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JOHNSON HOMOMORPHISMS AS FIBERING OBSTRUCTIONS OF
HOMOLOGICALLY FIBERED KNOTS

HIROSHI GODA AND TAKUYA SAKASAI

1. INTRODUCTION

Let %41 be a compact connected oriented surface of genus g > 1 with one boundary
component. We denote its mapping class group by M, ;. It is the group of all isotopy
classes of diffeomorphisms of ¥,; which fix the boundary pointwise. The action of Mgy
on Hy(X,1) & Z% gives a representation

oy : Mg1 — Sp(29;Z),

which is the first step to investigate the structure of Mg ;. The kernel Z,; of this repre-
sentation is called the Torelli group. In his study of Z,;, Johnson [13] defined a homo-
morphism
T1: Ig,l — /\3H1 (Zg,l)

and proved that it is surjective. Furthermore, Johnson [14] and Morita [18] generalized
it to a series of homomorphisms {7 }x>1 such that 7; is defined on the kernel of 7_,
say Mg 1[k + 1], and the target of 7 is a finitely generated free abelian group for each k.
Morita [19] introduced a submodule b, ; (k) of the target and showed that the image of 7
is included in by ;(k). The homomorphism

T, : Mgk + 1] — by 1(k)

is now called the k-th Johnson homomorphism. For k > 2, it is known that 7, is not
surjective [18, 19]. In the study of the mapping class group, it has been an important
problem to determine the cokernel b, ;(k)/Image 7;, and its topological meaning.

On the other hand, the monoid C, ; of homology cylinders is known to be an enlargement
of M, ;. Garoufalidis-Levine (6] extended 74 to C,,; together with its filtration {C,1[k]}x>1
and showed that the extended Johnson homomorphism

:’:k . Cg,l[k + 1] - bg,l(k)

is surjective. For the detail, see Section 2.

In our previous papers [7, 8], we defined a class of knots called homologically fibered
knots, in which fibered knots are included. This extension corresponds to that of Mg to
Cy,1- In fact, the complement of a homologically fibered knot includes a homology cylinder
as a complementary sutured manifold, while the complement of a fibered knot includes a
product sutured manifold.

In this paper, we use the cokernels of Johnson homomorphisms as fibering obstructions
of homologically fibered knots. More precisely, we confirm that there exist totally 13
non-fibered homologically fibered knots with 12 crossings, where this fact was first shown
by Friedl-Kim [4], by computing 7, in the setting mentioned in Section 3.
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2. JOHNSON HOMOMORPHISMS AND HOMOLOGY CYLINDERS

Take a basepoint p of $,; on the boundary. The fundamental group m;(%y:) of the
surface &, ; is a free group of rank 2g. We take a basis (y1,72,-..,72g) of m1(Zg,1) as in
Figure 1.

FIGURE 1. A basis of m1(Zg,1)

For a group G, the lower central series of G is defined by I''(G) := G and I'*(G) =
[G,T*"(G)] for k > 2. Here we use the notation [a,b] := aba™'b~'. For simplicity, we
put T = T(m;(Z,4))-

The mapping class group M, acts naturally on I'! = 71(X,1). By a theorem of Dehn-
Nielsen, the induced representation M,; — AutI" is injective. Through this embedding,
M, acts on the k-th nilpotent quotient Ny := I'! /T'* of I'! and we have a representation

Ok 3Mg,1 — Aut Ni, (k=2,3,)
When &k = 2, we have Ny = H1(Z,,1) & Z%, so that o5 : Mg; — GL(2g,Z). It is known
that Image o, = Sp(2¢g,Z). These representations yield a filtration of M, ; defined by
Mga[l] = M, and Mg, [k] := Kero, for k > 2. By definition, M,,[2] is the Torelli
group Z, ;.
Let us recall the definition of Johnson homomorphisms. We simply write H for H1(%,,1).
Andreadakis [1] showed that there exists an exact sequence

1 — Hom (H, L) — Aut Ngyg — Aut Ny — 1,

where Ly, is the degree k part of the free Lie algebra generated by H. Therefore if we
restrict ox42 to My [k + 1], we obtain a homomorphism

T = 0k+2|Mg,1[k+1] . Mg,l[k + 1] — Hom (H, £k+1) (IC = 1, 2, - )

More specifically, the homomorphism 7 is given as follows. Let f € Mg,[k 4+ 1]. We
write f,, for the automorphism of N, induced by f. Since fiy1 = id by definition, we
have firiro(z)z™! € TF+1/T*+2 for each = € Niio. It is known that I*+!/T**2 is naturally
isomorphic to L;4;. Hence we can define a map ¢ : Ngyo — Lit1 by @p(z) = figa(z)z ™
By the centrality of L1, we can see that ¢, is a homomorphism. Since L. is abelian,
¢ induces a homomorphism @; : H — Lgy1. Then we define 7, : Mgk + 1] —
Hom (H,Ly11) & H* ® Liy1 & H ® Ly by 7(f) = Pf, where we use the natural
isomorphism H = H* by Poincaré duality (we identify vo;,-1 € H with —~3; € H* and
Yoi € H with 43;,_; € H*). The map 7 becomes a homomorphism and we call it the
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k-th Johnson homomorphism. Morita studied this homomorphism in [19] and proved the
following.

Theorem 2.1 (Morita [19, Corollary 3.2]). Let by 1(k) be the kernel of the bracket map
H® Ly11 = Ly given by (w,€) = [w,&] forw € H and € € Li,1. Then the image of
Te : Mgilk+1] = H® Ly is included in by 1 (k), so that we may write 7, : Mg1[k+1] —
bg,l(k)-

Johnson [13] showed that 7y : My1[2] — b,1(1) = A3H is surjective, where by (1)
A*H is embedded in H ® £, = H ® A2H by

TAYAz — 2Q(YA2)+y®(zAz)+zA(zAy)

for z,y, 2z € H. However, it is known that 7, : My 1[k + 1] — b,1(k) is not surjective for
k > 2. (see Morita [18, 19]). In Section 4, we will discuss more about the homomorphism
T3.

Next, we recall the definition of homology cylinders. We refer to Goussarov [9], Habiro
[11], Garoufalidis-Levine [6] and Levine [15] for their origin.

Definition 2.2. A homology cylinder (M, i4,1_) over £y, consists of a compact oriented
3-manifold M with two embeddings i.,i_ : Xy < OM such that:
(i) 44 is orientation-preserving and i_ is orientation-reversing;
(it) OM = 14 (5g1) Ui (Zg1) and iy (8g1) N i (D) = 14(08g,1) = - (9%g,1);
(iil) iy|os,, = i-|osg,,; and
(iv) i4,i- : H(Xy1) = H,(M) are isomorphisms.

‘T'wo homology cylinders (M, i,,i_) and (N, j;,j-) over £y, are said to be isomorphic
if there exists an orientation-preserving diffeomorphism f : M SN satisfying j,. = foi,
and j_ = foi_. We denote by C, ; the set of all isomorphism classes of homology cylinders
over X,1. We define a product operation on C,; by

(AJ’ ’i+,i_) ) (N7j+aj—) = (M Ui-—o(j-i_)“l N, i+aj—)
for (M,iy,i_), (N,j4+,4-) € Cya1, so that Cy; becomes a monoid. The unit is given by

(Zg1 x [0,1],id x 1,id x 0), where collars of i, (5,1) = (id x 1)(Zg1) and i_(Z,,) =
(id x 0)(Xg,1) are stretched half-way along (9%,1) X [0, 1] so that iy (0%4,1) = i_(8%,1).

Example 2.3. The mapping class group Mg ; can be embedded in C,; by assigning to
[¢] € Mgy a homology cylinder

(261 % [0,1],id x 1, x 0)
with the same treatment of the bdundary as above.

