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LIFTING OF PAIRS OF ELLIPTIC MODULAR FORMS
TO SIEGEL MODULAR FORMS OF HALF-INTEGRAL
WEIGHT OF DEGREE TWO

SHUICHI HAYASHIDA

1. INTRODUCTION

The aim of this exposition is to explain our recent work on a certain
lifting from pairs of two elliptic modular forms to Siegel modular forms
of half-integral weight of degree two [H1la, H11b]. The existence of
this lifting has been conjectured by Ibukiyama and the author [HI05)
as follows.

Conjecture 1 ([HIO05]). Let k be an integer. Let f € Sor—2(SLo(Z)),
9 € Sor—a(SLa(Z)) be elliptic modular forms of weight 2k—2 and 2k—4,
respectively. We assume that f and g are normalized Hecke eigenforms.

Then, there exists F € S, %(I“ (()2) (4)) such that F is an eigenform

for any Hecke operators, and the L-function of F satisfies the identity
L(S, F) = L(S,f) L(S - ]-ag)

Here SZ— 1 (I’((f) (4)) is a generalization of the Kohnen plus space for

Siegel modular forms of degree two, and where L(s, F') denotes the
L-function of F' € S, _ L(TP(4)), and where L(s, f) and L(s,g) de-
note the usual L-functions of f and g, respectively. We remark that
the L-function of modular forms of half-integral weight was first in-
troduced by Shimura [Sh73], and was generalized by Zhuravlev [Zh84]
for Siegel modular forms of half-integral weight. The above L-function
L(s, F) contains the Euler 2-factor which is introduced in [HI05] for

SI;"_ 1 (I’éz) (4)). Some numerical examples of Euler factors have sup-
2

ported the above conjecture. :
The following theorem is the main result of this exposition.

Theorem 2. Let k be an even integer. Let f and g be as in the above
conjecture. Then we obtain a Siegel modular form Fyq € S, _, (T2 (4))
2

from the pair of f and g. And if Fy, does not vanish identically, then
F1.g satisfies the properties in the above conjecture.



2. CONSTRUCTION OF Fj,

From now on we assume that & is an even integer, and we assume
that f € Syx—2(SLo(Z)) and g € Sax—4(SL2(Z)) are normalized Hecke
eigenforms, namely, the first Fourier coefficients of f and g are both 1.

The purpose of this section is to explain the construction of the Siegel
modular form Fy, € S, /Z(Ff,z) (4)) which will satisfy the properties
in Theorem 2. This construction was suggested by Prof. T. Ikeda to
the author in 2001 at the Hakuba conference.

We denote by Si(Sps(Z)) the space of Siegel cusp forms of weight

k of degree 4, and denote by S:_l(f‘é?’)(él)) the generalized plus space
2

of weight k — 2 of degree 3 (cf. [Ib92]), which is a certain subspace of

Siegel modular forms of weight k — 3 of degree three.
Let I(g) € Sk(Sps(Z)) be the Duke-Imamoglu-lkeda lift of g. We
consider a Fourier-Jacobi expansion of I(g):

Ig) ((Rg)) = D Wn(rs,2) eI,

n>0

where 73 € 3, w1 € $; and 2 € M3 ;(C). Here we denote by £, the
Siegel upper half space of degree n and by M, ,,(K) the matrices of
size n by m with entries in a commutative ring K. We remark that
the form ¥, is a Jacobi form of index n of weight £ of degree 3. For
the definition of Jacobi forms of higher degree the reader is referred to
[Zi89).

By the isomorphism between the generalized plus space and the space
of Jacobi forms of index one (cf. [Ib92]), there exists G € SI':_% (1"(()3) (4))

which corresponds to the Jacobi form ¥, of index 1.
We consider the following expansion of a pullback of G:

G((38) = D Fhglm)hw),

where 7, € §, and w; € H;, and where h runs over all elements in
a basis which consists of Hecke eigenforms in the Kohnen plus space

S,jmzl_(rg”(z;)). We see that F}, 4 belongs to s;_%(rg” (4)) for any A. In
particular there exists f € S (T8 (4)) which corresponds to f by the
2

Shimura correspondence. Therefore, we define

ff,g = ‘Ff

g’

then the form Fy, belongs to S , (T (4)).
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To complete the proof of Theorem 2 we need to show that the form
Fg is an eigenform for any Hecke operators under the assumption
Frq # 0, and we need to show that the L-function L(s, Fyg) of Fjg
coincides with L(s — 1,g)L(s, f). We shall show these facts in the
following sections.

