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Saddlepoint condition on a predictor and its implication
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1. 1v8a%9vay

FHRIRE LI, BROBRER y AT IHBEE p(y; 0) 2T — X 2 LB I FHISHp(y | )
WE->THETDIILTHS. RIZEMSH n(0) 2IXNET 5 & & Bayes FHIFIBELFILN S,
HEBKE UTIREED(p(y; 9), ply | z)) BAEVSR DD, KBTI D(p(y|z), p(y; 9)) i
B3 %. ZZTD(p(x), g(z)) i¥ Kullback-Leibler divergence T#H b,

p(z)
D(o(e), a(o)) = E[log 22 | (z)

ko THEEND. EHIRIEY R AANE, AHTREKEE pz) DFTO f(z) O
% E[f(z) | p(z)] LB 22T 3. RIHDEE D(p(y; 0), p(y|z)) i& m-divergence, #
EDHRED(p(y|x), p(y; 0)) i e-divergence LIFIFNDZ Z L HH 5.

FHIME e B L OBRL OBRERRS. 2 HERL L, FHLHEZ p(y|z) = p(y; 6)
EVWOSRIZHET S &, FHAMEIHEMEL SMicid. Z0X14 7OFHLAIZ plug-in
FRNAE L RIEN S, $iZ MLE 6y (225 < plug-in F#I4 7 p(y; 6y) % MLE-induced F#i
ARERRZLILT 5,

AFEDEIRD 1 DI Deviance Information Criterion (DIC) & FEiEi % Bayes B € 7L &R
EXDE%ILTHS. DIC i3 Spiegelhaleter et al. (2002) IZ & > TRE X 17 Bayes BLE F
BIREETHD,

DIC = —2log p(z; 6) + 2pp (1.1)

DESICEHEINS., 7L, IRELTHERTH D, BREHPESHT— N YR TR
LEDERMES LI/ B. 7=, pp iX model complexity & FEIZN 5 ET,

p(z; 6)
=2E|log ——=
bp [ & o(z; 0)

(0 Iz)]

L& TERINS.

DIC DRIERE LTRD 2 FA2BIFHI LN TES. (1) ATEEZBELTVWARVWI &IE
feasibility DF EIZ D725 4%, FRFICEROBEKRS 2E0Ekd 5. (2) Model complexity (& 7xith
DEMBEEAICIZBITE T A—XDORTIIHIETE2EDTHY, AIEIZRS LBRVFEL
V. logp(z; 6) 7* 0122\ T concave 52 § HEHLTEHD & ZFF A LR BHMRHEINB A, —



RIZIZEDEZ L VES. Z020OMELH»H L WVEESR (saddlepoint FHI D7) 28AT 5
TLIZE-oTEBETER I L2 E 2B LB 3L TRY.
AR TIERD & 5 g 8E 51

p(z; n) = exp{nz — M(n)} a(z) (1.2)

EERDEMETS. 2L, nIBERATA—X, M) EZ¥FabT >y MNEE, o(z) 3FEED
B TH5.
EREDHEDE L WL L TER

o P& ) D
p(z; n)
2ET5Z LM TE B (Kullback, 1959). £ 1 HIAEFRBIZL Y KETHEREVIELY LW

BTHY, BREHIZBRTHEPSMNITNENIVIEELWVWETHS. ERELENHEON
TV AEBKRT D RERKENERTHY, AROITE2RT.

(p(z; finr), p(z; 1)) =0 for any = and any 7 (1.3)

2. Saddlepoint 9%
BRESARIZBVWTRILT %R (1.3) 2D UBD -£42 FRINSFBIZETILE2ERS.

Definition 1. RDER %2723 p(y | z) % saddlepoint FEISLH L1 3.
p(z| =) ) . _
B[iog ZELE) — D(p(s12), (21 0)) | s 90| =0 1)

Z DEFEAXSZM % saddlepoint condition £ FETF, (1.3) % exact 7% saddlepoint condition & FER Z
LIiZy 5.

Saddlepoint condition (2.1) DEKT 2 & Z A %FHT 5. HFHETBSHNDE 1 EHlog{p(z|z)/
p(z; 0)} BB RELZ —RILL7ZB L WA 5. Plug-in FRISHEL S ITHBAELIIZRE 15T
B5. UlkhioT, (21) INBRELE —BRILL 2B L8BK D(p(z| 2), p(z; 6)) D p(z; )n(0)
DT THEUHARKEEZ DI L 2EkT 5. Saddlepoint FHRIST p(y | z) 123 % Bayes risk &
log{p(z |z)/p(x; 6)} D p(z; O)n(0) D FTOHFEEL BT ZRTH 5.