Johnson homomorphisms were extended by Garoufalidis-Levine [6] as follows. Given
(M,iy,i_) € C41, we consider the homomorphisms iy, : m(2,1) — m (M), where
we share a basepoint taken on 0i(X,;) = 9i_(%,1). Since iy induce homology iso-
morphisms, it follows from Stallings [21] that they induce isomorphisms iy : Ny —
m1(M)/T*(m1(M)). Define a map & : C,1 — Aut Ny by 6x(M,i4,i_) = (ip4) loi_g €
Aut Nj and it turns out to be a homomorphism. The restriction of & to My coincides
with the homomorphism o}, defined before. When k = 2, we can check that the image of
o2 :Cy1 — Aut Ny = GL(2g,7Z) is Sp(2g,Z), the same as os.
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Set C,1[1] = Cy,1 and Cy1[k] = Ker 5y for k > 2. By the same construction as M,,;, we
obtain a homomorphism
?k : ngl[k + 1] — H® Ly,
which extends 7. It can be shown that Image 7 C hg1(k). Moreover the following holds:
Theorem 2.4 (Garoufalidis-Levine [6, Proposition 2.5], Habegger [10]). For any k > 2,
Image 7y = hg1(k).
Consequently, we see that the cokernel b,:(k)/Image 7, for k > 2 is a product obstruc-

tion for homology cylinders. Note that the first Johnson homomorphism 7 : C,1[2] —
hg1(1) =2 A3H has the same image as 7.

3. HOMOLOGICALLY FIBERED KNOTS

Here we recall the definition of homologically fibered knots, which enable us to encode
the theory of homology cylinders to knot theory.

For a knot K in S® and a Seifert surface R of K, we set R := RN E(K), where
E(K) = S3 — N(K) is the complement of a regular neighborhood N(K) of K. Then
(Mg,v) := (E(K) — N(R),0E(K) — N(8R)) defines a sutured manifold [5]. We call it
the complementary sutured manifold for R. The boundary of Mp, is divided into two parts
along K, so that we may regard My as a cobordism between two copies of R.

Definition 3.1 ([7]). A knot K in S is called a homologically fibered knot if it has the
following properties which are equivalent to each other:
(a) The Alexander polynomial Ak(¢) of K is monic (i.e. the leading coefficient is +1)
and its degree is equal to twice the genus g = g(K) of K;
(b) For any minimal genus Seifert surface R of K, its Seifert matrix is invertible over
Z; and
(c) The complementary sutured manifold (Mg, <) is a homology cobordism over R.

Therefore, if we fix an identification ¢ : g 2 Rof £, with a minimal genus Seifert sur-
face R of a homogically fibered knot, we obtain a homology cylinder (Mg, i4,%-). It is well
known that fibered knots satisfy the above conditions. They define homology cylinders
with the product cobordism %, ; x [0,1]. The following proposition is an analogue of the
well-known fact that a fibered knot determines a mapping class, called the monodromy,
uniquely up to conjugation.

Proposition 3.2 ([8]). Let R; and R, be (maybe parallel) minimal genus Seifert surfaces
of a homologically fibered knot of genus g. For any identification i and j of ¥y, with R,
and Ry, there exists another homology cylinder N € C,; such that

(A4R1)i+77:—) -N=N- (Mszj+aj—)
holds as elements of Cy ;.

Now let us discuss how we can apply Johnson homomorphisms to homologically fibered
knots. We here focus on (non-)fiberedness of homologically fibered knots. Let K be a
homologically fibered knot of genus g with a minimal genus Seifert surface R. We fix an
identification 7 : ¥y, 5 R, so that we obtain a homology cylinder Mg = (Mg, i4,i-) €
Cy,1. If K is a fibered knot, then there exists a mapping class [¢] € My such that
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Mg = [p] € Mg,. In particular, My - [¢]~! is in the kernel of all 7. In the case where
K is not fibered, there may exist some k£ > 2 such that no mapping classes [¢] € M,
satisfy Mg - [¢]™! € Ker 7.

Remark 3.3. Since Image 5, = Image 02 = Sp(2g,Z) and Image7; = Imager; = A3H as
mentioned in Section 2, there always exists a mapping class [p] € M, ; for a homology
cylinder M € C,1 such that M - [p]™! € C,4[3].

Consequently we may regard the cokernels of the Johnson homomorphisms 7 (k > 2) as
step-by-step fibering obstructions for homologically fibered knots.

In the following sections, we exhibit some computations. Recall that all homologically
fibered knots are fibered among prime knots with < 11 crossings. On the other hand,
it was first shown by Friedl-Kim [4] that there are 13 non-fibered homologically fibered
knots with 12 crossings. They are 12, P with

P = 0057,0210, 0214, 0258, 0279, 0382, 0394, 0464, 0483, 0535, 0650, 0801, 0815,

where we follow the notation of [3]. The knots 12,0210 and 12,0214 are of genus 3, and the
others are of genus 2. We can find several data of the homology cylinders corresponding
to the above 13 knots in [8]. We will see that non-fiberedness of all the 13 knots can be

detected by 7.

4. THE SECOND JOHNSON HOMOMORPHISM

In this section, we recall a useful graphical description of the module by (k) due to
Levine and use it to describe the cokernel of 7 : M, 1[3] = by1(2).
Let A% be the abelian group generated by unitrivalent trees with

e k + 2 univalent vertices labeled by elements of H,
e a cyclic order of edges around each trivalent vertex

modulo AS-, IHX-relations and linearity of labels. We define a map 7 : A, = H ® Li41
by

mw(T) =) 8T,

for a labeled tree T and extend it linearly to the whole of AL, where the sum is taken
over all univalent vertices of T', and for each univalent vertex v, ¢, denotes the label of v
and T, denotes the rooted labeled planar binary tree obtained from T by removing the
label ¢, and considering v to be an unlabeled root, which can be regarded as an element
of L1 by a standard method. It is easily checked that Imagemn, C hg1(k). Moreover
m®Q: AL ®Q — bhy1(k) ®Q is an isomorphism (see Garoufalidis-Levine [6] and Levine
[15] for example). To obtain a graphical description of hy1(k) as a Z-module, we need
more information. Levine [17] gave a complete description of hg1(2) and a number of
observations for higher degrees. Here we only recall his description of hg1(2).
The module A} is generated by graphs of the form

T w

v >

Yy z
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with z,y, 2, w € H. We have
w(T(z,y,2,w)) =z ® [y, [z, w]] + y ® [[2, 0], 2] + 2 ® [w, [z, y]] + w @ [[z,4], 2].
Let A% be the module obtained from A% by adding generators

Y(z,y) := *

T Y
with z,y € H and relations
Y(z,y) =-Y(y,z), T(z,9,2,9) =2Y(z,y).
We can extend the homomorphism 7 to 72 : ,Zg — bh,,1(2) by setting
w(Y(z,y) =28y, +y® [z, [y, z]].
Levine {17, Section 2| showed that 7, is an isomorphism. Hereafter we identify .th with
bg.1(2) by 7.

Example 4.1. Let T, € M,[3] be the (right-handed) Dehn-twist map along the bound-
ing simple closed curve ¢ of genus h as depicted in Figure 2.

FIGURE 2. Bounding simple closed curve c of genus h

Then 7»(T.), which was originally computed by Morita [18], is given in terms of graphs
by

h
7‘2(Tc) = - Z T(’Yzi—l,’hi,’)’zj—l,’)’zj) - ZY(’sz~1,’)’2k)-

1<i<j<h k=1
By using the above computational result, Morita showed that the cokernel b, ;(2)/Image 7o
is a 2-torsion group. After that, Yokomizo determined the cokernel as follows.

Theorem 4.2 (Yokomizo [22]). The cokernel Y,:1(2)/Imager, is a (g — 1)(2g + 1)-
dimensional (Z/2Z)-vector space and a basis is given by

Y(v2i-1,72-1), Y (72i-1,725), Y (i, nj-1), Y(vei,7e) (1<i<j<yg),
T (Yok-1, Yok+1, Yoks Yout2) (1 <k <g-—1).

Remark 4.3. (1) Yokomizo also gave an explicit description of Image 72, which we omit

here, in the same paper. .
(2) In the above cited papers of Morita and Yokomizo, they use a group T C H ® L3

as a target of 72. We can check that T = b, ;(2).



53

5. RECIPE FOR COMPUTATION

The following is the recipe of our computation for 13 non-fibered homologically fibered
knots with 12 crossings. We also give some technical comments.

