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Abstract

In this article, solutions to homogeneous Chebyshev's equations

@, (2"~ D+gz-@V* =0, (vER, £-1=0)
(@p,=d°@ldz" for a>0. @, =@ =0(2).)
are discussed by means of N- fractional calculus operator ( NFCO- Method ).
By our method the following fractional differintegrated form solutions to the
bomogeneous Chebyshev's equation are obtained for example.

Group 1.

o) = ((Zz _ 1)—(v+1/2) )_(1+v) = Qe (denote)
(p(Z) = ((zz - 1)V"1/2)V—1 = (pizl(z, v T

Group IL
177(2) - (Zz _ 1)1/2((22 __1) -(v+1/2))_v =Py

9@ = -D" (" -D"") = Pyemy -
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§ 0. Introduction ( Definition of Fractional Calculus)
(I) Definition. ( by K. Nishimoto ) ([1]Vol. 1)
Let D={D_,D}, C={C_,C.},
C_ be a curve along the cut joining two points z and - o +iIm(z),
C, be a curve along the cut joining two points z and o +ilm(z),
D be a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).
Moreover, let f = f(z) be a regular function in D(z €D),

- _ _I'tv+] f@)
L= h=c(f). = Py fC(C—z)m dt (v&zZ), (1)
(f)op= lim (f), (mEZ), (2)
where - sarg(&-z)=sn for C., Osarg({-2)s2a forC, ,

E=z, z€C, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order -v for v <0 ), with respect to z , of
the function f , if |(£),| <.

a "‘—"""'//5-_\ -fD*' o+ i{Im(z)
— o0+ iIm (2) \—*y =
—“‘%&-
C C.
Fig. 1. Fig. 2

Notice that (1)is reduced to Goursat's integral for v =n(EZ") and is

reduced to the famous Cauchy's integral for v =0. That is, (1) is an
extension of Cauchy integral and of Goursat's one, conversely Cauchy and

Goursat's ones are the special cases of (1).
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(I1) On the fractional calculus operator N* [3]
Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N be

v F'(v+1) d¢
N=( — fC(C—z)V”) W&Z), [Referto(1)]  (3)

with N = lim N (m €Z"), (4)
and define the binary operation o as
NP oN®f=N’N°f=NANf) (a,BER), (5)

then the set

{N"}={N"|veR} (6)
is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N*)™" =N™" to the fractional calculus operator N , for the
function f suchthat f €EF ={f; 0= 'fv|< OO,VER}, Where [ = f(z) and zE€C.
(vis. ~00<v <0 ),

( For our convenience, we call N* o N® as product of N? and N°.)
Theorem B. " F.O.G. {N'} " is an" Action product group which has continuous

indexv " for the set of F .( F.O.G. ; Fractional calculus operator group ) [ 3 ]
Theorem C. Let

S:=&N}ITU{0}={N"}U{-N"}U{0} (VER). (7)
Then the set S is a commutative ring for the function f EF , when the identity
N*+NP=N'" (N® N’ N' ES), (8)

holds. [ 5]
(Il ) Lemma. Wehave[1]

T(c - b)

I'(-b)

(1) ((Z"C)b)a =e-—in:ar_((_x_—_b)(z_c)b—a (

I'(-b)

<oo),

(ii) (log(z-c)), =- ™ T(a)(z-¢c)*  (|(a)| <),

(iii)  ((z-0) %), =-e"“=—log(z-¢) (IN(@|<),
I'(a)
where z-c=0 for(i)and z-c=0,1 for(ii ), (iii) ,
. o (a+)) (M=M(Z),)
(1v) (u V)“";o K T(+1- k) ok v=v(z))’
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§ 1. Preliminary
(1) The theorem below is reported by the author already ( cf. J.F C, Vol. 27, May
(2005), 83-88.).131]
Theorem D. Let

sinwa -sin(y —a - p)

=P V= = 00
P=FP@.p.7) sinz(o + B)-sina(y - a) (1P, f.y)l=M<) (1)
and
O=0(a,B.y):=P(B,a,y), (IP(B,o,y) = M <) (2)

When o,B.,y €Z; , wehave ;
(1) (2= (z-0f), =™ P(@.B.y) H(x—d“"", (3)

(Re(a+B+1)>0, (1+a-y)&EZ, ),
(i) (z=0)f - (z2-0)%), =™ Qe B.y) H(l—caw", (4)

(Re(a+B+1)>0, (1+B-y)EZ, )
(iii) (z-¢)*P), =™ H(z—c)“*ﬁ", (5)
where

z-c#= 0, lr(y_a—ﬁ)l < 00,

| D(-a-p) |

Then the inequalities below are established from this theorem.

