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Approximate quadratic estimating function for discretely
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Abstract

We consider a family of ergodic Lévy-driven stochastic differential equations observed at high-frequency
discrete sampling points, where we do not suppose a specific form of the driving Lévy measure, while the
coefficients are known except for finite-dimensional parameters. Our aim is twofold: first, we derive the
first-order asymptotic behavior of an M-estimator based on the approximate quadratic martingale estimat-
ing function; second, as an application of the estimator obtained, we derive consistent and asymptotically
distribution-free test statistics for the normality of the driving Lévy process, based on the self-normalized
partial sums of the Euler-type residuals. This paper is a slightly revised version of author’s preprint [14].

1 Introduction
In this paper we are concerned with the univariate Stochastic Differential Equation (SDE)

{dX, = a(X;,a)dt + b(X,—, B)dZ,,

Xo = xo

where a and b are R-valued functions, which are known except for the finite-dimensional parameters « and S,
respectively, and Z is a univariate Lévy process. The Lévy driven SDE (1) can be regarded as an extended-
noise version of the diffusion process, for which Z is a standard Wiener process. Suppose that we have a

discrete-time sample
Ko, X1y, Xey)

with regular sampling points #; = /' = ih,, where h, — 0 and nh, — 0o as n — co. Our main objective is

twofold.

1. First, based on the available data we want to estimate the unknown parameter 6 := («, 8) under the
ergodicity. It is common knowledge that the exact likelihood estimation is infeasible in general, since
most often we cannot write down the transition density in an explicit form while its existence is easy to
verify. Nevertheless, for the diffusion case the issue has been solved under some appropriate conditions,
and there exist several explicit contrast functions. See Kessler [5] and Yoshida [25, 26] as well as the
references therein: in order to derive an explicit contrast function, they employed a discretized version of
the continuous-observation likelihood process, or a local-Gauss approximation of the transition density.
In this case, it is well known in the literature that the quasi-likelihood type contrast function, for which
only conditional mean and variances of data increments do matter, lead to an asymptotically efficient

estimator.

On the other hand, the issue has not been addressed enough in the presence of (possibly infinite-variation)
jumps. Among many possibilities, in this paper we focus on the (Gaussian) quasi-likelihood type contrast
function. Different from the diffusion case, it does not produce asymptotically efficient estimator in the
presence of jumps. Nevertheless, it has at least two important advantages: the contrast function to be
optimized is explicit; and estimation procedure is robust to modelling Lévy measure, which we actually

do not need to specify.
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2. Second, as an application of the estimator thus obtained, we consider testing whether or not Z is Gaus-
sian. Under the nontriviality of Z, this can be stated as follows:

Ho : Z is a standard Wiener process.
H, : Not Hy.

The alternative H; just means that v(R\{0}) € (0, oo]; the Gaussian part of Z may or may not be null
under H;. We are concerned here with formulation of a Jarque-Bera-type test for a discretely observed
Markov process defined as a solution process to a stochastic differential equation. Our focus is put rather
on seemingly diffusion-like process, than on diffusion plus rare and large jumps. Pure-jump Lévy process
with many small jumps may be approximated in distribution by a Wiener process. Nevertheless, our test
statistics can simply and successfully detect the non-Gaussianity under high frequency sampling.

In the light of prior literatures, when we apply a parametric diffusion model to high-frequency data, we
blindly utilize the optimal rate /n of the diffusion parameter, faster than the optimal rate «/nh,, of the drift
parameter. It is well known that the (approximate) quadratic estimating function leads to the optimal rates in
case of diffusions. However, this is not the case if Z admits any nontrivial jump part, even if Z is “distri-
butionally” close to a standard Wiener process, such as the normal inverse Gaussian Lévy process such that
L(Z,) = NIG(a,0,6,0) with large  and 8. One should pay attention to this hazardous nature in practice.
This point justifies performing a normality test for Z.

This paper is organized as follows. Section 2 describe our target model and assumptions. In Section 3, we
provide the asymptotic behavior of the Gaussian-reference quasi-likelihood estimator, which can be seen as the
estimator based on an approximate quadratic martingale estimating function. As an application of the result of
Section 3, in Section 4 we presents our noise normality test: an earlier attempts in this direction has been made
by Lee and Masuda [10] (see also Kulperger and Yu [8] and Yu [28] in the context of time series analysis).

2 Lévy-driven SDE with ergodic property

Let (2, F, (Ft)ter,., P) be a complete filtered probability space endowed with a nontrivial centered Lévy
process Z = (Z;);er, admitting an Lévy-Itd decomposition

t
Z; =ow +/ /z;l(ds, dz), )
0

where 0 > 0, w is a univariate standard Wiener process, and fi(ds,dz) = u(ds,dz) — dsv(dz) with a
Poisson random measure on R\ {0} having Lévy measure v (we refer to the monograph Sato [17] for a detailed
description of Lévy processes). On this space, we consider a solution X = (X;)ser, to the SDE (1), where
a € O, C RP= and 8 € ©g C RPA, with ©, and Og being convex domains. We write ® = @, x Og for
the parameter space of 6 = (e, ), and denote by p := p, + pg the dimension of the all unknown parameters
involved. The initial variable X is Fo-measurable and independent of Z, and the coefficientsa : Rx ®, — R
and b : R x ®g — R are known measurable functions. We denote by 6p = (@, Bo) € © the true value
of 6, supposed to exist. We observe X at time points ' = ih,, so that available data is Xo, Xp,,,..., Xnp,-
Throughout this paper we work under the “rapidly increasing experimental design’:

hn =0, T,:=nh, > o0, nh%—0. (3)

Here and in what follows asymptotics are taken for n — 0o unless otherwise mentioned.

Our underlying statistical model is the parametric family (Pg)geg, Where Py stands for the image measure
of X associated with # € @. For simplicity, we abbreviate Py, as Po.

We use the following notation.

e C denotes a positive generic constant, which may vary from line to line.
L4 A1X = X’l’l - Xtin—l.

e fi-1(v) := f(Xy;_,,v) for a variable v € V and a measurable function f onR x V.



e —? and —¢ denotes the convergence in Py probability and the convergence in law under Py, respec-
tively.
We impose the following regularity conditions on the coefficients.
Assumption 2.1. Either one of the following two holds true.