Let K be the knot 12,P with P = 0057,0210,...,0815. It is known that K has a
unique minimal genus Seifert surface Rp. In [8], we fixed an identification ¢ : ¥, 5 Rp
and gave a presentation (called an admissible presentation) for m;(Mpg, ) of the homology
cylinder Mp := (Mg, ,i4,i_) € C;1. Our computation starts from here.

1. Compute o4(Mp) € Aut Ny. Recall that an element of N, is written in a normal
form using the Hall basis (see Sims [20] for example). We associate a normal form
with variables to each generator of the admissible presentation and substitute it
to the relations of the presentation, which yields an algebraic equation. Stallings’
theorem says that this equation has a unique solution, from which 74(Mp) is
obtained.

2. Find a mapping class f € Mg, such that Mp - f € C,1[3]. For that, we first find
a mapping class f; € Mg, such that Mp - f; € C,,[2], which is done by finding
a lift of o9(Mp) € Sp(2g,Z) to M,,,. We can use arguments of Birman [2] and
Hua-Reiner [12] to find such a lift. Next we find a mapping class fy € Z,; such
that Mp - fi - fo € Cy1[3], which is not difficult (use Johnson’s computation in

[13]). Put f = fi - fo.

3. Compute 72(Mp - f) € bhy1(2) and project it onto b, ;(2)/Imager,. While the
resulting value itself depends on a choice of f, whether the value is projected
trivially on bg1(2)/Image 7, or not is independent of the choice. If this value is
non-trivial, we can conclude that K is not fibered.

6. COMPUTATIONAL RESULTS

Here we exhibit our computational results, following the recipe in Section 5. For
each knot we are considering, we give an admissible presentation of m(Mp), the action
d4(Mp) € Aut Ny of Mp on N, and an example of a pair f, € M, and fo € I, such
that Mp - f; € Cy1[2] and Mp - f; - fo € C41[3]. Then we give the value of To(Mp - fi - fo)
in bg,1(2) and project it on b, 1(2)/Image 7.

Let T; (1 <4 <8)and S; (1 <j<16) denote the Dehn twist maps along the simple
closed curves ¢; and d; in Figure 3 and 4 respectively, where we regard 2, ; as a subsurface
of ¥3 1. The mapping classes 12 and Fa; exchange the handles by rotating clockwise as
in Figure 5. We also use a mapping class U whose action on m;(23) is given by

. M Yo = e 18— e, ¥slss vl
v — e, sl vl Y, v Y6 > [76, Vs[4, 13]72-

Figure 6 defines the mapping classes I123, I124, J134 and Ips4 in T 1, where + in the figure
means a positive (right-handed) Dehn twist and — means a negative one. I;;; is chosen
so that it satisfies 71 (/;;6) = i Ay A € A3H. Similarly, we use I1o5, logs, ... € 231 in
the case when P = 0210, 0214, although the precise definition is omitted. We can easily
calculate the value 71 (Mp - f1) from f, € Z,;.



54

FIGURE 3. Simple closed curves ¢;

12,0057
An admissible presentation of 7 (Mo2ss):
-1 -1 -1 -1 -1_-1
21252 , R1R22324, R3Z9 2y, 272%42g , 2821086, 222527 Z5 ,

i(m)ztest i—(’YzzZz,l z'—(’)’3)24282’725_1,1 il—(’)’4)f4, .
iv(m)zst, ie(v)z5lzst,  ie(Me)zezazrzs 23 2575, ie(Va)nzy 2q -

The action of Myps7 on Ny:

05 W [’74a [73’ 74”2[’7% [727 74”_4[74) [713 74]]—2[731 [73) 74]] [73’ [727 74]]—2[737 [71) ’74]]_1
(s, [, 8] [v2s [ss Yall [y (s Yall =2 1ves (v, sl 312, [y, el s s, vall ™7
[’71, [’72, ’74]]3[’)’1, [72, 73]]3[’)’1, [’Yl, 74]][71, [, ’Yz]]
[vs, Ya] " [v2, Ya)2[y1, vl va) 7 [y, 123 s e

Yo > [1a, (13 Yall2[vas (Y2, ¥all =4 s I vall e, [s, vall®

[y, Y2y val] 212, e, vall = s [res vall s, val =2 v el s
]
]

Y3 > [’Y4, [73,’74] 4[74, [72;74]]‘8[’74, [71,’)’4]]—4[’)’2, [’73,’74]]3[’72, [’72,’74]]_4[’72, [’71,74]]_1
[v2, [, Y2l] 71, 2y Ya) 1P (s ¥a] "2 [y2, val M1, 14l m, Yo]*¥2m,
Y4 > YaY2.
f1 =T4'T2'SI—I-T5_1'SZ'T1

fo=1I4 Lo

To(Moos? - f1 - f2) = —T(m1,7,73,7a) + T(11, 78, Y2, 78) + (7,72, V2> Va)
+Y(71,7) +Y(m,7)
= Y (72,71) # 0 € by,1(2)/Image 7.

12,0258
An admissible presentation of m;(Mgsss):

2222324, 21222475 27 Y 2712625, . . \
?:-—('71)3721627—1) i—(12)zr2625 2426_123_, i—(73)21232§2512?, i_(ya)zn25272,
iv(m)zrt, ie(12)zeze, i4(Vs)z227 24, dy(7a)2227 "

The action of M0258 on N4Z
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FIGURE 6. Mapping classes /;;x in Z5

"= [’Y4, [73, ’74”_3[74, [’Yz, 74]][73, [”)’3, ’74”4[73, [’Yz, 74]]4[’73, [72, 73]][’73, [”)’1,’)’4]]_4
[¥35 [y, 82 [v2s [v2s vall e v vall = v (v el e, [vas val) =2 (s [vs, all?
[711 [72a 74]]_3[71a [72’ 73]]4[717 [71a ’74” [711 [7111 73”_1
[vas va) =2 [y, ¥l lm, w8 =3 v el vd s 2

Y2 = s, (72, ’74]]'3[’74, [71, 74]]3[73, [72, ’74]]6[73, [72, 73”"3[73, [¥1, ’74]]_6[73, [, 73]]3
Y2, [13: 14l 22, [, Y4 ~*[re, [y2, 181181 ve, [, 1P lre, (s v3l) 3, [rss val)?
[y, [vz, vall*Fvas v, sl =6 s v, Yall 20, [ sl
[’Yza ’74]2[’72, 73]"3[’71, ’74]*2[’)’1 ) 73]3’72’Yf 1,

v = [Ya, [rss Yall 7 s [v2s ¥al) 3 [vas [yas vl B [ss s, vallls, v, Yall s, [y, ¥s]]
(v, [v1s Yal) =7 (s, [71, ¥s)14 [v2s [93s val) 4 1v2s s Yall 3 [, (72, 2801 (2, [ a2
[721 h’l) 73“_3 [’Yla [737 74]]4[’Yla [’727 74]]3[71a [721a 73]]—15 [71 b ['Yl ) 74]]_2 [’Yl ’ [71 ’ 73]]3
(s, Yal[v2s vallv2, ¥3l =2, Yl v valPvavs e

7% [’74, [73, ’74]]_35 [va, [¥2, ’74]]9[74, [, 74”-9[’73, [¥3, ’74]]26[’73> [v2, 74]]_25[’)’3, [72, ’73]]17
[v3, [71, Y]] Y3 (115 Y31 71 (72, [v3, Yal) B [v2, [2, Yl (72, (2, 1311 2 [, [v1,7a]] %
2, [y 1l (e, [, Y175, [y, 1)) 7B, (e Y43, [y2s v8)l e [ Ya]]*

[, [y, 80l %I, [y, e ; ) \ s 6a 3
[’73,’74]_10[’72,’)’4]2[’)’2,’)’3]_3[’71,’)’4]_ (71,78 [71,72]_ YaYV3 V2N -

fl = T5_4 . S'? . Tl . T4_1 . S4 M T5~1

fo=1Iig I3a - Is
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To(Mozss - f1+ f2) = =T(11, 74 72, 7a) — 2T (11, Y3, 735 12) + 2T (71, V35 Y25 Va)
= 2T (71,73, 72, ¥3) — T'(71, 93, 115 718) + T(71, 72, 73, Ya)
+ T'(v1,72,%2,713) — T'(71, %2, M1, 78) + 2T (2, ¥3, 73, 74)
= T(72,73,72:72) + Y (71,74) +2Y (71, 73) — Y(m1,72)
+ Y (v2,74) +2Y (72,73) + 5Y (73, 74)
= Y (v1,7) + Y(71,7) + Y(12,73) # 0 € b,,1(2)/Image 7.