Corollary 1. We have the inequalities

(i) ((z-0)" (z= o), =((z= ) (z- O),, (6)
and

(i1) ((z- 0% (2= ), =((z-0)*"),, (7)
where

a, B,y EZ,, a=f, z-c=0.



Corollary 2.
(i) When o,B,y¢Z,, and
Pla,B.y)=QAB.a,y) =1, (8)

we have

(-0 (z=0°), =((z =)’ “(z- 0)%), = (z -0™*F),, (9)

(Re(a+B+1)>0, (I+a-y)&Z,,(1+p-y)EZ,).
(ii) When y =m€Z, , wehave ;

((z= ) (2= "), = (2~ 0f (z-¢)),, =((z= O"*F),,. 10)
(II) The Teorem below is reported by the author already (cf. J. Frac. Calc. Vol.

29, May (2006),pp.35 -44.) . [ 32]
Theorem E. We have

(i) (2=~ 0)%) =™ (z-)*
® [_a]kr(ﬁk—aﬁ+y)( c \k .
2 OTGk—ap) \G-b)
(IF(ﬁk—aﬁw)Lw)
| TBk-ap) |
and
(i (@=5"-0), = D=5
o] k
2 a]k[ﬁk e (( Cb)ﬁ) (n€Z;) (12)
& -
where
< <1
@-b|

and
[Al, =AA +1) - (A+k-1)=T(A +k)/T(X) with [A], =1,

( Notation of Pochhammer ).
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§ 2. Solutions to The Homogeneous Chebyshev's Equations
by Means of N- Fractional Calculus Operator

Theorem 1. Let ¢ =@(z) EF , thenthe homogeneous Chebyshev's equation
Llg;z;vl=¢, @' -D+¢-z2-¢-v =0 (VER, 7" -120) (1)
(@,=d°¢ldz" for a>0. @, =@ =¢(z).)

has particular solutions of the forms ( fractional differintegrated fotm ) ;

Group i.
(1) 9@ =(@-""?) =Py o (denote) (2)
(ii) (2) =((Zz - 1)v_l/2)v_1 =Py o (3)
GroupI1.
(i) ®@) =(7 - 1)112((22 —1)-(“”2))4 =2Q@310,v (4)
(ii) @) = (2 -D" (" -D"""), = Qe - (5)
GroupIII.
(i) 9@ =@-D"@-D "2 +)7) 1y =Prsaem (6)
(ii) P@=@z-D"z+)7 @-"? )_(M/z) =Pz - (7)
(iii) )= (z- l)m((z ~D (2 + l)v)v_l,z =071 (8)
(iv) 9@ =@-D" @ +D" @ -D"")_, =Pspe . (9)
Group 1 V.
(i) 9@ =@+ (@-D"@+D™) 1 = Poxen - (10)
(ii) @)= @+)"* (@ +D " (2=D7) 11 = Frose - (11)
(iii) Q)= (Z+1)1/2((Z—1)v'(z +1)V_1)v_1,2 =Puiye, v » (12)

(iv) 9@ =@+D"(Z+)"z-1) . =B - (13)



Proof of Group 1 ;
Operate N- fractional calculus operator N° to the both sides of ( 1), we have

then
(@, @ =D),+ (@2, -(9p-v), =0 (x@&Z). (14)

Now we have

I'a+1)

2

(@ -1), = > -1 (15)
(2@ = D)e = 3 e o @)en (& -1,

=20 (2 =D 40y o 220+, - a(a=1), (16)