1. (Bounded smooth coefficients plus uniformly nondegenerate b(x, B))
® a € C®2(R x Og) and b € C®*(R x Op).
* sup(y 6)erxoildtdkalx, )| v (0505 b(x, B)|} < oo for each j € Zy andk € {0,1,2}.
e inf(y g)erxo, |b(x, B)| > 0.

2. (Globally Lipschitz smooth coefficients plus nondegenerate b(x, f))

® a € C®%(R x Oy) and b € C*2R x Op).
® sup(, g)erxofildxa(x, )| v [0xb(x, B)|} < co.
® Sup(, g)erxelildxdalx, )| v |a;a§b(x,ﬂ)|} < C(1 + |x|)€ foreach j > 2and k € {0,1,2}.

® SUD(; gyerxey [D(xX. B)| 7! < C(1+ [x])€.

Under Assumption 2.1, the SDE (1) admits a unique strong solution without reference to the concrete
structure of Z; see, e.g., Protter [15] for details. The reason why we separate the cases 1 and 2 in Assumption
2.1 is related to validity of the (conditional-) moment estimates we repeatedly need in the proofs. In prior
literatures concerning estimation of discretely observed SDEs, it is most often assumed that sup, E[|X,|?] < oo
for every g > 0 (see, among others, Kessler [5], Masuda [11], Shimizu and Yoshida [18], Sgrensen [19]).
Specifically, this is required since it is also supposed that the coefficients together with their partial derivatives
are of (at most) polynomial growth uniformly in both of state variable and parameters, while in most cases the
positive-order derivatives are uniformly bounded. The L”-boundedness of X often rules out some important
classes of X, such as Langevin diffusions with heavy-tailed invariant density g, described by

aX, = (%b2(X,)alog o (X0) + b(X,)ab(Xt))dz +b(Xp)duw,, @

with b being bounded; in this case X may exhibits a kind of long-range dependence in the sense that the mixing
(absolutely-regular) rate is at most subexponential or polynomial (see, e.g., Roberts and Tweedie [16, Theorem
2.4}, Stramer and Tweedie [20, Theorem 3.1(i)], and Veretennikov [22, 23]). A little bit surprisingly, this point
does not seem to have been specified in the literature. Therefore, we incorporate it as the first one of Assumption
2.1; in case of the second one of Assumption 2.1, we will additionally assume sup, E[|X;|] < oo for every
q > 0. Clearly, minimal ¢ depends on the growth orders of @ and b as well as of their partial derivatives, and
on the tail of v. Here we do not specify this intermediate case for the sake of simplicity.

The next condition is the ergodicity of X.

Assumption 2.2. There exists a unique invariant distribution wo (depending on 0p) such that we have the law
of large numbers:

Tn
Ti" fo F(X0)dt - / F)mo(dx) )
as soon as [ € L(mp).

Several sets of sufficient conditions to verify Assumption 2.2 are available: see, e.g., the references of
Masuda [12] and Kulik [6, Appendix A.1]. Especially for general diffusions with compound-Poisson jumps
(i.e., v(R) < 00), quite simple conditions are given by, e.g., Masuda [13].

Finally, we impose moment conditions on the driving Lévy process Z of the form (2).

Assumption 2.3. There exists an integer ¢ > (p V 8) such that E[|Z;|?] < oo, and E[Z2?] = t for each
t € Ry,

We have imposed the condition “q > (p Vv 8)” just for providing a consistent estimator of the asymptotic
covariance matrix in Theorem 3.4 in a direct manner. This condition might be relaxed by taking a closer look
at the series of estimates in the proofs.
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3 Approximate quadratic martingale estimating function

Here we derive an asymptotic normality result concerning the M -estimator of 6 based on an approximate
quadratic martingale function, which essentially amounts to the local-Gauss transition fitting. How to choose
an estimating function could be a lot of things, possibly depending on specific structure of the jump part of the
driving Lévy process. Nevertheless, as seen in the quasi-likelihood analysis in the time-series literature, the
quadratic type estimating function is expected to possess high versatility, thereby being of “practical” use.

Let A: Rx ®y — RP2 and B : R x ©g — RP be measurable functions. We define a class of random
functions Q, : ® — RP by

N HOY R Ai—1(0)(Ai X — hpai-1())
o= (Q%(G)) = ;( Bi_1(0)((Ai X — hnai1(@))* — hnbi_1(8)?} ) ' ©

We target at estimators b, = (@n, ﬁ,,) of 6 such that Q, (é,,) = 0 (for n large enough). Note that we are in
a semiparametric framework in the sense that we only impose moment structures about the driving process
Z. Needless to say, the estimator treated here cannot be asymptotically efficient in the presence of jumps.
Nevertheless, it has an obvious advantage, robustness to the specification of Z’s Lévy measure.

Remark 3.1. The estimating function Q,(0) stems from the leading-term approximation of the genuine quadratic
estimating function

o A (O)(Xy, - EiV[X,))
HOLDD ( B O)((Xe, — E5 (X, D — E--1{(Xy — ES'[X, D2)) ) ’

i=1

where Eé'l[-] = Eg[:|Fy,_,]. This can be explicit if, for example, a(x,a) is linear in x. We here do not
pay special attention to this case, however, it is obvious from the proof of Theorem 3.4 below that asymptotic
behavior of the M -estimator associated with Q) (6) can be obtained under appropriate conditions in a manner
similar to the case of Qn(0). Sorensen [19] studied general approximate martingale function for diffusion
processes, including the efficiency result in Kessler [5].

We introduce some additional assumptions.
Assumption 3.2. Either one of the following holds true.

1. We have Assumptions 2.1.1, 2.2, and 2.3. Additionally,
e A(x,") € C*(®) and B(x,-) € C*(O) for every x € R,
o sup(, gyerxo{05A(x, 0)| v |35 B(x,0)|} < oo for k € {0,1,2}.

2. We have Assumptions 2.1.2, 2.2, and 2.3. Additionally,
e A(x,-) € C*(®) and B(x,) € C*(®) for every x € R,
) sup9€®{|3’5A(x, 8)| v |8§B(x, 0)|} < C(1 + |x|)€ for each k € {0, 1,2},

® sup,eg, Eo[|X:|?] < oo for every q > 0.

Typically, the last condition in Assumption 3.2.2 follows from a kind of Foster-Lyapunov criteria, which is
usually easy to verify: see Masuda [12, 13] for details.