12,0279
An admissible presentation of m1(Moarg):
212924, zlzglezg"l, zs2g 125", Zzrzazo, 2y z3zezy
i-(n)aszszzy 25, io(1)zmzg e, i-(1)z iz at,  io(v)z tzaa,
ir(m)asnzg 'z, ii(R)zz ', ()2 izt ie(a)z a2,
The action of Mygrg on Ny:

M= Ve, [, 74]]_1 (3, val[71, 73]7473’)’12,

Yo = [7a, [v3, Yal] 72 [vas (115 va)] 7 s [73,74”_1[73, (Y2, Yal) 7 [vss [Y2, vs]] sy (s va)]

I~
(2, [vas vall [vas [yas valllyvas [yss all = v, [z, Yall =2 s vy sl s [, val) =3
v, s 2l s, val e, vs) I, vl 2l el v e,

Y3+ [va, 3, 1al] 2 [vas (2, 14l [74,[71,74]]‘2[73,[73,74]]‘1[73,[72,74]]‘1[73,[72,73]]‘1
[y [v1, Y]] 7 [ves [vss vl P 1ve, [yas val P 0 sy val )l v, vz vall = s [z, sl)
(e, [y, Yall ™4 s [es 22 )l v, val [ves vl v s v val® e, 2 20 272,

Yo+ s, [ 74]]2[’)’4, [72, ’74]]'2[74, [71, 74]]_5[’)’37 [72, 74]]_3[’73, [, ’74]]_1[72, [735 74]]2
[’72, [’72, ’74”[’72, [’72, 73”[72, [’71, 74]”’71, [71,’)’4]]2
(3, val[72, 74] e, va) 7y, val 2 E s T

fi= T2 T‘ Slz-Elg-sz-Ts‘2-T1-Tg-Tl-T4-T5-T4
Ja= ]1_34 : ]234 : ]124

To(Mozrs - f1 - f2) = 2T (v1, 74, ¥3, va) + T(71, Y2, Y25 Ya) + T(71, 72, Y1, 1)
+ T(v2, 74,73, 72) = Y (71, 72) + 2Y (3, 74)
= Y(71,74) # 0 € hy,1(2)/Image 7.

12,,0382
An admissible presentation of 71 (Myss2):
i ()22t zszy i_(y2) 2025 tzazy 22425 ", i_(73)z;1z1‘1z4122“1, z'_('y4)z§zl‘lz4,
iv(v)zszyt,  ie(ve)zezlzelt, dn(W)art,  ih(Ya)zazezy 2.
The action of Mysgy on Ny:

T [’74, [’)’3, 74”_2[’}’4, [71, 74]][73, [73, 74]]_2[73, [72, 73]”’73, [71, ’74”4[’73, [71, 73]]10
[v2s [v3, val] 7 v, [z, vall ™ vz [ves vall =2 0ves [y, vsl) =8 v, [, 2l s (s ] 2
1, [, Yl P11, T2, 131081 val? e, va) ~Hva, va) =4 s 2l e s e ms
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Yo > [, [v2, ¥l 8 [vas [v2s 131123002 (35 YallP [v2s [v2, YallP (e, [y2, 8]1*2

[y, a2 (72, Ya) 2 [¥2, Vsl B vavdws T

v = [va, [, Yal) 7 [ (73, Ya)l 8 [ [v2s Yl 722 [ (Y2, Yal) 35 v (13, Yall B [y, (2, Vel lP
[’72, [72, ’)’3]]22 [73, ’74] [’Yz, 74]—2[72, 73]_137473752,

Yo = [va, 135 Y4l 72 Ve, [Y2, Yal] [¥3, [ Y4743, [v2, va)) [¥s, [, v3)124[72, [vs, va)]*
[v2, [¥2, Val] =2 [¥35 ¥al®[v2, Ya) "2, 3] vt vs T

fi=To T2 Ty Sy T7- T °

fo=1I34- L3

To(Mossz - f1+ f2) = =T (m1,72,73,78) + T (72,713, 73, ¥a) — Y (71, 72) + 2Y (72, 73)
— Y (72,73) # 0 € by,1(2)/Image 7.

12,0394
An admissible presentation of 7 (Mysg4):
io(m)artzytes,  i-(n)z unasz ta,  io(W)unnz a,  i-(),
iv(m)ztas, iv(n)ztaznanng’, id(n)ang’, ().
The action of Myzgs on Ny:

T = [vs, [res 1l s, (12 )72 [vs, [, vall sy [ )72 [v2, [v3, Yal) 212, [72, 14l)
[’72, [72, 73]]_1[72, [71,74]]—1[72, [’71_, 73]][’)’2, [71,’)’2”[71, [’73, ’)’4]][’)’1, [72, ’Ys]]_l
[v2, Ya] ™! [v2, ¥s) 71, va) 71, 72]_174%:2’72_1712,

Yo [741 [73, 74]]—1 [’74) [’721 ’74]]_1 [’737 [73a 74]]2[’73, [’Y% ’74]] [73; [’71) 74”[73, [’YI ) '73”
[vas [rss Yall2 1ves [yas sl s s, Y7271, [y2y vall s [yes vsl) s [, AN
[y, [ vl s, Yal [z, val [, 8] 20, 1)~ 9872,

¥3 - [1a [v3, Yall 7 Ve, 725 vall 030 [, Ya)I?[73, [v2, Yal][¥ss [v2s ¥3)l [ [, 4l
(3, (1, w1112, (3, vl 12 [ves (v, sl 20 s, vall =2 [ s vall = s vz, 8l
11, [, 1) s [, Y2l sy val lvs vl lve, sl o, va] =30 2] ™1 9372,

va = [v3, (11, vall s v, vsl) =20, [yss Yal)l e, [ vs)) v, vl ays T
fi =,5'7-’_/"'1_2-T4_1 -5'5_1 -Tg-T52
fo= Iy I
To(Mosos - f1+ f2) = =T(71, 73,73, 70) + T(m1, Y2, ¥3,Y8) + T( 711,72, Y25 ¥3)

+ T (Y2, 73,73, 74) + Y (1, 72) +2Y (73, 74)
— Y(711,73) # 0 € by1(2)/Image 7.

12,0464



An admissible presentation of m;(Mygeq):

21222627, 222927, z3z4z5zl"01, 242528, zlzgzg_lz{l, zszszg_lzg'l,
i_(’yl)zzzlozglzglz{l, 7_ (’72)2221025~12§122_1, T (’}/3)2225122—1, i_(74)2221,
iv(mezg'z’, i(R)az'n', i(w)atsntn'nla, i) ta iy
The action of Myseq on Ny:
Y1 = [Yas [, va]llys, [v2, vall s, [71, ’)’4]]3[’73, (1, va)][ves [vn, valllv2, (s 7s)]
(71, [y, Yl 7 s, Yal [z, val e, sl [, val [, ¥a) [0 vl vaysve

Yo = [y [, vall2[vss [z, vall s, bvas ¥l BB lvss [ras 1812 s [y vall 2, s vl
[, [y, vl s val[v2, el Yo, sl [, va) s Y3l " a3 y2,

Y3 = [ [, ¥alllvss [vns vall s, (71, %)) s [ss Yl 7 s [y, val) [, [, )]
[¥3, Yal [, Yal ~H v, 8] vy,
Ya = [, 11, ’73]]_1[’}’1, [71, 74]]_.1 [y, [ vl 7, (71, ¥3] a1
fo=1

To(Mosss - f1 - f2) = =T (1, ¥3:71,74) = Y (711,73) — Y (71,74)
= Y (71,73) + Y (711,7) # 0 € by1(2)/Image 7,.