N o+l
(9D = X Tar 1o Pt (O (17)
=(p1+a.Z+§0a.a' (18)

and

@ V) =0, v, (19)

by Lemma (i v), respectively.
Therefore, we obtain
Qo @ -D+q,, 220+ D)+, (a®-v*) =0, (20)
from ( 14 ),applying (16 ), (18) and (19).
Choose o such that

o -v' =0,
yields
a=v, -v . (21)
(I) Case a=v ;
In this case we obtain
Pr @ =D+, -2(2v+1) =0, (22)
from ( 20 ), setting a=v .
Let
(pl+v =¢ =¢(Z) (¢= w~(1+v))1 (23)
we have then
P (- D+yp-z2v+]D) =0 (24)

from ( 22 ). A particular solution to this equation ( 24 ) ( variables separable form )

is given by
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Y= -y (25)
Therefore, we obtain
p(2) = ((22 ~ 17 )_(lw) =Q@yew (2)
from (23 ) and ( 25).
Inversely, we obtain
@ =@ D7) (26)
and
Q= =D, (27)

from ( 2 ), respectively.

Hence we obtain
LHS of (22) =((2*-D)™ ") (> -+ -1)" " z@Qv+ 1) =0, (28)

applying ( 26 ) and ( 27 ).
Therefore, the functions shown by ( 2 ) satisfy the equation ( 1), clearly.

(II) Case a=-v ;
In the same way as the proof of (1) ( setting ~v instead of v in(2) ), we
obtain

(P(Z)=((Zz —l)v-llz)v_lz(p[z](z.v) , (3)
and clearly

Pri1ew = P11, -v) -
Proof of Group I1 ;

Set
@)= -V, ¢=¢2) , (29)
we have then
@ = M -D""2 29+ (" -1, , (30)
and
@, = MA -1)(Z* -1)"2(22)*p + M2* - 1) 29
+AMF =D 29, + (£ -1, (31)
from ( 29 ), respectively.
Substituting (29 ), ( 30 ) and ( 31 ) into ( 1), yields

.. 2A2A-1
¢, (2"~ D + ¢ (2 -D{z(4A+ D}+ ¢+ (2" —1)‘{(4)L2 -v)+ _—27_——1_2} =0.

(32)



Choose A such that
ARA -1 =0,

yields
A=0, 1/2 . (33)

When A =0, (32) isreduced to (1 ). We have then the same particular
solutions as (2 ) and ( 3).

When A =1/2 , we have

¢, (2" -1+ ¢, 3z+¢-(1-v*) =0 (34)
from ( 32).
Operate N’ to the both sides of ( 34 ), then we obtain
Pra (@ -D+ @ 220 +3)+¢, (o +2a+1-v)=0 (a@Z). (35)

Choose o such that
(a+1D)*-v*=0,

gives
a=v-1, -v-1. (36)
(I) Case a=v-1 ;
Setting
¢, =V=V(@), @=V,), (37)
we have
V(2 -1)+ V-z2v +1) =0 (38)
from ( 35).
A particular solution to this equation is given by
V= (ZZ _ 1)—(v+1/2) . (39)
We have then
p=V, =(-n") (40)

from ( 37 ) and ( 39 ), hence we obtain

@ = (zz _ 1)1/2(( 22 _ 1)—(v+1/2) )-v = g1z v (4)
from(29)and(40),for A=1/2 .
(II) Case a=-v-1 ;
In the same way as the proof of (1) ( setting —v instead of v in(4 ) ), we
obtain
9(2) = (2.'2 _ 1)1/2 ((22 _1)V- 1/2)v = Qe ey (5)
and clearly
Prarem = Prs1 @ -» -

47
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Proof of Group I11 ;

Setting
p@=c-D'¢, ¢=9¢2) , (41)
we obtaun
o, “(22-D+ ¢, {ZQA+ ) +2A}+ ¢- {Az -v? +-}1Q—):-_1;12} =0 (42)
Z e—
from ( 1), applying (41 ).
Choose A such that
ARA-1)=0,
yields
A=0, 1/2 . (43)

When A =0, (42) isreduced to (1 ). We have then the same particular
solutions as (2)and ( 3).

When A =1/2 , we have

¢, (2" -1 +¢,Qz+D)+¢-G-v)=0 (44)

from (42).