We write 7o(f(-,6)) = [ f(x,8)mo(dx) for a function on R x ©, and often abbreviate mo(f (-, 6p)) to
7o (f). We now impose the identifiability condition:

Assumption 3.3. The matrices 7o(A3, a) and (B3} b?) are nonsingular, and the identity
[o(AC, 8){a(, a0) — a(, )})| + |mo(B(, O1{b2 (-, fo) — b*(. AN =0
holds true iff 0 = 6,.
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From now on, we write
Vg = / zFv(dz)

for k > 3, k € N; of course, vy is nothing but the kth cumulant of £(Z;), hence we have v3 = E[Z 13] and
v4 = E[Z}]—-3 under Assumption 2.3. Under the aforementioned assumptions, the following p x p symmetric
matrices are well-defined:

V(; = diag(Vu,szz)’ VOII — ( V11 viVia ) ’

Sym. v4Va
where
Vir = {mo(435a) T} o (A®%b?)mo (40 )",
Viz = {mo(43,a) '} ' mo(AB T b)mo(BagbH) 7,
Vaz = {mo(Bagb?) T} o (B®2b*)mo(Bof b)) "

For a function f(x,8) on R x ©, we write
N 1 & o
S$alf) =~ f(Xey,6n).
i=1

Here is the main claim of this section.

Theorem 3.4. Suppose Assumptions 2.3, 3.2, and 3.3. Then, there exists a (X oo i < n)-measurable
RP-valued sequence é,, such that Po[Q, (é,,) = 0] — 1, and any such sequence fulfils én —P 6y. Moreover:

ifv(R) = 0, then (v/T(@n — ct0), v/n(Bn — Bo)) =% Np(0, V5); )
ifV(R) > 0, then /T, (6n — 60) ¢ Nyp(0, V). @®)

Consistent estimators of the asymptotic variances can be given through through the following: in case of (7),
Vitn = {8n(495a) 1} 71 8, (4%%6%) 5, (405 @) ™!
Vazn = {Sn(Bgb*) Y1 S, (B®2b*)S, (40 5a) ™"

and in case of (8), Vi1, is the same as above, while

— . 1 & N R N _
V3Vizn = {$p(48] a) T} 7! (? D> ABT(Xy_, ) {AX - h,,ai_l(a,,)}3) Sn(Bagb*)™",
n

i=1

— . 1 & o N . B
vaVazn = {84 (B3gh*)T}! (7 > B2 (X, (A X - h,.a,-_l(an)}“) S.(BIg b1
mi=1

The diffusion case (7) is well known and formally not new, and we know the optimal choices of A and
B leading to the asymptotic efficiency of the corresponding é,,. Nevertheless, the author could not find any
literature that specify the claim under possibly heavy-tailed X, which may occur under Assumption 2.1.1;
indeed, this point does seem to have been ignored so far.

The non-null x case (8) is new, but the asymptotic efficiency of é,, is no longer valid. The efficiency issue
is left as an important (and quite intricate) open problem.

Remark 3.5. We can provide, at least formally, a similar result also in case where nh"™ — 0, r > 2,r € N, by
using higher-order Ité-Taylor expansions for the conditional mean and variance. However, we then inevitably
need to know moment structure of order k > 3 about the Lévy measure v. This implies that our estimating pro-
cedure loses the merit of the robustness to modelling the essentially “infinite-dimensional” nuisance parameter
v. Furthermore, even if we could know the moment structure, the resulting estimating function then looks much
more complicated and its optimization becomes harder, thereby diminishing its usefulness in practice. See also
Remark 5 4.
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Remark 3.6. Let vy = 0 and py = pg = 1. Then, in view of Schwarz’s inequality, it is easy to see that

Oqa(x, o) dplb(x,@)?]
b(x, B)? b(x, p)*

is an asymptotically optimal choice: interestingly, this optimal choice is the same as in the diffusion case.

A(x,0) = and B(x,0) =

Remark 3.7. We could also deduce a “mighty convergence” result for multivariate X, meaning that in addition
to the weak convergence of the normalized 6, we could also have their L4 (Py)-boundedness. This will be
reported elsewhere.

4 Normality test for the driving noise

In the previous section, we have seen that the approximate quadratic estimating function (6) can be used re-
gardless of the presence of jumps. However, within our underlying model (1) with Z unknown, we beforehand
do not know which of a diffusion or a process with jumps is more appropriate to given data. This underlines
the importance of testing normality of Z.

In this section, we are concerned with testing the normality of Z against presence of any nontrivial jump
component:

‘Ho : Z is a standard Wiener process.
H; : Not Hp.

Since we presuppose that Z is nontrivial, the alternative hypothesis specifically means that v(R) € (0, oc]. The
Gaussian component of Z may or may not degenerate under H;.

For convenience, we remark the prototype of the Jarque-Bera test for normality. Let £1,&,,... be a se-
quence of i.i.d. random variables, and for k > let
2 . n YT &= B

" {n? Zi:l(&-' —fn)2}k/2'

where &, := n~' Y7_ &. Then the Jarque-Bera statistics

j._n[(ﬁﬁ”V (Vs ~ 3)}2]
" 6 24

weakly tends to y2(2) as soon as the law of §1 is normal, providing a simple procedure of testing normality.
This test is based on the fact: if /n(V,—V) =% N, »(0, Z) for some constants V e R? and X € R? @ R?, then
it follows from the continuous mapping thcorem that X' [{s/n(V, — V)}®2] -9 y2(p), where £, —? .

We consistently use the notation introduced in Section 3. Let

A X —hpai_ ()

€ni(0) 1= ®
bi—1(B)vhn
fort <nandf € O, and e,,, = e,,,(@ ), where 6, = = (@n, ;3,.) is the estimator introduced in Section 3. Write

én =n Ly éni, G® = p-1 S (Eni — &n)*, and o — GO (P2 Our test statistics is then
defined to be

na 3vhn Ne %
To= 89 - 200 S 0bhi, )|+ 2 (@0 37 (10)
i=1

Given a value of 8, it is straightforward to evaluate 7. This simple test statistics turns out to be asymptotically
distribution-free and consistent.

Theorem 4.1. Suppose that the conditions of Theorem 3.4 are in force. Then, we have the following:



o Tn =% x2(2) under Ho;
o Py[Ty > K] — 1 for every K > 0 under H,.