12,,0483
An admissible presentation of m(Moas3):
z§1z1z429z4_1, z5z6z7"1z6_1z8, zzzgzglzl, z§1z22325_1, Z4z§1z4"123,
2?(’71)21251211_17 i(v)azgizgt, i)z i—(’Y4226"1Z3,
i(m)zitzy s de(m)ert,  in(me)zszs iz, i ()7 z
The action of M0483 on N4Z
1= [v2s 2, vall 7 e, [ vell s [yes valllves val [, va) =, vl =2 M,

Yo =+ [a, [71, 74”[72, [’71,74]”’71, [’71, 74]]_1[72, 74]_2[’71,’74]7[1’72,

Y3 = [73, (Y2, Yall [y, [ vall 7 vas [ sl 1ves [, v2ll s, [ves sl
[v1, 7] 572 Py

Ya = [vas [ves Yall [vas (v vl ~Hovs, [z, alllvss v vall ™ vz, [ vall 212 [, 8]l 1

Y2, [y, Y] (e, Dres valllvas Tves vl e [vas Yall v val [ves va) =2 s vel =2 9a937%5 .
fl - 53 : 7-'4_1 : Ss_l : TQ_I 'T1_1
fo= T34~ ];E;}l
?2(M0483 “fi- fz) = T(71,74,73,’)’4) - T(’72,74,’Y37’Y4) + Y(73,’Y4)
= Y (71,71) + Y (72, 71) # 0 € hg1(2)/Image 7,.

12,0535
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An admissible presentation of m;(Mysss):
212223, 222627—1, zl_olz4zszg1z7, 2121029, zzz3zr;lz4‘1, 2226_122_125_1,
i—(m)zig i_('yz)zl‘olz%‘ Y25 2 20, 0o (M8) 27 llzf ‘210, i-(7a)2623 21,
i+('71)z7_1zg, i+ (y2)27 zf1z§121027, i+(3)z7 2321027, i+(74)z7_lzﬁz§1z7.
The action of Mys3s on Ny:
T~ [ s, 74]]2[’)’4, 1, 74]]_1[73, [v3, Yall[v3, [v2, Yalll¥ss (715 ’73]]_1[’;’2, [vs, )]
[721 [’727 74]]3[727 [71774]]2[727 [’Ylv '73]]_1[72’ [717 ’YQ”-I [71, [731 ’74” [’Yl) [’Y?, ’74]]_1

[v1, [y, 317 3, Y2l e, va] 21, sl el v

Yo = [Ya [y Yal) =4 vy [Yas Yall21vss [y, val) = s, [vzs vall s, [ vall® s, [, sl
[v2, [vs, Yall =2 (72 (Y25 Yall 212y e ¥l e, [va, w18 1v2s [yas vl s [, va)] 8
[’Yl, [’72, 74]]—14[’71, [’72, ’73]]_3[’71, ['Yl» 74]][’)’1, [71 ) 73]]3[’)’1, [71 ) ’72]]4
(13, Yal® (Y2, 14l (2, Y3) (11, YalB o, sl v Y2l * e s 3 s

Y3 = [vay [3, Yl 73 [vas [Y2, Yall 73 [vas (1, Yal] 3 [ (s, al] 72 [vss (Y2, Yall "2 [ys, (115 4l
[vs, [71, 8]z, (35 74]]_1[72, [2, 74]]_4[’)’2, M, ’74]]_2[72, [y1, 8l [z, [ya, 2l]
[y [vas Yall =4[ (2o val) =300 [ vall =4, D 3012 (s [ 2]
[va, Yl [Y2> ¥4l [yes ¥4l [v1s ¥8) 7 vas vl v 2e

Ya = [7a, 13, ’)’4]]5[’)’4, [v2, ’74]]_6[74, [, ’74]]"1[73, (72, 74]]_1[73, [71,74]]3[’72, (72, 74]]2
[v2, (71, Yal]* 72, [va, v8))20ves (9o val) =20, [v2s all =21, v, sl =20 [, 74l
[1, [y, Yel) (v, ¥a) 22, val 21, sl s el Pva s y2 i

f1=83-T2 - Ty-Sy-T{ -T2 T2- Tt - Tyt
fo=1Ipq Iig
Ta(Moszs - f1+ f2) = —=3T (71,74, 73 18) — 3T (71, Y4, 72, 7a) — T(71, 72,73, V4)
—= T(v1,72,7,74) — T(v2, 745713, 1)

—5Y (v1,71) —2Y (711,72) — 2Y (72, V4)
— Y(71,7) + Y(72,74) #0 € by1(2)/Image 7.
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12,0650

An admissible presentation of m;( Mogso):

-1 -1,-1_-1 -1_-1 -1 -1 -1 -1_-1

- ; ~1_-1 . -1_-1 . -1_-1 . -1
21024 zuze,l zl_('yl)zgz6 zy,  i-(Ve)zezrzg zy,  i-(73)Z628% 25, i (74)zez32 t,
. -1 — . ~1 -1 . -1 . -1
Z+(71)Zn?56 22, Z+(’)’2)Z2Z3 29, Z+(’)’3)?«’1262826 N (7D F T
The action of Mygsg on Ny:

Y [yas [ves vall ™ sy e, val) =20, [res 18l s, [, Yall[v2; [¥3, Val]
(35 val[n1, Yal[v1, vslvavs v,

Yo = V4, [v2, Yal] 28, [2s Y]] %73, [y, Y3l (71, Yall[v2, [ss Va)]*[ e, [71,74]]
[72, [71, ’73] [’73, 74] [’72, 74]2[’72, 73]2[’71, 74] [71, ’}'3]’)’4’7372’)’1,

]
Y3 = [, [v2, val] s, [v2, vall[¥s, [72, vz, [vs, va)l 2 s, Yal[72s ¥4 " 2, 3] "1 vavs,
]

Yo = [v3, [, va)] (Y2, val T ey ] vyt
fi=T7" 878y T T
f2 = ]123

T2(Mosso - f1- f2) = =T (71,72, 3, ¥a) — T(71, Y2, 13, Ya) — T(71, Y25 72, V3)
—Y(7,7) = Y(72,7)
= Y (72,73) + Y (72, 72) # 0 € by1(2)/Image 7.

12,0801

An admissible presentation of m;(Moso:):

-1 -1_-1 -1 -1_-1 -1 _-1
21 ZgR728 29 T, Z32429Rg , 222425, 222627 Zg , 2223 "Z9 " 271,

i—(711)262725 126, i—(’Yz)lezZszl?lzs_l, i-(vs)2025 25 i—(’714)2’§_
iv(1)2620, i1(72)26222625 25", iy () 252025 L, i+ (Va)zazg 25
The action of Mygg; on Ny:

Y1 [y [ Yal] T e [yzs vl 2 yss (s ¥l 77 s [Yzs vl 720, s 8)) "2, [, al]”
[va, [v2, ¥l ™2, 12, w872 e, v, Yall ™ s v, )14, (2, vl
[v3, val* (Y2, val®[v2, 318 1v1, 1) =22 25 52

1.,-1_-1
Z9 25,

Y2 [74, [’72, 74]]‘1 [’73, [’Y2> 74]]_4[’}’3, [v2, 73”[’)’2, [73, 74]]3[’)’2, [’72, “/4]]6[72, [”)’2, 73]]8
Y2, [, ¥4l e, [, v3]1° [, 1, 720" s [e, Yal] ™1, [ve, sl
[v2, ¥4l 73 [v2, 18] 3, 2] 2vavE2,

Y3 > [va [v2s vall s, [v2, vallP1ys, e, w8112 1v2s [vss vall =2 vz Y2y val B2y [y, 5]]°
[vas [yes Yol vz, va) = e, 3] 25,

Y4 [’74, [’73, ’)’4]]7[74, [72, 74]]’1[74, [71, ’)’4]]2[73, [’73, 74”3[73, [’72, ’74”3[73, [72>’73]]4
[’)’3, [’71, 74]]8[’)/3, [’h, ’)’3]]5[72, [’737 74]]"3[72, [’Yz, ’)’4]] [’Yz, [’)’2, ’73]]2[72, [’)’1, ’74”14
[vas (e, 13118 1v2s [, 2P, s Yal) =2 [y [y Yal) =3 (e [y ¥81) 3, [ 2]
[v3, val* v, v l2 v vl [, val2 s Yol 43 s
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=82 T2 Ty T2 S T T B Ty TR Ty - TE - Ty - Ty

f _ _1'1—1' -1
2 — 1134 " 4124 " 1123

To(Mosor - f1 - f2) = =T(1, 74, 73,72) — T(71, 73, ¥3, 7a) — T(m1, 72, 12, V4)

- T(v1,72,%2,73) — T(7,72, 15 78) — T(71,72, 71, 73)

+ Y("}’3, '74)
= Y (72,73) + Y(72,74) # 0 € by 1(2)/Image 7.