Saddlepoint FHEI DAV TERAE2ENTHL.

Proposition 1. £ D saddlepoint F 82 p(y | z) IR LT

E log%—n(pw),p(z; 0) - D(p(z: 6), p(z|2)) | p(y: O)ple; O(O)| =0  (2.2)

WD LD,

Proof. XRDEERVERNTH 5.

p(y; 0)
p(ylz)

1og 2&12) ) p(:vlw)+lo p(z; 0)

pwlz) ~ B 0) T80 T

81
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Definition 112 & 9, % 1H& D(p(z|z), p(z; 0)) @ p(x; 6)w(9) DT COMBERIFEL V. 5B
2D p(y; O)p(z; ) D FCORHEIZ0 THS. B I3HD p(y; 6) DT COHFEIERIC &
b D(p(z; 6), p(z|z)) £ 5. a

Saddlepoint FHI4 754> & i B4(Z Bayes B E FIVBIRER 2 M Z L HITE 5. RtIOHHEE
% AIC T35\ % M U 7= Yanagimoto (1994) DFHRIZH, E[-2logp(y|z) | p(y; )7 (6)]
OFEHEERL LT

—2logp(z|) +ap +4p (2.3)
»EONS. KL,
ap =2E[D(p(z|2), p(z 0)) | (6] 2)] 2 0,
dp = 2E[D(p( 0), p(z|2)) | 7(@|2)] 20

T#H5. (1.1) D DIC (251 % model complexity pp £8->T, qp 8LV ¢p FEIZHATH 5.
2RIz Definition 1 @ saddlepoint FHI 2 & D i&VWEBEE %2 2 DERT 5.

Definition 2. (1) XOER 27§ FHIH 7 % Bayes DEEKD saddlepoint FRITHE 5.

p(z|z) .
Ep%pww)—D@@MLNAG»

Z D% R %M % Bayes DREIRD saddlepoint condition £\ 5.
(2) RDOERZHM7- T FH 27 % frequentist DK D saddlepoint FHBMH L\ D.

(6 | x)] =0 for any z.

E[log PE-’”IZ; - D(p(z|z), p(z; 6)) | p(z; 0)] =0 for any 6.

Z DHEREM% frequentist DK D saddlepoint condition &\ 5.

4 > saddlepoint condition DEIRE MR TRT LRD &L 51T 5.

Saddlepoint condition

Bayes DEHRD

saddlepoint

condition xa.ct & J
saddlepomt
condition

Frequentist O kD
saddlepoint condition

Corcuera & Giummole (1999) I& e-divergence #2k D(p(y | z), p(y; 6)) D T TD Bayes FH
REORBEBEEZRD . BT e-mixture FHIBHFLHIENEHDTH Y,

pe(y]2) = s exp(Ellog (v 6) | (0]
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DEIIZEHRIND. TITelzr) IEBRILEFTHS.
Z @ e-mixture F#l 5375 iE Bayes DEWRD saddlepoint FRAFHIZR > T WS,

Example 1. Yanagimoto & Ohnishi (2009) i% e-mixture F D pe(y|z) B
pe(z| )
Bllog22E%) _p p(z: 6
R~ ERLUT.

76| x)} =0 foranyz (2.4)

Frequentist DEERD saddlepoint FEIDHEDH%E 2 DT 5.
Example 2. n >3 &9 5. nEEBERSM No(p, I) 1I2BWT,
p(z — is) . } ]
E|log——== -D —[s), - x— =0 for an 2.5
{og e (p(z = ias), p(z — ) | p(z — 1) y p (2.5)

BB IO, KR, ple—p) i Nalu, I) OWKEE, js = {1— (n—2)|jz] 2}z @b
% Stein #E & (Stein, 1981) Tdh 5. 2% Y, Stein HFEEIZE D < plug-in FEISH p(y — fis)
I& frequentist D ELKD saddlepoint FHI TR > TN 5.