Here are some remarks on Theorem 4.1.

Remark 4.2. Theorem 4.1 extends Lee and Masuda [10], where we targeted at constant b(x, B). Although the
construction of our test statistics (the Jarque-Bera methodology) is somewhat analogous, we need to be careful
in handling the dispersion term b(x, B). The test statistics T, are different from what is proposed in Lee and
Masuda [10]: in the present setting, we have a bias-correction term in the sample-skewness part. We note that
Tn reduces to that of Lee and Masuda [10] in cases where b(x, B) is constant. It is possible to construct Ty,
based on higher-order self-normalized partial sums of residuals, however, performance of T, under Hoy may
then deteriorate since higher-order sample moments appear in the statistics, while power can be gained due to
resulting bigger variance of Ty,.

Remark 4.3. In the proof of Theorem 4.1, we have to specify the behaviors of 6, to some extent under both
Ho and Hy. In our case, it is crucial that 6y, is rate-optimal under Ho and at the same time /Ty-consistent
under H1. If instead of 9, we adopt some estimator 6,, which is only /T, -consistent even under Ho, then,
Jfrom the proof of Theorem 4.1, T, would not work: more precisely, the required rate of 6, mentioned above
are enough to conclude that the effect of plugging-in 8, vanishes in the leading term of T, (see the proof of
Theorem 4.1 for details). In this sense, the approximate quadratic estimating function is quite natural to adopt
in our framework, for it produce possibly the simplest rate-optimal estimator under Ho, and at the same time,
Ty -consistency under H,.

Remark 4.4. From the proof of the consistency of the test (Section 5.3.2), it is clear that we may adopt
ns 3V, < s )2
7;,’ = “6‘{4’5,3) - Tn Z 8xb(Xt,»_, , ﬂn)}

i=1

instead of T,: then, T, -4 ¥2(1) under Ho and the consistency remains valid. That is to say, in order to
derive the consistency against the “full” alternative H, (i.e., presence of “any” nontrivial jump component),
it is enough to look at the sample skewness solely. This is a sharp contrast to the classical i.i.d.-sample case;
one can consult Henze [2] for an extensive review of the consistency issue in testing (possibly multivariate)
normality.

Remark 4.5. For computing &Jf,k), the factor «/h, in the denominator of (9) is clearly redundant. However,
we keep it for convenience of references in the proof.

5 Proofs

Throughout this section we use the following notation.

® Ri(x,8) (resp. R2(x,8)) denotes generic functions on R x © such that sup,. g |R1(x, 8)| < oo (resp.
supy | Ra2(x, 0)| < C(1 + |x|)€). Dimensions of Rj (x, 6) vary depending on the context.

o py stands for the kth moment of the standard normal distribution.
e For random sequences (x5) and (y,), x, < y» means that x, < Cy, a.s. for every n large enough.

® {1 = AjX —hpai—1(ao) and £, := {A; X — hnpai—1(20)}? — hnbi—1(Bo)?.

5.1 Leading terms of It6-Taylor expansions

We begin with fundamental facts concerning conditional size of X ’s increments.
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Lemma 5.1. Let g(x,0) := |a(x,a)| V |b(x, B)|. Fix any q > 2 such that E[|Z;|%] < oo. Then
. q/2 q ifv(R) = 0
Ei-1 Xs— X, 7] < hn' “g(X4;_y,0)!, ifv(R) =0, 11
9 I:se[ts:il:,,‘.]l ti- | ] ~ { hng(Xy_,,6)4,  otherwise. an
In particular, the left-hand side of (11) are essentially bounded if so is g.

Proof. Let v(R) > 0, and 71,k := inf{s > t;_; : [Xs;] = K} for K > 0. By means of Assumption
2.1, triangular and martingale 1nequa11t1es (consult, e.g., Protter [15, Section V.11] with minor modifications),

we see that &y k(s) := E [SuPue[t, 15ATi—1 k] | Xu — Xy, |7] fulfils &1,k (5:) S f, Ei-1,k(s)ds +
hng(Xy_,,0)4, the upper bound being a.s. finite accordmg to the definition of 7, k. Hence t}\e claim follows
on applying Gronwall’s inequality and then letting K — oo. The case where v(R) = 0 is similar (see also
Kessler [5, Lemma 6]). O

For a smooth function f : R — R, the generator of X under Py is formally given by
Ao f () = a(x, @)df () + 3b(x, B2 F(x)
+ f{f(x + b(x, B)z) — f(x) — 3f (x)b(x, B)z}v(d2). (12)

Given any m € N, successive applications of It6’s formula yield that

m gl

EyNf (X)) = Z i b.f(X1,_,)

n
51 Sm X
/ f / Eg ' [APH! f (X)) dSmardsm . . . dsy
b ti—1 ti—-1

+ e (MO ]+ [ B (MG Dy

m—1
+Z/ f f E) M(.AI“f)S’“]ds,_,.ldsl .dsy, (13)
t
where, fort > s,

1 t t
M@= 5 [t tb B+ [ [(eKur + (K B)2) - gKu il dD). (14)

(13) is valid as soon as all the appearing conditional expectations a.s. exist.
Fori <nandk € N, we let

Fii(6) = By [{AiX = hnaimi@)*]
We need the leading terms of the stochastic expansions of Fy ;(6) in h-power series (the so-called It6-Taylor
expansions), which play a central role in deriving the asymptotic behaviors of our estimator and test statistics.

Lemma 5.2. Suppose v(R) = 0, so that X is a diffusion process. Then, for each i < n we have, under
Assumption 2.1.1,

F1,i(6) = hZR((Xy,_,,9),

F2,i(8) = habi-1(B)* + K R1(Xy,_,, 6),

F3,i(0) = 3R2b(Xy;_,, B)*0xb(Xy;_,, B) + M3 R1(Xy;_,, 6),
also, for k > 4,

RED2R (X, 0), for k odd,

Fr;(0) =
i@ { hﬁ/zpkb(Xti—wﬂ)k +h§k+2)/zR1(Xt,~_l,9), for k even.