12,0815
An admissible presentation of m1(Mogss):

-1_-1 -1 -1,-1 -1_-1 -1_-1 -1,_-1
212926, R129 24, 24211 %5, <39%5 262728, 2g 2g 2926, 27 RZg 2326, <423 24 210,
. -1 _-1 . . . -1_-1
Z—(’71)24213 214 ' i—(72)za211, i—(73)29, 11—(’)’4)22 Z9 " .
. -1_-1_— . . - . ~1 -1
+ 2 *3 *4 > + 1141, + 3 <1 +\'V4)<9%2 <9 -
iv(m)zg 23 2 ir(v2)zn1z1, i+(713)2023 21, 14(7a)2025 2

The action of Mygis on Ny:

M= [, sy Yall[vas [1, vall e, [y, vl I, [ss Ya) ™ s (72, Y4l
(13, Ya) " v, va) " v, v2lvs P,

v = [ [rs Yall ™4 1, vall =200, s, vall 212, [y Yall* s [y, vl = o v, el
v [y val) [vss val [v2s vl 73l vl e,

Y3 [’74, [’73, 74]][73, [’Yz, ’74]]_4[’)’3, [71,74]]"2[’)/2, [73, ’74]]2[’)’2, [72, ’74”[’72, [72, 73]]3
2, [, ’74]]3[72, [v1, v3l) v, (01 Yl 731, [yss vall s [, Y], [, 73]l
[vas [y, Y2l =2, val2lv2s Ya) =272, 23] 20, va) 2, vs) s vl va s P

va = [13, [rzs Yall21vss [, Yall [z, [y val =22, [z, val) [z, v vl = Hovas s val] ™
[va, [y vl 2 v, [ vall P2 va) 20, va) = s T

f1=T5-T32'T1‘1-T4-Sl-T{1
f2=11-2}1

To(Mosis - f1 - f2) = T(v2, ¥4 11, 7a) — T(¥1,72, Y2, Ya) — Y (71, 72) + Y (71, 74)
Y (71,7) + Y (72,7s) # 0 € bya(2)/Image 7.

12,0210
An admissible presentation of 71(Moz10):

()23 tee, G- (72)23%22, i-(73)25 25 22, i (ya)zy L2125 t2s2g s,

. i S D S | . -1, -1, .-1...%1 . . -1, -1
z_('yg,)zslzszs 1z1z6 2525 25,1 z_(;ys)z5 2625 zlz% zsz? 25, i+(71)2a, i4+(72)2azg 2223,
i+(13)2g 2223, i4(714)z525 2128 25, i+(75)25 2629 zlzé'lz5, i+(76)25"1z6z§125zglz5

The action of Myg;9 o0 Ny:



"= [’76,[’75,’)’6]][76 [va, ¥6]] 165 [v3, 6] 2 [65 [2, 'ys]] [ves (1, ¥61) ™ s, [va, 6] 2
[vs (73, Y6l 255 [v2, ’76]][75 [v1,v6]][v4s [74 Y611% (74, [va, ¥5]][vas [73, 6]
(4, [v2,7v6)] ™ [74 (71,760 s, I, 75]] Uva, [, 74]][73 [¥3, 76]][73 [72, ')’6”
(135 [v2, ¥s1) s [ve, 74]][73 [71,76]1°[v3, [v1, 5] [73 (v, 7va]l™ [72 [v3,76]]2
[72,[73,75]][72 [v3, 4]~ [72 [72, 73]][’72 [v1,76]]~ [72 [v1,7sl]™ [72 [v1,74]}?
[v2, [71,’73]] %[v2, [71, ’Yz” [v1s (93, 6]l [y, [, ¥s)) =2 e, (s, vall2 e, 2, 6])°
[11, [72 5] [71,[72 V4]~ [71 [, 73]][71,[71 7l
[v5, ¥6)2[ 4, 6] [’Y4 ’Ys] s, ’YG] Yy, v6) [v2, ¥3) L ve, v6) [ s [ya, va)
(1, 13121, ¥2l 2 vévsvs ts s g,

-3

Y2 = [, [12,76)) 2176, 71, 1611315, [2, 76]] %[, [72, 75]] s, [, 76]]2[75,[71,%]]
[vas [v2, v61)2 (v, (2, ’75]][74 [y, Y6l =2 [vas (v, 8]~ vss [2s ’YG]] 2[ys, [y2,75]] 71
[73,[72,74]][73 [v2,73]]~ [73 [71,76]]? ['73 [v1,¥s]] 73, [71 va)l s, [v1, 73]

[v2, [7s,76]]2 [72,[74 Yel]~ [72 [va, 5] [72,[73 Y6ll vz, [v2, 96112 [v2s [v2, 5]
[v2, [v2, Yall e, [vas ¥61) =5 [ves (1, ¥5)) 2 e, [71 Yl (v, (1, ¥3l) v, (s ve)] 2
[y1s [va, ¥6))% 71, [as 75”[’)’1 [7s, ’76]“’71 v, Y6l 31, [v2, 8]) s [r2s val)

[y, v ¥6)1P (s [ves 812 Fvas [ves val) =2 [, s 3]

[v2, 7612172, ¥s) (v, Yal =L [v2s ¥3) v, ve) 2 v, ¥s) v, val [y, 3]~ e Y

73+ [v6, [v2, ¥61) (%6, (1, v6) 125, (12, 76]] 2[ys, [y2, '75]] Yvs, [11, '76” [vs, {711, ’Ys]]
(74, [72, 76]]2 [74,[72 Y5 (4 [1,76]] [74,[71 Ys)) ™ s, s v6l] s 2, 76]]
(13, [v2, Y51~ 85 2, 74]][73 [v2, 73]] Uys, [, 76]]['73 (71, 75]][73 [v1,7v4]]?
[73,[71,7311[“/2 [75, Y6]]? [72 [7a>Y61) 7272, [va, ¥s]] [72 [v2, 7612 [72 [v2,75]]
[72, [72, ’74]] 2, [y, v6l) =22 [, 75]] 2[y2, [, ’74]] [v2s [ves v8l] ™ s s, 6]
(71, [va %)%, [Vas ’75]][’)’1 [v2, ¥6)] =2 [v1, [r2, ¥s)] L, [y2s vall[vas [ ')’6”2
[, by w1 [ 74]] %[, [, 73]l
[v3, ¥l 172, ¥l (72, val =2 lves 3] (v, vs) v, vl e, v) ™4y T2y Y,

-2

-1

Ya = [v6, [vs,%6]] (6, [3, Y6]) 2 [, [v2, Y6112 6 (715 ¥6l] 2[5 (3, Vel 1[5 (Y25 6l] L,

[¥5, Y1, v6]1[v3, (s, v61] = 3, 3, w611 (s, 2, ¥6 =7 sy (92, 15 33, (e, 3]l
[¥3, [y, ¥6]) [vss [ves 8113 s, [y, vs112 [v2s (s, ve )i vz (435 16116 e, (s, )]
2, [v2, sl ve, [z, v3]1* (e, (v, 6l [v2, [y, vs)) =312, [ves 3l =7 (e, (71, 2])°
[vas [y, v6]) ~ v, (s, Y6 l) =61, [vs, sl =20, vz, v6 )18 v, [z, 8021 (2, 3))°
v, [y, velllva, [vas vs)) v, [y, )] 2