3. FOURIER-JACOBI EXPANSION OF G

Let G € S, _1 (F(3)( 4)) be the form defined in the previous section.
We consider a Fourier-Jacobi expansion of G:

21'\/ Imw
G zw1 E ¢m T2, 2 L

m>0

where 7 € Ho, w1 € H;y and z € M2,1(C).

The purpose of this section is to give a certain relation among ¢,
which plays an important role in the proof of Theorem 2. We remark
that the form ¢,, is a Jacobi form of 1ndex m of weight k — 2. Here,

Jacobi forms of index m of weight k — 1 of degree 2 are holomorphlc
functions on £ x My 1(C) which satisfy a certain transformation for-

mula (cf. [H11a].) We denote by Jlgz_)l ., the space of Jacobi forms of

index m of weight k — 1 of degree 2.
For any prime p we define two maps Vl(;) and V;,(;) which are maps
from J.~ (2)* - to J,Ez_) 1 2 (the reader is referred to [H11a)] for the precise
2’

deﬁmtlon of Vi’(;’)), where Jf_);m is a certain subspace of J,gz_) L These

Vl(;) and Vz(,? are certain generalizations of the Vj-operator in [EZ85,
p.43]. We also define the map U, : J]S;z)l — J® , defined by
—5.m k-—§,ml

(o|U)) (72, 2) := ¢(72,12) for any ¢ € Jf_)%,m

Now we obtain the following relations.

Theorem 3. Let ¢,, be as above. For any prime p we have
¢m’V1(;) = pb(p) omlUp +¢mp2+< D ) i 2¢m‘U +P2k 3‘15 |Up2
and

Om 2(;) = b(p) (¢mp2+( D ) k= 2¢mlU +p2k 3¢ ‘Upz)

+(* ™ = p%7°) Om| U,
where b(p) is the p-th Fourier coefficient of g.
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We remark that the above identities can be translated to relations
among Fourier coefficients of G. The outline of the proof of Theorem 3
will be given in Section 5. We also remark that the above identities can
be regarded as certain generalizations of the Maass relation for Siegel
modular forms of half-integral weight of degree three.

4, PROOF OF THEOREM 2

In this section we assume Theorem 3 and shall prove Theorem 2. We

use the same symbols in Section 2, 3.
For a prime p, let X;(p) and Xz( ) be Hecke operators which generate

the local Hecke ring acting on S -1 + o ( I‘(2) (4)). For the precise definition

of these Hecke operators the reader is referred to [HIO5, p.513]. By the
virtue of the definitions of V(z) and V2(f,), we can obtain

(62) () = p*E6(m,01X:(p)

(#1Vi2) (72,00 = 6(72,0)|Xa(p)

for any ¢ € Jf_)z .» and where we regard ¢(r2,0) as a function of
27

T2 € $o.
Therefore, due to Theorem 3, we obtain

k+2G( 0 Wl)) IXl p)
= Zp-k+ ((dm(72,0))| X1(p)) o2mV/=Imuwn

> ((@nlVi)(m,0)) e /TTmen
> {pb(p) $m(T2, 0) + Gmpa (72, 0)

—m
+ (_p_) pl\:—2¢m(,‘,.21 0) + p2k—3¢% (7'2, 0)} 6211'\/_——1'mw1

= pb(P)G((o wl))"‘G((o w1 )IT(pz)

Similarly we have

G( Owl))IXZ()
= ()G ((33)) @)+ ™ -G ((34))
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Because G ((Z L)) = X, Fho(2) h(w;) and because of the above

0w
identities, we obtain

PRI FrlXa(p) = (pb(p) +a(p)) Frg
and

FralXa(®) = (a(p)b(p) + p*~* — p**~°) Fy,,

where a(p) is the p-th Fourier coefficient of f. Hence F;, is an eigen-
form for any Hecke operators. Moreover the eigenvalues of F;, fol-

low from the above identities. Let A(p) = p*~% (pb(p) + a(p)) and
w(p) = a(p)b(p) + p*~* — p?*~6 be the eigenvalues of F;, with respect
to Xi(p) and X;(p), respectively. Then we obtain

L(s, Frg) = [] (1 ~ AP FE + (pw(p) + P31+ pP))p %

__/\(p)plc—{-%—&' + p4k—6—4s) -1
— Lis,f)L(s~1,g).

5. PROOF OF THEOREM 3

In this section we shall give the outline of the proof of Theorem 3.
The steps for the proof of Theorem 3 are as follows.