The same expressions except that all the R, are replaced by R, remain valid under Assumption 2.1.2.
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Proof. We only prove the lemma under Assumption 2.1.1; the proof under Assumption 2.1.2 is quite similar.
Letting fix(y) := (y — x)¥, we look at Eé_l[fk,x,iAl (X:;)] by making use of (13) with f replaced by
fk,Xtt-_]' It is clear that |A19'fk,x(y)| < C(1 4 |y — x|*71) for each I’ € N. Hence, in view of (14) with
the purely discontinuous local martingale part dropped out, it follows from Lemma 5.1 and Burkholder-Davis-
Gundy inequality that
2
] < Chy.

Therefore, the last three terms in the right-hand side of (13) for any m vanishes as a matter of fact (see Protter
[15, Theorem L.51]). Moreover, for each m, the second term in the right-hand side of (13) can be bounded by
Ch™*1 In view of (12),

Ef,"l I: sup

S€[t;i_1,1]

M(A fix,_ Ve,

AL fix(y) = Oforeach ! < [k/2] if k € Nis odd,
A frex(y) =0foreachl < [k/2] -1 ifk € Niseven.

Now we deduce all the claims by easy algebra. O
In the presence of any nontrivial jump component, the leading terms of Fy ;(6) for k > 2 are of O, (hy):

Lemma 5.3. Suppose that v(R) € (0, 0], [ |z[¥v(dz) < oo for some k > 2, with E[Z1] = 0 and E[Z?] =1.
Then, for each i < n we have under Assumption 2.1.1,

hﬁRl(Xli._lve)’ fork = 1,
Fi(60) =3 hab(Xy,_, B+ hrlel(Xii—l ,0), fork =2, 15)
hn”kb(Xt,-_l,ﬂ)k + h2Ry(Xy_,,0), fork >3.

The same expressions except that all the Ry are replaced by Ry remain valid under Assumption 2.1.2.

Proof. Again we only prove under Assumption 2.1.1 as the proof under Assumption 2.1.2 is similar with minor
modifications.
Let fix(¥) := (y — x)* as before. We here need to look at (13) and (14) for f= fk,Xz,-_, andm = 1in

more detail. Under the condition [ |z|¥v(dz) < oo, it follows from (12) that (rather roughly)
10(Ag fie, )| S 18fex O] + 182 fie, e )] + 18 fie x (9
1 1
+ ’ / ( / u / 83 fk,x(y+uvb(y)z)dvdu)b(y)zzzv(dz)
0 0

1
+ ‘/‘ (/0 & fex(y + ub(y)z)du)b(y)ab(y)zzv(dz)
Sl14+ly—x|+--+ IJ’—xlk_l,

the upper bound remaining valid for |3%(Ag fi,x)(»)|. Hence, from the expression
1
A fiex (9) = a(»)8(As fie ) () + 517(}’)232 (Ao fr,x) ()
1 1
[ [ 0 [ e funro + wabrzrauaobpoy2zvias),
0 0

we also deduce the estimate | A% fx x(¥)| < 1+ |y — x| + +-- + |y — x|¥~'. This combined with Lemma
5.1 readily implies that, in (13): E5~'[M (AL £);° |1 =0, E;" [M(f)f_ 1 =0, and ES A2 fi : ()] S 1
(Indeed, the first two can be verified just like the proof of Lemma 5.2). Thus we obtain

Eé—I [fk,Xt,-_l (Xti)] = hn'Aefk’X'i—l (Xti‘l) + hZRI(Xt"_l 0)
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for each k > 2: of course, the first term in the right-hand side is hna;—;(«) when k = 1. The claim now
follows on the binomial expansion

k

Fii(0) =) (l;){—ai_l(a)}k_l W1 gi-t [ fix,_, (X,,.)] :

=0
= hnA9fk,Xz‘-_1 (Xti._l) + thl(Xt,'_l ’ 9)

combined with the expressions Ag f1 x(x) = a(x,a), Ag f2,x(x) = b(x, B)? (because of E[Z?] = 1), and
Ag fiex (x) = vb(x, B)¥ fork > 3. 0

Remark 5.4. The higher-order expansions can be derived through straightforward but messy and lengthy
computations, they might be practically intractable in optimization of the corresponding estimating functions.
Needless to say, the principle can apply to a more general multivariate diffusions with jumps, where diffusion
and jump-part coefficient functions may differ. Although we do not need them in this paper, it may be used to
construct estimating functions for diffusions with jumps.

5.2 Proof of Theorem 3.4

We rely on a Cramér-type result from general M -estimation theory.
We need to show the convergence in Py probability of several random sequences uniformly in § € ©. In
this respect it is the most convenient to rewrite (6) as

0a(0) =hn Y Ai1(B){ai-1(@0) — ai-1 (@)} + D _ Ai1(6)(r; (16)
i=1

i=1

Q2(8) = hn Y_ Bi—1(6){bi-1(Bo)* — bi—1 (B)*}] + ) Bi—1(6)¢;

i=1 i=1

+hn Y Bim1(0)2y:4ai-1(20) — ai—1 (@)} + ) Bimi(B)ai-1(e0) ~ aim1(@))*.  (17)

i=1 i=1

Under the assumptions we can differentiate these quantities to obtain

304(6) = 3 8aAi-1 ) + hn 3_Badi-1ONai-1(20) — aim1 @)} — A1 O)dtina @], (18)
95 0n(6) = D85 Ai-1 004z + hn ) 9pAim1 O){ai-1(@0) — aimr (@)}, (19)
3907 (6) = iaaai_lw) ni + iaaai_l(o){b,-_l(ﬂof —bi-1(8)*}

+lzh,, > c:,i[aaB,-_l(e){'aiq(ao) —ai—1(@)} — Bi-1(6)3aai-1 ()]

+ hy i[aa B;—1(6){ai-1(0) — ai-1(@)}* — 2B;—1(0){ai-1(%0) — @i~1(@)}3aai-1(@)], (20)
95.0n(6) = 3 9pBi1(O)n; + hn 3 9p Bi-1 (O)(bi=1(B0)” — bi-1(B)?)

+’2hn D 195 Biy (o)z;i{la,-_l(ao) —ai—1(@)} = Bi—1(0)bi-1(B)dgbi-1(B)]

+ h2 ZaﬂBi—l(g){ai—l(ao) —ai1 (@)} @n

(Note that we presuppose that dga = 048 = 0.)