[, ¥6] (713, ¥6) ~ 173, V5] (72, Y6l V2, ¥5] T2, Y3 "3 [ve, ve) T vns v ) (e, va )P [y, v2) 3

VevsYavs 22,

¥ > [76,[‘/4,76]]3[76,[’737’76]]"1[’76,[72,76]]4[’)/6,[71,76]] 4[4, [13,76)] [ 72 [72)76]] -3
[va, [71, 763 [’73 [vs, Y6l 1 [v3, [v2, ¥all sy [ ’74]][72 [s, 76]][72 [v3, 6]
[v2, [v2, v6)] 2 [2, [v2, ’74]][72 [72, 73]][“/2 [y, v613 1, s, v6)] v, (s 6]l
[, [, ’76]] [v1, [72 o2 [71 [v2,73]] ™[y, [, ve)) 2
[75 Y6 ™ 4, Y6) =235 6] L [ val 72, v6] T [v2s Yal 2, v3) T v Y6l [y, Y4l [y1, 73]
¥6 2 yayey L,

-2

Y6 = [¥6, [74, 612 [7¥65 [73, Y61) 2 [v65 [725 161 [6s [71, ¥61) 14, [73, V6] 13[4 [V2, Y6]] 2
[va> (71, Y6112 1735 [v3s ¥6 )] =4[ (72, 6116 [v3s (92, Y]]~ 13, [y 311 [ [71, ¥6]] ~©
[y (71, valllvs, v, w31l e, [ss 6012 [ves (s, Yall 2, (2, Y6)] 4 [¥2s (15 6])
[v2s [vn, Yall = vz [va, vsl) 2 [ves s val) v [vss v6d] =2 v [y, vall =2, [z, 6]
[v1, (v, valllye, bz, sl = v v v60) =2 Ty [, sl s [, 2]
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[’Ysé '76]_11[’74, 762] ~2[ys, 76)3 (72, v6) "2 (72, 3] T 1, v61P [vas 3l e, 2]
V6 a3 e
fil=Ey-Sg-852 T -S;t-T2 S-S I71 -T2 T7% - T, Ts - Ty !

1 2 3 2 -3 -1 -1
fo= I3y - I3z - Ingg - Toae - 134 - Iigs - Iyzg - Tiag - I3se

T2(Moz210 - f1 - f2)

= T(v1,%,7,%) + 7T(71,%.,73,%6) — 7T (71,76, 72,%6) + T (71,75, ¥4, 76) + 3T (711,75, 73, %6)
— 6T (71,75, 72, %6) — 2T (71,75, 712, ¥5) + 2T (71, ¥5,71,%6) — T'(71, 74,75, 7%6)
= 9T (71,74, 73:76) — 3T (71,74, 73, 75) + T (71, 74,73, 7a) + 6T (71,74, 72,76)
+ 2T (71,72 72, ¥5) — 2T (71,74, 71,7%) — T, 72,11, 75) — 3T (71,735 755 76)
+ 4T (71,73, 14, 76) + T (71,73, 74,¥5) — 27 (711,73, 73,¥6) — T(711,73, 135 ¥5) + (71,43, 73, 74)
+ 2T (71,73, 72, %6) — 2T(71,73, 72, ¥5) — 4T (71,73, 72, 7a) + 2T (71,793, 715 76)
+3T(1,73,71,15) + T(v1, 73, 115 78) + 2T (71,72, 155 ¥6) — 2(715 712574, Y6) — T(71,72, 74, 75)
+ 2T(71,72,73,%) + 3T (711,72,73,¥5) — T (72,6, 74, ¥6) — 7T (2, Y6, 135 Y6)
~ T(v2,75,74,76) — 3T(72,75,73,%6) + 2T (72,75, 72, ¥6) + T'(v2, 74, 75, ¥6)
+ 9T (v2, 74,73, %6) + 3T(72,74,73,75) — T(72,74, 73, 7a) — 3T (25 ¥4, ¥2, ¥6)
— T(v2, 74,72, %) + 3T (72,13, 75, %6) — 4T (72,713, 74, %6) — T'(72,73, 14, 75)
+ 2T (12,73, 73, %6) + T(72, 73,73, ¥5) — T (72,73, 13, 74) — T(72, 73, ¥2,%6) + T(72,73, 725 ¥5)
+ T(v2,73: 72, 72) — 3T (13,76, ¥4, ¥6) — 2T(73, 75,74, %6) — 6T (73, 75,73,76)
— T(73, Y4, ¥5:¥6) + T(13, V4> 74> ¥6) + 2T (73,74, 73, ¥6) + 2T (73,72, 73, ¥5)
+4Y (11,76) + 2Y (71,75) ~ 6Y (71, 73) + 4Y (72,7%6) + 2Y (72, 75)
—6Y (v2,73) — 9Y (73,76) — 4Y (73,75) — Y (73,74)

~ Y (v1,7%) + Y(72,7%) + Y (73,7) # 0 € bg,1(2)/Image .

12,0214

An admissible presentation of m3(Mog14):
i—(’)’l)z2213_122—1, i;(vz)zfzzl‘l@, 12’—(73)2512{1@,1 i-1(74)z€1z1251z51,
i-(15)25 leas 2z zs,  1-(Y6)% za, T (M)ZB2 2, (W) B

ir(1a)zlzazgt,  tn(W)aszsta, ()7 sz e, e (Y6) 2 2.
The action of M0214 on N4Z

m = [y 11, 180 vas Dras 5] [vas Py 81~ (v, sl v b sl [ val] ™
[y, ¥s] v, v) v, valvs v s

Y2 [75,[74,75%]8[75,[73,75]]3[75,[72,75]] 3[ys, [y1, 7))~ 1[74,['74,75]] Yya, [y, s)] 2

[va, [y vall?[va, [v2, ¥5)1° [ [y2, val] ~ [74,[71,7511 [74,[71,74]] [73,[74,75]]
[73,[72,75113[73,[72,74]] 3[vs, (71, 5)] 7% (18, 1, vallPly2s [74,75]] 32, [v3,75]) 2
[v2, [13, 7al]? [72,[72,7511 [72,[72,74]][72,[72,73]][72,[71 ~s]]° [72,[71,74]] -8

[v25 [, 73]~ [72,[’71,72]] [v1, bas vs)) 2, Frss s [71,[73,74]] 4y, [yes w]1 74
(71, [’72,“/4]] [y1, [ve, s~ v, bras valllves v, sl (s yell =1

[va> ¥s) =313, vs) ™ [v3s Yal [v2, Y51 (2, val ~2 e, ¥l v, sl e, el 233 vsvs s,
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Y3 =[5, [1a, 5] [vs [vn, ¥ )] =30, [vas s )] [vas [y, 112 s [vs, vall L [vas [z, vs]) 2
[vas [v2, valllva, [ve, s )1 [ya, [as val) =2, [vas 1) =2 192, [vas v8))% [y2s 43, 4l
[z, [v2, Yl v, [yas w01 "I [yss Yal) =201, [v2, val 2, [, )] 2
[yas 5] 2 [vss val ~ e val [va, 512 (v, Yl =47 P,

Ya = [ [vas ¥]) ™4 [ss [vss vs11 =2, (2, 5113 s, [y, 8] 2 [va, [as 5012 0vas (s, 15112
[747 [72, 75”_4 [74? [727 74”[’747 [71 ) 75”5[’74) [’Yla 74”*1[’72a [747 75]][’727 [73a 75]]_1
[v25 [v2:vs )] [v2s [vas v ° [z, [y, vallP v Dy 1)~ 2 v s, vs )l [ves s
(i, [, ¥s)1% (s [, )] 2
[vas 1511735 ¥51 vz, ¥51[v2s val =22, vs) =4 s vl v v e R