Example 3. = = (z1,...,2,) PHMIZEA—OERM N, T H IZ->TWB LTS, uD
MLE jip 38 &+ DRMFA E MLE 7¢ X2 hTh

©= Z?:1(-’L'i - z)?
&b, TDLE, (hu, 7c) itET< plug-in FEIDH p(y; fu, 7c) 1& frequentist D REBKRD
saddlepoint FHIZ T2 5. TRbLB,

E|log p(@; fus 7o) _ D
px; p, 7)

MR DILD. 7L,

(p(z; Bm, 7e), P(25 1, 7)) ‘p(w; i, T)} =0 forany (u, 7) (2.6)

plz; ) =[] \/%exp{—g(xi - w2}
i=1
THh 5.

Bayes ¥ 7z {3 frequentist DR D Saddlepoint T4 H3# 72 %R % proposition & U Tk
RTHEKL.

Proposition 2. (1) Bayes D&MD saddlepoint F#| 4375 & & U frequentist D EERD saddle-
point F#I43 75 & Proposition 1 DFR (2.2) {77
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(2) 41 frequentist DBk D saddlepoint FH2 7 p(y | z) &
E [log ;% —D(p(z|z), p(z; 8)) — D(p(; 9), p(z] %)) ‘ p(y; 9)p(a; 9)] =0 for any 6
A7,

BB AEBHEDOBEIZIE plug-in FPHIAABHEELKHZ R~ T, Yanagimoto & Ohnishi
(2011) D#ER % proposition D TARRTEK.

Proposition 3. A/ (1.2) DRBE 2 HHE p(z; n) DBEEEZS.

(1) Plug-in T RIS p(y; ) ?¥ exact 7 saddlepoint condition 27~ DIE, f =1y PLED
ATH5.

(2) Plug-in T8I 276 p(y; 1) H* Bayes D EBKD saddlepoint condition % # 7= DI, 7 =i or
g DLEDATHS. 727U, 7 =E[n ' m(0|z)] TH 5.

3. Pythagorean relationship
ZAHi T Pythagorean relationship & saddlepoint condition B#REIZEAEL TWSH I & %2R
3. %73, Pythagorean difference %

PD(p1(2), p2(2), p3(2)) = D(p1(2), p3(2)) — D(p1(2), p2(2)) — D(p2(2), p3(2))
DEIIZEHBTS. BIINATAPN) Y IRIDOBREFEIINLT,
PD(64, 63, 63) = PD(p(z; 61), p(z; 62), p(z; 03))

LEHTS. E[PD(pi(2), p2(2), pa(2))] =0 13 FHM% EA3AE) MHRHILDOI L 2B
¥ 5.
p3(2)

pi(2) pa(z)

B &1 % = 3 Pythagorean relationship % proposition D TR R TH . T Hid Corcuera
& Giummole (1999) iZ & - TELEH X 1 7-#E R % Yanagimoto & Ohnishi (2009) A° Pythagorean
difference 2 fF o TRIHAL LD TH 5.

Proposition 4. FED FR 21 p(y|z) I L T,

E[PD(p(z |z), pe(2] ), p(2; 6)) I 1r(0|:c)} =0, for any z (3.1)
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A RVASN

TRTOFHBHEDOFRTRERDT, p(y|x) Ed b3 A saddlepoint FRIDHDHTEH Bl
TH5. &7, (23) TRZL E D saddlepoint FRLHEH S S X7 F 1 v 212 Bayes MEF
NVEREREZESZEHTED. Lo T, po(y|z) CET EFNVBIREREBHET Z0H
HREWVWZD. £, ROEFLBREENESNS.

DIC' = —2logpe(z |z) + gp + q)p-

BEBARRICE VT DIC’ & DIC 3 ITEL 25 Z £ #7% 5. Yanagimoto & Ohnishi
(2009) I (1.2) DIEBBI DA p(z; 1) KBV,

pe(y|z) =p(y; 7B)

OO %R LA 275U, NBIXIEE¥ENT A — R n DEHEHTH S, DFH, FEN
7 A= R DREFIFIZE T plug-in TR e-mixture FEHH L —5T 3. Example 1 &
Definition 212 &0, HEEL U TEREHERATL L &

PD =4p

T#5. DIC & DIC DEWE pp = gp & ¢ DEVDELE S,
RITEEE 3 F5 112 B3\ T MLE-induced ¥ #14%5 %* plug-in saddlepoint 3§44 D hC&
BTHDHI 27T, EB, RO &> 25BN % 7T Pythagorean relationship 38 b 170,