Let us prove that there exist R”-valued measurable functions é,, = én (Xy; 1 i < n)suchthat Po[Q, (é,,) =
0] — 1, and that any such sequence fulfils 8, —? 6,. Put

_(2'®)) _ [ mo(A(.0){a(. a0) — a(-a)})
06 = (Qz(e)) = (L ntne ity i b ) @
Under Assumption 3.3, Q(8) = 0iff 8 = 6, therefore,
Ve >0 seoly [0(6)] > 0. (23)
Moreover, Q is of class C!(©) with the partial derivatives given by
aot Ql(e) = nO(aaA('s 9){‘1(’ (Xo) - a(" (X)}) - NQ(A(', 9)80(‘1(" (X)), (24)
950" (8) = mo(3p A(-, O){a( o) — a(, a)}), 25
32 0%(6) = 70(8a B(, O){6> (-, Bo) — b*(, B)}), (26)
35 0(8) = 7o (3 B(-, 0){b>(, Bo) ~ b>(-, B)}) — w(B(-, 0)dgb> (-, B)). 27
So dp @(bp) is diagonal, and Assumption 3.3 implies that
39 Q(6o) = diag[—mo(Ad, a), —mo(B ngz)] is nonsingular. (28)

In ‘view of the general M -estimation theory combined with (23) and (28), it remains to prove (see, e.g., Yoshida
[27]):

1

sup | =350, (8) — 8, 0(0)| =7 0for I € {0,1); (29)
0c® T,
= 0n(00) =7 0. (30)

For clarity, from now on we focus on the proof under Assumption 3.2.1 with v(R) > 0. We mention the
remaining cases at the end of the proof.
The following facts are well-known and repeatedly used in the sequel without mentioning:

e Assumption 2.2 yields that n=! Y 7_, F(X ti—y) =P mo(F) for any smooth bounded function F with
bounded derivatives (this is true as Eo[|T, ! OT" F(X5)ds —n ' Y7 F(Xy, DI S Vhn);

o for vector-valued triangular arrays (x»;); <, With each y,; being F;, -measurable and a random vector y,
the convergence | Y /' (Xni — Eo[xni])| =P 0 is implied by Y 7, Ei7[|xni|?] =7 0;

e if E[|Z,]] < oc for some integer ¢ > (p v 2), T > 1, and c is a predictable process, then the
Burkholder-Davis-Gundy inequality gives Eof| [ c;—dZs|?] < T9/2~1 JT Eollcs|9)ds.

Prior to the proofs of (29) and (30), we recall two more or less well known facts.

Lemma 5.5. Let {Uy(h) : h € H}yen be random fields of class C' defined on a bounded convex domain
H C R?. Suppose the following conditions.

1. Uy(h) ->? Oforeachh € H.
2. Either one of the following holds true:

(a) sup, E[sup, |0,U,(h)|] < oo;
(b) sup, , E[|Un(h)|9] < 00 and sup,, E[supy, |8, U, (h)|?] < oo for a constant q¢ > p (so, ¢ > 1).

Then sup,, |Un(h)| =7 0.
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It is easy to prove that Uy (-) is tight with respect to the uniform metric on H under the conditions 1 and
2(a). See, e.g., Kunita [9, Section 1.4] for details concerning the tightness under the conditions 1 and 2(b).

Lemma 5.6. Let {(Up;)?_,}nen be arrays of R"-valued random variables in L?(P), each Uy; being Fy;-
measurable. Suppose the following conditions:

1. Z?=1 E(i)-l[Uni] —? 0and Z?:l |E(i)_l[Uni]|2 -7 0;

2. Y1 ESNUB? -P V for some constant V € R” @ R”;

3. Y0 EEY|Uni|?t€] —P 0 for some constant € > 0.
Then Y7y Uni =% N;(0, V).

See Dvoretzky [1] for details of the proof of Lemma 5.6.

Proof of (29). This follows by using Lemmas 5.1, 5.3, 5.5, and 5.6, together with the expressions (16) to (21),
(22), and (24) to (27). To save space, we only prove supgeg |7, ' Q) (6) — Q1(8)| —? 0, and omit the others.
We have

sup |7, 05 (6) — Q' (6)] < sup
6e® fe®

LY Ai1(0)lar (@) — i1 @)} - 0'6)
i=1

TL > A (0)t,

" =1

=: sup | W, (6)| + sup |W;2(6)|.
6e® 6@

+ sup
6ec®

The -pointwise convergences to 0 of W,! and W;? follow from Ej~'[¢/.] = h2Ry(Xy,_,,0) and E51[¢/2] =
hnci—1(B) + K2R (X ti_1»9) (cf. Lemma 5.3), and the uniformity of the convergence of W, are implied by
using Lemma 5.5 under the condition 2(a) therein. As for the uniformity of the convergence of W2, we are
going to apply Lemma 5.5 under the condition 2(b) therein. Fix an integer ¢ > (p Vv 4). Noting that

1 ¢ t
WO S 7 3 14O [ laCKeia0) - aia(ao)l?ds
" i=1

L1

1 " 7

Th
+ T_n[o (;l(ti—l,ti](s)Ai—l(e)b(XS,ﬂo))dzs

’

we deduce, using Lemma 5.1 in part,

1 o (% .
sup Eol|W2(6)19] S sup {7 ) f Eo[ES'[1X, — Xo_,|9)ds
6,n 6,n n i=1 ti—1

1

/T"E [(Z L, 41 (5)) i1 (O)B(X ﬂ)l)q]d}
+ —= 11,415 N Ai— e $
T’:;/2+1 o o P ( ] 1 0

| L
S (hn+ s 3 [ BolRi(Keu0lds) $1,
Tn i=1 ti—1

6,n

hence the first condition in 2(b) of Lemma 5.5. The second condition in 2(b) of Lemma 5.5 can be verified in
a similar manner. Hence we obtain the uniformity of the convergence of W,2.

Proof of (30). This is automatic according to the form of Q(8) and (29) for/ = 0.