Y5 =[5 [vas ¥6])~3[vss [vas 1)) =3[, (73, v6]] 2175, (3 ¥5)] 21955 2y Y6112 (s (2, 5)1°
[y, [ves ¥6ll ~3s, [ves 1) ~3[va, (s, v61) 3[4y (74, Y501 [vas (935 Y6112 v (135 75)]©
[va [v35 Yall ~3va, [v2s v6l 2 [va, [v2, ¥5]] B vas v, Yall® [vas [re, v6)13 [vas [y, 5 )]
[vas [v1, vall =33, [vs, 6112 v, [Yas Y6 )l =208, [yas s1) s, [y, s 112 [vss [vs, val] =2
(v, [v2, Y8 )] 2 [v3s [v2s Yall? s, [ve, w8113 [vs, (e vall =2 1v2, s, v6)) =22, [, 6]
[v2s (Y4, Y8 ]l 0v2, (93, ws1) vz, vz, sl ives [ves s 2 vz (e val Bl s, e
[71 ’ [74, 76]]_3['71 ’ {747 75”_1 [r)’la [737 75” [717 [721 75”—1 [rYla [’Yl ) 75”4[’)/17 [717 74” -4
[v5, Y61 [va, ¥5) (¥, ¥s) 73, val2[v2s s ) [v2s a) ~2 1, vs) "2 1ve, valPvenE v 25 ey L

Yo = [¥5, (74, ¥6]) 2[5 [va, ¥)1 5 [v35 ¥61) 2[5 [v35 151 [¥55 [v2, Y6125, [y2, ¥5))
[vs, (71, 7%6]] 2175, [ve, ¥ 113 [vas (s, ¥6112 [vas [vas v 114 v (93, Y6} 12 0vas [y 5112
(¥4, [v35 val] =374, (25 Y6l 2174, vz, ¥51) =2 [ves (2, Yall3 [vas (71, v6 )13 (v (115 Yal] 3
(135 115, Y6 )12 [, [vas 61l =23, [vas sl [vas [y Y5112 s [y, Yall =2 [, [y2s ¥s)] 2
[¥3, [v2, vallP[vs, [ve, 5113 vss v, vl =2 [ves s, ¥6 ) =2 [v2s (e, v6))2 (e, [ras s )] 2
[v2, [v1, 8 ]] 2 (2, [v1, YallP v s, v6 13 Dra, bras v6ll 2 0ves [vas w1130, [yas s
[717 [’Yl ) 74”_4
(74> ) =33, 151 23, va) (2, ¥5) 212, va) =21, vs) "2 (s vl ¥evs s 25 tver L

fi=85% 512 Tf T Tg? S13-S1a - Ty -T; 1Ty - Sis - S16 - Ens
-T22-T4-T8"1-T5-T3-T5-T3-U

15 72 4 -1 -1 7-5 -1 72
fa= 1124 : 1125 - I34 - 1245 “Tose - 1134 ’ 1135 “L145 " 1345 ’ 1456

T2(Mo214 - f1 - f2)
= —T'(71,75,75%6) + 8T (71,75, 74, 15) — T (71,5572, ¥5) + 4T (71,74, ¥5,76)
+ T(71, 74,74, %6) — 27(71, 74,74, ¥5) + 7T (71,74, 73, 15) — T (71, 74,73, 1)
= 2T (v1,74,72,%) — TT(71, V4, Y2, ¥5) + 9T (1, Y4, Y1, v5) + T(71, 73, 75, ¥6)
— 4T (71,73, 74, 75) + T(7v1,73,71,75) — T (71,72, 74,%6) — 3T (71,72, 74, 5)
+T(v1,72,73,75) — 5T (71, 72,73, 74) + T(71,72:72,75) — T(v1, 72,72, 74) — 3T (71,72, 71, 75)
= 6T (71,72, 71,11) — T(72, %6, 74, %6) — T (742,75, 75, 76) — 4T (72, 75,74, ¥6)
= 8T (72,75, 74, ¥5) — T (v2, 155 13, 15) + T (725 14574, ¥6) + 2T (72, Y45 145 15) — (2, 74,73, ¥6)
= 5T (v2, 74,73, ¥5) + 2T (v2, 74,73, ¥4) — T(v25 4, 725 ¥6) — 3T (72,74, ¥2575)
+ T'(v2,73, 74, ¥6) + 4T (72,73, 74,75) + T'(73,75, 155 ¥6) + 2T (73, 155 145 75)
= T'(3, 74,755 7¥6) — T'(V3, 74,74, Y6) — 8T (713,74, 74, ¥5) + 3T (74,75, V5, V6)
—10Y (71,75) — 4Y (71,74) — 3Y (71,72) + Y (72,75) — 7Y (72, 74)
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+ Y (73,75) — 5Y (73,74) + Y (74,%6) — 14Y (4,75) — Y (75, 76)
=Y (71,74) + Y (71,75) + Y (72,75) # 0 € bg,1(2)/Image 7.

REFERENCES

[1] S. Andreadakis, On the automorphisms of free groups and free nilpotent groups, Proc. London Math.
Soc. 15 (1965), 239-268.

[2] J. Birman, On Siegel’s modular group, Math. Ann. 191 (1971), 59-68.

[3] J. Cha, C. Livingston, Table of Knot Invariants, http://www.indiana.edu/ knotinfo/.

[4] S. Friedl, T. Kim, The Thurston norm, fibered manifolds and twisted Alezander polynomials, Topol-
ogy 45 (2006), 929-953.

[5} D. Gabai, Foliations and the topology of 3-manifolds, J. Differential Geom. 18 (1983), 445-503.

[6] S. Garoufalidis, J. Levine, Tree-level invariants of three-manifolds, Massey products and the Johnson
homomorphism, Proc. Sympos. Pure Math. 73 (2005), 173-205.

[7) H. Goda, T. Sakasai, Homology cylinders in knot theory, preprint (2008), arXiv:0807.4034.

[8] H. Goda, T. Sakasai, Factorization formulas and computations of higher-order Alezander invari-
ants for homologically fibered knots, preprint (2010), arXiv:1004.3326, To appear in J. Knot Theory
Ramifications.

[9] M. Goussarov, Finite type invariants and n-equivalence of 3-manifolds, C. R. Math. Acad. Sci. Paris
329 (1999), 517-522.

[10] N. Habegger, Milnor, Johnson, and tree level perturbative invariants, preprint (2000).

[11] K. Habiro, Claspers and finite type invariants of links, Geom. Topol. 4 (2000), 1-83.

[12] L. K. Hua, 1. Reiner, On the generators of the symplectic modular group, Trans. Amer. Math. Soc.
65 (1949), 415-426.

[13] D. Johnson, An abelian quotient of the mapping class group Z,, Math. Ann. 249 (1980), 225-242.

[14] D. Johnson, A survey of the Torelli group, Contemp. Math. 20 (1983), 165-179.

[15] J. Levine, Homology cylinders: an enlargement of the mapping class group, Algebr. Geom. Topol. 1
(2001), 243-270.

[16] J. Levine, Addendum and correction to: “Homology cylinders: an enlargement of the mapping class
group”, Algebr. Geom. Topol. 2 (2002), 1197-1204.

[17] J. Levine, Labeled binary planar trees and quasi-Lie algebras, Algebr. Geom. Topol. 6 (2006), 935~
946.

[18] S. Morita, Casson’s invariant for homology 3-spheres and characteristic classes of surface bundles.
I, Topology 28 (1989), 305-323.

[19] S. Morita, Abelian quotients of subgroups of the mapping class group of surfaces, Duke Math. J. 70
(1993), 699-726.

[20] C. C. Sims, Computation with finitely presented groups, Encyclopedia of Mathematics and its Ap-
plications 48, Cambridge University Press, Cambridge (1994).

[21] J. Stallings, Homology and central series of groups, J. Algebra 2 (1965), 170-181.

[22] Y. Yokomizo, An Sp(2g; Z,)-module structure of the cokernel of the second Johnson homomorphism,
Topology Appl. 120 (2002), 385-396.

DEPARTMENT OF MATHEMATICS, TOKYO UNIVERSITY OF AGRICULTURE AND TECHNOLOGY, 2-24-
16 NAKA-CHO, KOGANEI, TOKYO 184-8588, JAPAN
E-mail address: goda@cc.tuat.ac. jp

DEPARTMENT OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY, 2-12-1 OH-OKAYAMA,

MEGURO-KU, TOKYO 152-8552, JAPAN
E-mail address: sakasai@math.titech.ac. jp



