion map. The right vertical

arrow is not the evident map, as indicated. ~
The SL(2)-orbits in 9.1, V3, Case 1 have classes in DéL@)(\I!) whose images in h~ x b
are (100,1).
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9.4. We describe that in Example V3 the norm estimate is not continuous on Déi(z)-

Let ¥ and ® := ¥ be as in 9.3. Fix u,v € Ces + Ces. Let 3 : D — Ry be the
distance to ¥-boundary which appears in 9.3.
As in Proposition 8.2, the map

f:D->C, p— ﬁ(p)z(u,'v)p,g,

extends to a real analytic function f : DéL(z)(\Il) — C. This is understood by the
description of D{; , (V) given in 9.3:

¢

D (%)
! ! !

(ala az, |y|—1/2a‘37 T+ iy, T) € (H?:l AJ) X Gi X b = Dé{;(?) (@)'

(a1, ag, (a3, T +1y), 7) € A; x Ay x (A3 x h=) x b

The composite A; X Az x (Azx ht)' x b =~ DéL(z)(\Il) 4, C sends (a1, ag, (a3, T+iy), T)
to

(ly|=32a1(u) + |y| = 2az(u) + ly|*2as(u),
|y|_3/2a’1(v) + |y|—1/2a2(v) + |y|1/2a3(v))0,(a:+iy)/|y| + (u’ 1))1,7--

Here (, )o,(z+iy)/ly| 15 the Hodge metric on grl'c associated to (z + iy)/|y| € bt =
D(gr¥’) and (, )1, is the Hodge metric on gr}' associated to 7 € b = D(gr}").
However, f is not necessarily continuous for the topology of Déi(z)’ as is seen from
the above commutative diagram. In fact, let ag € A3z and assume (a3(u), az(v))o,: # 0.
Let p(y) € D for y > 0 (resp. ¢ € Dé£(2)) be the image of the point (0,0, (as,y),%)
(resp. (0,0, (0,i00),1)) of the left upper space in the diagram. Then, as y — oo, p(y)
converges to q in Déiﬁ(z) because the image of (0,0, (a3,iy),%) under the left vertical

arrow is (0,0,y/2as, iy,1). But f(p(y)) = (y'/%a3(u),y*?a3(v))o,; + (u,v)1,; diverges.
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