We now turn to the proof of the asymptotic normality; we may focus on the event {w € Q : Oy (é,,) = 0},
whose Py probability tends to 1. By means of the first-order Taylor expansion T, 139 O (6,)v/T5 (6n — 60) =



—T,,_l/ 2 Qn(6o), the convergence (29) for / = 1, and Slutsky’s lemma, it suffices to prove the central limit

theorem
1 (60 e 70(4%26%)  v3mo(ABT )
‘ﬁQn(go) =: ; ( 3,- —>% Ny (0, ( Sym. varto(B®2b%) )) , 31)
where £1, € RP and £2, € R”. From Lemma 5.3 we easily get Ei'[£),] = h3/?R,(X;,_,,6) and
ESUIEL 19 = n ' T YRy (X,,_,.0) for j € {1,2) and ¢ > 2, so that, in view of Lemma 5.6 it re-
mains to prove the convergence of the predictable quadratic covariation matrix. As a matter of fact, Lemma 5.3
leads to the desired convergence:

n

3B = 5 AT Gy E:, a1+ Op(n)
i=1 i=1
= nO(A®2b2) + 0p(1),

ZEa s E2T

i=1

—ZA, B0 By Bo) - 57 161,%) + 0, (42)

v3no(ABTb3) + o,,(1),

D ESER®Y = - ZB : (Bo) Ea 6i*1+ Op(hn)

i=1
= v47r0(B®2b4) + 0,(1),

leading to (31). Thus we have proved Theorem 3.4 under Assumption 3.2.1 with v(R) € (0, oo].

Concerning the consistent estimators of ¥ and V', the case of (7) is obvious from Assumption 2.2 and
Lemma 5.5. Turning to the case (8) we only mention v4V22 n. Put v4V22 n = Z, 1 Tmi. By means of

Lemma 5.3 we readily get Yiz1 E§ M [ni] = vaVaz + 0p(1). Moreover, since vg < oo under Assumption
23,30 ES n®?] = T Hvgn™! Zl=1[(B‘m)‘g’zbs](X,i_1 ,6o) + 0,(1)} = 0,(1) as was to be shown.

Finally, let us briefly mention the remaining cases in proving Theorem 3.4. The proof for cases where
V(R) > 0 under Assumption 3.2.2 can be achieved in the same way as above except that we should replace all
the appearing R; by R;. As for the diffusion cases under Assumption 3.2, the only difference is, of course, that
we need to use Lemma 5.2 instead of Lemma 5.3, together with the different norming of Q,,. We may omit the
details, for it is well known in the literature under Assumption 3.2.2 (cf. Kessler [5] and Sgrensen [19]), and
the proof under Assumption 3.2.1 can be achieved all without distinction by making use of Lemma 5.1 with g
bounded.

5.3 Proof of Theorem 4.1

Put €,; = €,;(6p), and define
1< 1 & QR ;
H,gk) =- G,I,C,-, H,Sk) == é,lfi, M,Sk’]) = Em'_] (éni — €ni)’.
i = nia

It is convenient to expand \il,(,k) and I:I,fk) as follows: fork € N,

§® = O _ AW [E-D 4 Z ( )( AWy gle=i), 32)
j
Jj=2
k k )
B = HP +kmED +3° ( ,)M,fk’f). (33)
j=2

Once again, we will prove the claims only under Assumption 2.1.1, as the case of Assumption 2.1.2 can be
treated in the same way under the condition sup,cg . Eo[|X:|?] < oo for every ¢ > 0.
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5.3.1 Under the null hypothesis

First we prove T, —¢ x2(2) under Ho. We write a,, = /Tp(Gn — tp) and ﬂ,, Jn (3,, — Bo), both being
Op(1). In what follows we abbreviate b; _ l(ﬂ,,) to b. 1>and also, R (Xy;_,,6) to R;—1.
First we note the following direct consequences of Lemma 5.2:

1
H® P p, foreachk € N, and especially H{" = 0, (7_) ) (34)
n
The next lemma shows that, thanks to the centering factor €, in the summands of ‘il,(,k), the effect of “plugging-

in &,” disappears from the expressions up to order 0,(1//n).

Lemma 5.7. For each k € N we have

N k 1
¥® = (H® — kHO HED) - j_ "”/3,,+o,,( (35)

%)

b —
where vy :=n"' 3°0_, (0 bi-1/bi-1)(Bo) = Op(1).
Proof. Applying the Taylor expansion under Assumption 3.2, we obtain

Vn(éni — €ni)
=5,.-_11[—e,.,{aﬁb, ofs+ = ( [ f s Bo -+ (s — o ) 4,2

- {aaai—l(ao)&n + J%(L u/o 32a;-1(cto + uv(@n —ao))dvdu)[&,?z]}]
- 13,-*_‘1{ — a0} bio1 (Bo)B, — dati—1(@0)in + €ni J_R. 18,92 + R,-_I[&,?ﬂ}, 36)

1
VTn
where G[a®?] := &) Gay, for G € RP« ® RP+, with a similar notation for G[8,®2]. In the same way,

1. -
—Ri1B;,. 37

b—l_bl_l \/’7

It follows from (34), (36), and (37) that for k € N

JSnMED — 1 i:ek. a;’rbi)(ﬂ )BL — liek.—l(a;r“"‘l (Bo)an + O, L
n n & — mi\ b 0)Pn n & ni bi—1 0)%n P «/—

=P~ Z(

- i 1
= —pkv OBy — pk-17D8n + Op (ﬁ) . say. (38)

S

3 bi = [(37a;

)(ﬁo)ﬂn — Pk— 1l Z ( ‘;7—'1_1 )(90)&,. + Op (

i=1

S
=
N—

In particular, (38) implies that M*"" = 0, (1//n). In view of (36), we see that
1 — . !
=Y | V(i — )| = Op(1)
n i=1

for any / € N under Assumption 3.2, so that for j > 2

|VAM®ED| = n-D/2

1 k—j . . » 1
n e Vi —en)l| = 0,0 = 0, (ﬁ)
Hence we have obtained that for k € N:

& _ | 0p(1//n), j=1;
My~ ‘{ oy(i/m).  j=2. 39)



Combining (33), (34), and (39) now gives A = 0,(1), and especially A\ = 0,(1/+/n). Therefore (32)
and (33) actually become \’I\l,(,k) = I-AI,Sk) — kﬁ,f”ﬁ,?“” + Op(1/n) and I?,fk) = H,gk) + kM,Ek’I) + 0p(1/n),
respectively, from which we get

A A 1
IO = (H® —kHOHE D) 1 kEP 1 0, (ﬁ) (40)

for each k € N, where F,fk) = M,fk’l) — H,fk_l) M,fl’”. Now substituting (38) in (40) and then rearranging
the resulting terms, we arrive at (35). (]

Put G = n~? Yoi=1 E5i '€k, ] and AP = H®P — c®; note that C¥ —» py. As seen in the next
lemma, the self-normalizing factors (\i!,(,z) )¥/2 in the definitions of &)S,k ) disable the effect of “plugging-in §,,”
up to order 0, (1/ /7).