(1) By the virtue of the Duke-Imamoglu-Tkeda lift, it is enough to
show Theorem 3 for the case of generalized Cohen-Eisenstein
series. Here, the generalized Cohen-Eisenstein series are certain
Siegel modular forms of half-integral weight, which are not cusp
forms (cf. [Co75) for degree one, and [Ar98] for general degree).

(2) Show certain linear isomorphisms between the space of certain
Jacobi forms of half-integral weight of integer index and the
space of Jacobi forms of integral weight of matrix index.

(3) Show a compatibility between the linear isomorphisms in (2)
and certain operators which shift the indices of Jacobi forms.

(4) We need a certain relation between Fourier-Jacobi coefficients
of Siegel-Eisenstein series and Jacobi-Eisenstein series of matrix
index shown by S.Boecherer [Bo83).

(5) Calculate the action of shift operators on Jacobi-Eisenstein se-
ries of matrix index explicitly.

(6) Show Theorem 3 for the case of generalized Cohen-Eisenstein
series by using (2), (3), (4) and (5).

In this section we will explain the above steps more precisely.
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5.1. Generalized Cohen-Eisenstein series. Let k¥’ be an even in-
teger. We denote by 'Hfj) ! the generalized Cohen-Eisenstein series of
weight &' — of degree 3, Wthh is a certain Siegel modular form of
weight k' — 2 of degree 3 (cf. [Co75, Ar98]). More precisely, the form

’H(, 1 corresponds to the Jacobi-Eisenstein series E,(c,)1 of index 1 of
2

weight &’ of degree 3 by the isomorphism between Siegel modular forms
of half-integral weight and Jacobi forms of index one (cf. [EZ85, 1b92].)

By the virtue of the Duke-Imamoglu-lkeda lift, the Fourier coeffi-
cients of G satisfy the similar relation which the Fourier coefficients of

’H(S) ! satisfy. Hence, it is enough to show Theorem 3 for the case of

H®

for sufficiently many &’.

k~1
We take a Fourier-Jacobi expansion of ’H,(cs 1t
2
3 =
'H( - 2:1 Ze (T z 21r\/_me1,

m2>0

where 73 € $2, w1 € 9; and z € M, ;(C). The form ef) . _ is a Jacobi

form of index m of weight k£ — — of degree 2, which belongs to J,~ (2)*

We need to show the followmg theorem:.

(2 )

Theorem 4. Let k > 5 be an even integer and lete,”, be as above.

For any prime p we have 2,

Wy = pa+7*e2, U t+els

-m
+<?>pk -2 (2) |U +p2k -3 f)l mIUp2

k:-—— ymn

and
@ @ _ k— (2 —M\ k-2 (2)
k“" ml%’p - (1+p2 5) { Ie—)—'mp2 + ( P )p zegc—%,mlUP

+p 2k—3 (2)l mlU }+(p2k—4 2k-—6) 6(2) lUp-

k—— ,m
Theorem 3 follows from this theorem.

5.2. An isomorphism between two spaces of Jacobi forms. Let
M;(Sp,.12(Z)) be the space of Siegel modular forms of weight & of even
degree n + 2, and let M} (Sp,+2(Z)) be the subspace of Mi(Sp,,2(Z))
which consists of all Duke-Imamoglu-Tkeda lifts in M(Sp,,.2(Z)). We
remark that the subspace M} (Sp,,2(Z)) contains the Siegel-Eisenstein
series.
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Let Jan) be the subspace of J("Jrl which consists of all Jacobi
forms of index 1 obtained by the Fourler Jacobi expansion of the Siegel
modular forms in My (Sp,.2(Z)). We denote by M; 1( n+1)( 4)) the

subspace of the generalized plus space M, (T (()"+1)(4)) of degree n+1
2

Which corresponds to J, ("'H) * by the isomorphism between two spaces
i = (C5(4)) and Jan Now, we have the following diagram.