Proposition 5. A5 71% (1.2) DEBEIHHHE p(z; n) £ § 5. FEED plug-in saddlepoint
TR p(y; B) TR LT,

E[PD(ﬁM, 7, 1) ’p(:v; n)ﬂ(n)] =0
AR D 3D,

Proof. Exact 73 saddlepoint condition (1.3) 2B W T n =4 2RAT 3.

p(x; M) s .
lo o) D(p(z; fim), p(2; 1)).
(13) L ZDR2WILIZFI &BT B L
o z Ez Z; = D(p(2; 7ine), p(z; 1)) = D(p(z; fine), p(2; 7))

/5N 5. Saddlepoint condition
plz; 9) A . . _
E[log p D(p(z; ), p(z; n)) | p(z; n)ﬂ(n)] =0
LHAEDLEDERDBEREES. a

(1.3) TR & 5z, BEBSMHEKIZH VT MLE-induced $ 4713 exact % saddlepoint
condition 2729, T DEZEIX MLE-induced FHIAHEDRKBMIZOMWAM > TWBRTH 274,
RDEDIBIRUTH LS.
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BEROEENEIETNTVS LV BRCHERIARIVEN R ET VT
»H5.

Bayes BE 7V BN % 4 M85 M1 B L\ 5 EIR T saddlepoint condition (2 FHAAMHD &L\
WErZx 5h3. Saddlepoint FHID A D THRMADH e-mixture FHIHTH D, plug-in
saddlepoint TS D CHBERDH MLE-induced FRIBHTH S, e-mixture FRDHDOHK
WA EFSAIEET 2 DI L, MLE-induced FRIAHDOBRBEXHI/BIK SV,
HIRREVNHFI NS L $HiE, MLE-induced PRSI [BEZ 7 ADEY | WA,

AL D BT Pythagorean relationship #* & saddlepoint condition 2 ¥< Z (29 %. Propo-
sition 4 DB % 727 Pythagorean relationship (3.1) I WTEEHX

p(z|z) — 6(z — z)

%175 &, Eaxmple 11281F3 (2.4), $72b b, Bayes DK saddlepoint condition 21§ 5
Nd. ZZT, §(z—z)dcilmass 22TV XEHTH 5.

Stein #E & 2T % Example 2 $ & U&ft & MLE (2889 % Example 3 1281} % frequentist
DD saddlepoint condition (2.5) B & U (2.6) &, FNEFRD Pythagorean relationship
LEMTHD GERIZRDEE) .

E[PD(ﬂM, fis, 1) ‘ p(z - #)] =0 for any s,

E[PD((aa, #ar), (B, 70)s (s 7)) | plas p, 7)] =0 for amy (u, 7).

Saddlepoint condition Iz 3 2 EH L DEEMEE X DL, Zh 5 frequentist DFIRD Pythagorean
relationship L FERZREELEDTH B.

F 23O fit% 13 Proposition 5 £ BIRKICEITE 5. REBAHRE (1.2) ICBWT —RNSIE
A% & X 3. Exact 7% saddlepoint condition (1.3) % 2 EIF|H L T, {£E®D plug-in FH 24
p(z; §) XL T,

log 1—;&%2—3 = D(p(z; finr), p(; m)) — D(p(2; fias), p(2; 7))

283, ik frequentist DELED saddlepoint condition & (frequentist DELKD) Pythagorean
relationship WEMTHEZ L EZRL T3,

4. Saddlepoing condition ®—f&{t
AECRE2HB LB IHONEE 2007 —RIIRT B L 2FA 5. BENIZIE, (1)
1A a-divergence DA D saddlepoint condition, &, (2) #EBBIZXY % saddlepoint
condition % T 5.
F $THRAIZ a-divergence 2 E&HET 5.
q(y)) , ]
Do ’ =E(fa| 73 ’
o) 96) =E|fa (22) | 50
2 (1-2%) (<),
fa(2) =9 zlogz (a=1),
~—log 2 (= -1).
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a =1 {% e-divergence IZ, a = —1 i& m-divergence IZ &3 5.
a-divergence 218K & § % Bayes FHIMEE2E X 5. 4B, KD Bayes risk DR/NEE

minE[Da (p(y; 6), p(y |2)) | p(z; 0)7(8)]