Lemma 5.8. For each k € N we have

N - ~ k - 1
89— = (9 ko)~ e sy (). a

Proof. In view of Lemma 5.7, we see that
N 1 ~ ~ 5y 2 1
I =P + T WRED —kpeoi JuHD —kper, 7B + op (ﬁ) : 2)

This in particular yields that for k > 2

k/2
y@k/2 _ L RA® _2,®F 1
(PPH*/2 = {1 + ﬁ(ﬁHn 2v,”B,) + 0p (ﬁ)}

k ~ _ 1
= () _ 5, B) g 2
2\/ﬁ(\/EH,, 2y} ﬁ,,)+o,,(ﬁ), 43)

since G2 = 1+ Op(hy) = 1 + 0p(1//n) under nh2 — 0. Thus expanding the fraction ¥ /(¥ P)*/2 by
using (42) and (43), we get

s 1 ~ - -
89— = VAR ~ kp s SRR ~ kor DB,

k - N 1
- EC,S")(\/EH,?) - 2)’,9’)/3”)} +0p (%) :

Using ﬁ,fz) = 0,(1/+/n) (apply Lemma 5.6) and C,fk) = pp + 0p(1), it is obvious that the right-hand side
being identical to that of (41). [

Finally, we apply Lemma 5.6 to the expressions (41) for k = 3 and 4.
Lemma 5.9. We have

. 3V, — o
oB — 2N a.b(X,, 0 6 0
Yl n ,;X(tl_lﬂn) 1N, o’(o 24)
oW _3

127



128

Proof. By Lemma 5.2 and Taylor’s expansion of B¢ — dxb(Xy,_,, o) around ﬁ,,, we have

1 n
C = =3 13vhndxb (X, o) + B3> Ra (X, 6))
i=1

_3*/5 z 0 o/ \/Z 3/2
== ;axb(x,i_,,ﬁ,,)+o,, ((|ﬂ,,| 7)vh,,

3R 5 1
== ;axb(x,,._l,ﬂ,,)m,,(ﬁ).

Hence it follows from (41) that

. 3V — o
ﬁ{ogs) - JT_"— > 8xb(Xy_,, ﬁ,,)}
i=1

n
1 i i
=) ﬁ{(ej;‘i — g 'eni]) — 3(eni — Ej '[e,.i])} +0p(1). (44)
i=1
We similarly get C\¥ = 3 + Op(hn) = 3 + 0p(1/+/n), so that
n
- 1 . .
@R -3)=3 ﬁ{(e:ti — Eg'leaiD) — 6(en — Eo ‘[ef.,-l)} +0p(1). 45)
i=1

We deduce the claim by applying Lemma 5.6 together with Lemma 5.2 to the first terms of the right-hand sides
of (44) and (45). a

Lemma 5.9 combined with the continuous mapping theorem completes the proof of Theorem 4.1 under H,.

5.3.2 Under the alternative hypothesis

Next we prove that Po[7, > K] — 1 for every K > 0 under H;. Write 8 = +/T,(Bn — Bo), which has the
Gaussian weak limit as specified in Theorem 3.4. Fix any K > 0 in the sequel. According to the definition of
Ta, it suffices to show that

P[|AD| > K] > 1, (46)

where AL = /(D — 3n~ /R, Y0, 0:6(Xs,_, . Bn)}.
Using (32), we rewrite A$,3) as

AP = (¥P)~32 hl { nhZH® -3\ /nhZHD AP +2,/nh2 AP
n

u 1< R
_ (\pr(lz))slz /nh,3, " ; 0xb(Xy;_,» ﬂ,,)}. @7

It is convenient to note A; X — hnai_1(@tn) = {,; + 8ni/hn/n, where 8,; = R;—1&,. Then

k-1 n
- k 1
A® =h;"/2{§ :(1) I 2 bk e s, +n"‘/2 2 :b‘ls,,,}, 48)

j=0 i=1

from which combined with Lemma 5.3 we deduce

A = Vi Zb, G+ op( ) =opt0,
f
" 1
HrEZ)z b~ 1 ni +2v th 1 n18m+0p( )=1+0P(1)'
n



129

(We used b2 = bi—1(Bo)™2 + T /> Ri_1 B! for the latter.) Hence we also have U2 = A — (AM)? =
1 + 0,(1), so that (47) becomes

1 A~
AP = E(1 + 0,(1)) {,/nh};H,f” + Op(l)} :

We are going to prove that / nh%I:I,P) does not tend in Py probability to 0, from which (46) follows.
Using (48) with Lemma 5.3 as before, it is easy to see that

nh H(3) Z\/— i— l{zm "V3b l(ﬂO)}+v3\/_ Z:( 3 l(ﬂO)) oo

l—l

—Z b B~ nvabiy (Bol) + 2V T Z( At} o,

i—1
= Iln + Ion + 0p(1).

Write I1, = Y /_; Xni, then Lemma 5.3 gives that E}~![y,;] = T,,_l/zhﬁRi_l. Also, for each § € (0,q —2),

n
D ET w1 S T;‘”z Z E§ (16 = havabi-1(Bo)* P+’

i=1
s/ 1 i
< T; 8/2T_ Z(E(’) 1[|A,‘X|6+38] + h2+38 + v%”hﬁ""s)
"i 1
< T—8/2 Z(l +h5+33 + 1)24—5]114—5) =0 (T—5/2) =0 (1)
n
i=1

Moreover,

ZE(l) 1['1nt|2] = i Zbi—l(ﬂo)—6{E(§_ { , 6] —2hpv3b;_ 1(ﬂ0)3E I[é-’/”.S] +h§‘)§bz‘—l(ﬂ0)6}
"i=1

i=1

1 n
- D (V6 — hnv3) + 0p(hn) > vs.
i=1

Thus Lemma 5.6 yields that Iy, -4 A\ (0, vg). On the other hand, we have I, = 0if v3 = 0, but otherwise
the sequence (13, ) is not stochastically bounded since 12, = v3+/T, (1 + 0,(1)). The proof of Theorem 4.1 is
thus complete.
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