Mk(SPf-:z(Z)) » MI:(SPIH(Z))
Jk(;'fll-f-l) > J(TH—I o ’: é(F(n+1)( ))

Let ¢, € J, ("“). We regard the function ¢;(7ni1,2) €™V~ as a

function on ( "Zl o) € Hni2, where Tt € Hpi1, wi € H and z €

M, 11,1(C). We consider the expansion:

¢1 (Tn+1,z) e27r\/'——1"w1 — Z ¢8(7'n7 z/) e27r\/:1'tr(8w2)
SeSymj
s=(:;)

where Sym; denotes the set of all half—integral symmetric matrices of
size 2, and where (i [ ) = <T" ) € Hnt2, Tn € Ny, w2 € H2 and

z w] 2z ws

2 € M,o(C). We remark that ¢s € J, g, where J, ¢ (™) is the space of
Jacobi forms of weight k of index S of degree n (cf [Zi89], [H11al).
We consider the map

Flis: J5WD — g via ¢1 = ds.

We denote by J,' (n)« J ") the image of Jen ("+1* by the map FJys.

Namely, the Jacobi forms in J (") are obtained by the Duke-Imamoglu-

Ikeda lifting and by the Founer—J acobi expansion.
Let m be an integer such that —m =0, 1 mod 4. We take a matrix
M € Symj, such that M = (1) and det(2M) =

Lemma 5. The space J,E "1 is linearly isomorphic to the space J,Si)f -
2,

and this isomorphism is given by a correspondence between Fourier co-
efficients. We denote by tpy this map. Moreover, the following diagram
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is commutative.

J(n+1)* M’:_ ( (n+1)(4))

P 1

JIE:?}; -ﬁ-) Jlfz)g ,m’

where the map of the down arrow in the right hand side is given by the
Fourier-Jacobi expansion.

Due to the above lemma the m-th Fourier-J acobi coeflicient efc")l

-3

of H("+l) corresponds to a certain Jacobi form e m of index M. Here

-2
n n n * n * 1
i_)_ Jlg_% , e, € JI and H( e M 1(r<"+’(4)). In

particular, we can say that the form e( ) is the M- th Foureir-Jacobi
coefficient of the Siegel-Eisenstein series of weight k of degree n+2 (see
§5.4 below).

Now we want to translate the relation among 6(2) m D Theorem 4 to

the relation among ek M We need to show a compatlblhty between the

above isomorphism ¢y : J,E"/Z,’; > J,E':)l . and certain operators acting
2 ’

on each space. In the next subsection we will explain this compatibility.

5.3. Compatibility between isomorphisms of Jacobi forms and
certain operators. We can define certain operators

(E‘L) T = J:En/)m(z’) (i=1,..n)

Namely, the operator Vz(zz, ) changes the matrix of the index of Jacobi
forms. The operator V(?;’ ) is a generalization of Vj-operator in [EZ85,
p.43]. For the precise definition of V(( P ) the reader is referred to
[H1la].

Lemma 6. Let M be a matriz in Lemma 5. Then, the form

bmi(P )(ekM'V(?z)o ))

is the same to e IVf;) up to constant. Namely, the isomorphism

i JIE g (")* and the operators V™, V™) are compatible.
& oo Vi)
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We remark that the form e(”) V(E‘,, ) Jlg’j\)d[(p ) may not be in

(n)=
Jk,M[(p N but we can extend the map Epmi( )] to JkM[( Nk

Due to Lemma 5 and 6, we can translate the relation among e,(f_) 1

(m € Z) in Theorem 4 to the relation among e,c2 M (M e Sym;) Hence,

it is enough to show the same relation in Theorem 4 for e . For the

2) (2)
calculation of ek, MIV; (7 ) Ve need relations between e; ) and Jacobi-

1
Eisenstein series. We will explain this relation in the next subsection.

5.4. Fourier-Jacobi coefficients of Siegel-Eisenstein series. We
denote by E,i"“) the Siegel-Eisenstein series of weight & of degree n+2.
We take the Fourier-Jacobi expansion'

BPP((25) = 3 bt )T,
MEeSym3

where 7, € H,, wy € H2 and z € M, »(C).

We denote by Symj the set of all positive-definite half-integral sym-
metric matrices of size 2. We let M = (:}) € SymS. We put
m = det(2M), and let Dy be the discriminant of Q(v/—m), and put

f= _Dﬂ' We remark that f is a natural number.
0 .
We set gx(m Z w(d) 1 ( ) where p(d) is the Mdbius func-
dlf

tion and Ay _ ;(d) denotes the d-th Fourier coefficient of the Cohen-

Eisenstein series of weight k — 7 (cf. [Co75].)