EEZB.
Corcuera & Giummole (1999) XD R TEB I N5 a-mixture FHEIHF

W(G(x)})l__zz

PREBTHDILERU. 7KL, colr) REKILEFTHS.
%%, Yanagimoto & Ohnishi (2009) 235 L T\ 38 ¥ &1, Ho#EM %~ 9 modified Pythagorean
relationship 23 D LD, TibLH, £ED p(y|z) ITHL T,

E[Da (p(z; ), 5(2]2)) — Da(p(z: ), pa(z| )
~ {ca(®)} T Da(pa(z|2), p(z|2)) | 7(8]2)] =0, vz
MR D LD, Z D modified Pythagorean relationship 12 5V THRM LB 2
0(z —x)
{palz|2)}' 7

l—c

Paly ) = — (B [{piw: 0)) 7

{p(z|2)} & —

2135 &, RD example 218 5.

Example 4. -1 <a <1 &% %. Yanagimoto & Ohnishi (2009) & p,(y | z) H¥ Bayes D&k
® saddlepoint condition

=l (Foray) ~Pelets 0. ol

2732 &R UK. a=1kExample 1 iZHET 5. BEEKENI LI, a=-1D7—2,
TROL, BEMEDND m-mixture T2 7 13 Bayes DR D saddlepoint condition % 7z X
2\,

7r(0|a;)] =0 for any z

RIZ location family IZ8 1} B EREEE X 5.

HERE R" LD location family p(z — §) IZHBWT, EYLREK u(z) 2B, HEEK

Vlog ziz(;—)m

IZEoToRMERT L. 7KL, n>3Th0, Vidz itEHTIMO2ERTS.

RTOHTEDH D, NBREHCNET 8%

1 1 1 1 -
L= 3|Viegp(z - O)|* - 5|V Iogu(@)| = |V logp(z - 6)| - 5|V logp(z — 6)]
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TEEL, L0, d|z) LEL. TIT, §IZHEEH Vig{p(z - 0)/u(z)} P oBONGHEEER
&T5. BEHEITELY,
Viogu(z) = Viegp(z — 6)

THBILITERINA. 00 Viegp(z — 0) 1t Viegp(z — ) KHWT =0 #RAL %
LDTHS. [HBAMLENDDIE u(z) HEREHDO L 2THY,

d
Viegp(z — 0) = —%logp(x - 0)

THEND, DL EHTERILERETER LS EZRVT—HT 5. £/, ERFHOL
FIZRNEEELE TS, LadoT, NELEBHOLBEMEILEXLILATES.
—%, BRizNETIRE

1

L |
D=—“Vlog =

pe-0)|"_ 1 p—6)|
2

u(z) p(z — é)

TEHL, DO, 6|z) L BL. ZHRETEROFMERED 5 trace EH (Godambe & Kale,
1991) L FEIZEE L TH D, Ohnishi & Yanagimoto (2003) iZ & » THEBBIIN T 2HRKL
LTRATIHTWS.

Ohnishi & Yanagimoto (2003) (33 ERE%X B89 % Pythagorean relationship % #\7. R
HEIZIE, u(z) = |22 & U & & OHERE % Stein B ERB L LY, Stein BHEERIR
REDE S ICRERTCEBBRT B 2R ZOFRESORETETIE,

5 V log

E[D(o, frs | 2) — D(, ds | z) — D(s, bar | z) ) p(z — 9)] =0 foranyd (4.1

LB, 127U, Osid Stein MEEBEBIIN T I2HTRTHS.
Exact 7% saddlepoint condition ¥ frequentist BBk saddlepoint condition % #<.

Example 5. (1) £EH#EEKIT
L(8, 0p | ) — D(8, bpr | ) =0 for any z and any §

2T, ZhiZLO,0|z) BLU DO, |z) DEENSES»TH 5.
(2) Stein B REBIHIX

E[L(G, bs|z) — D(8, fs | z) l p(z — 0)] =0 for any 6

3. ROFERX
L(ga éS | :23) = D(ev 0M I 17) - D(QSs GM I(L')

IZERE T HiF, Pythagorean relationship (4.1) LM TH S I LAZH 5.

Location family x85BS 71 & BRI BREROEENREIL I N TV S &\ 5 BIRTEEN
EFNTHBHLWVWRS.
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