We denote by E,i the J acobl-Elsenstem series of index S € Symy
of weight &k of degree n (cf. [Zi89].) The following proposition follows
from [Bo83, Satz T7].

Proposition 7. For M = (11) € Sym] we put m = det(2M). Let
Dy, f be as above. If k > n + 3, then

ekM(T z) = ng(d2) Eé”}/t[tw (1, 2Wy),
df
where we chose a matrizc Wy € GL2(Q)N My 2(Z) for each d which satis-
fies the conditions det(W;) = d and leMth—l = (:: ;) € Sym;.

The above summation is well-defined, namely it does not dependent on
the choice of matriz Wy.
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Hence, relations among eff}w is translated to the relations among

E,(czj)w Namely, for the calculation of e}fzlei(z)p ) it is enough to cal-
» ’ ) 1
©) 2 @ . .
culate £’ M[twd_l]lvi’ (P .y because V;( P ) is a linear map.
5.5. Jacobi-Eisenstein series E{’), and operators V(®. Let EZ\
be the Jacobi-Eisenstein series of weight k of index M € Symj of
degree 2, which is a holomorphic function on £, x c2.

Proposition 8. We assume M = (;1). Then, the form E,?}Vlw(z),, )
(N 1

(i = 1,2) is written as a linear combination of three forms

EI(C?J)\A(T’ z (g (1)))’ E,(:j)w[(g (1))](73 z),

and
(2) pO0Yt p0
Ek,M[X‘l(g (1))"1](7’ z (0 1) X (0 1 ))’
explicitly. Here, if p|f, then X = (19) is a 2 X2 matriz with an integer
T, such that M[X™1 g?)—l] € Syms, and if p[f, then the third form
of the above does not appear.

By Lemma 5, 6 and Proposition 7, 8, we obtain Theorem 4. Thus,
we can conclude Theorem 3.

6. EXAMPLES OF NON-VANISHING OF Fj,

In Theorem 2 we need the assumption that Fy, does not identi-
cally vanish. In this final section we shall give some examples of non-
vanishing of Fj,.

For even integer k < 24, the dimensions of the spaces Sax_4(SL2(Z)),

Sok-2(SL2(Z)) and S, /2(1’(()2)(4)) are given as follows.

k 9.4,6 8 10 12 14 16 18 20 22 24
dmSwaL(Z))| 0 1 1 1 2 2 2 3 3 3
dimSy_2(SL2(Z)){ 0 0 1 1 1 2 2 2 3 3
dimS{ ,(0P@)| 0 0 1 1 2 4 4 6 9 10

We remark that the dimension formula for S, _, /2(I‘(()2) (4)) is given
in [HIOS).
Lemma 9. Let k = 10, 12 or 14. Then, the form F; 4 € S,:’_l/2(1“§,2) (4))

does not vanish identically for any normalized Hecke eigenforms f €
Sak-2(SL2(Z)) and g € Sae—a(SL2(Z)).
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Proof. We assume k = 10, 12 or 14. Then, dim S;_(SL2(Z)) = 1.
Let g € Sak-4(SL2(Z)) be a normalized Hecke eigenform, and let

Ge S, /2(1‘(()3)(4)) be the Siegel modular form of weight k£ — 1/2 of
degree 3 which is constructed from g in §2. Let f € Sax_2(SLe(Z))
be a normalized Hecke eigenform, and let h € S %(F(()l)(4)) be the
modular form of weight & — % which corresponds to f by the Shimura
correspondence. Here S ; (T{V(4)) denotes the Kohnen plus space.

Because dim S, , (T (4)) = 1, we have
2

(%)) = Fratmhien),

where 7 € $2 and w; € $H:. Hence, it is enough to show that
G (( = 0 )) does not vanish identically. We take the expansion

0 wo

e ((7(’)2 0 )) — Z K(N, m) e2w\/7—Ttr(er)e2w\/:_lmw2’
w
' NESym;,mEZ

and we take the Fourier expansion of G:

G(Z) — Z C 277\/_—t'rMZ)
MESym3
Then
kwm) = Y o((2)
leM, 1(Z)
4ANmMm~—1t>0

The Fourier coefficients of G can be calculated by the formula of
the Fourier coefficients of the Duke-Imamoglu-lkeda lift. By numer-
ical calculations we obtain K ((31),3) # 0. Therefore, we conclude
F470. a
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