Operate N® to the both sides of ( 44 ), then we obtain

Gra @ -D+ ¢y, {d20 +2)+ D +¢, (@’ +a+4-v')=0 (a&Z). (45)

Choose o such that

(oz+-é—)2 -v=0,

gives
a=v-%, -v-1. (46)
(I) Case a=v——£ ;
Setting
¢v+1/2 = V= V(Z) ’ (¢ = V.(v+1/2))l ( 47 )
we have
1+2 1
oy 2zl (48)
z°-1
from ( 45 ).
A particular solution to this equation is given by
V=(z-D) " +D)". (49)
Thus we obtain a particular solution
¢ =z-D" (@D @+ D)) = Psiem (6)

from (41 ), applying (49 )and (47 ),for A =1/2 .



Changing the order

(z=D7" and (z+1)" in parenthesis ( )iz 10 (6)
we obtain
¢ =2=D"*(@+ D7z =1""P) L = Paem (7)
where
Psicw = Paew (for —~(v+1/2)&Z7) . (50)

(I1) Case a=-v-% ;
In the same way as the proof of (1) (setting —v instead of v in(6)and (7)),

we obtain
@ =(z-D"(z-D"" @+ D"),_, = Frice v - (8)
p=(z -1)1/2((Z+ D" (z~ 1)1/-1 )v~1,7_ = Gis1z v) (9)
and
P171c,v) ® Prsiczv (for (v -1/ 2)$Z;) . (51)
respectively.
Proof of Group 1V ;
Set
¢@=@e+D'¢, ¢=9¢2) , (52)
we have then
¢, (2 -1+ ¢, {zQA+ 1)=2Ar+ ¢.{;3 -V’ --}if—%l—)} =0 (53)

from ( 1), applying ( 52). ‘
Therefore, in the same way as the proof of Group 111, we can obtain the
particular solutions (10)~ (13).

That is, choosing A such that
ARA-D =0,
yields
A=0, 1/2 . (54)
When A=0, (53) isreduced to (1). We have then the same particular

solutions as (2 ) and ( 3).
When A =1/2 , we have
¢ (2 - 1)+ (2z-1)+¢-(5-v") =0 (55)
from ( 53).
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Operate N° to the both sides of ( 55 ), then we obtain
e @ =D+ oo 20 +2)-D 44, (@ +a+4-V)=0 (a@Z7). (56)

Choose o such that
(oz+-%-)2 -v’=0,

gives a=v—%, —v—% (57)
(I) Case a=v—-1§ ;
Setting
¢v+1/2 = V= V(Z) ’ (¢ = ‘/-(v+l/2))i ( 58 )
we have
1+2v)-1
vy 2d22v=l g, (59)
7" -1
from ( 56 ).
A particular solution to this equation is given by
V=(z-)"(z+1) ™. (60)

Thus we obtain a particular solution
® =(Z + 1)1/2((2___ 1)—v '(Z +1)-(V+1))_(V+1/2) = (p[9](z ) (10)

from ( 52 ), applying (60 )and (58 ), for A =1/2 .
Next changing the order

(z-=1)7 and (z+ 1™ inparenthesis ( - ), in (10)
we obtain
(p =(Z +1)l/2((z+ 1)‘(‘\#1),(Z _1)—V )—(V+1/2) E(p[lo](z,V) ( 11 )
where Po1e.v = Projeyy (fOr —(v+1/2)EZ7) . - (61)

(II) Case a=-v-% ;
In the same way as the proof of (1) ( setting -v instead of v in(10) and

(11)), we obtain

@ =(z+D)"((z-1" @+ D7) .= Puncens - (12)
@ =(Z +1)l/2((z+ l)v—l '(Z— l)V)v-llz = ‘p[lz](z,v) (13)
and
Puny) ® Puziew (for (v-1/2) €Z,) - (62)

respectively.



§ 3. Familiar Forms of The Solutions obtained in § 2
Theorem 2. We have the following ( more familiar form ) presentations for

the solutions to homogeneous Chebyshev's equation.

GroupI.

(1) (pm(z’v)=—ei””22vvr‘(/§+l/2)z'“21§(%’,-‘-’7+1-;v+1;;1-2-), (1)
(v+nez;, |&|<1).

(i1) Praiem = ﬁmz‘“vrf/z _V)szl’](—%:'l_g—v;l-v;;lz'), (2)
(a-vez;. |&|<1).

GrouplIlI.

izv JE
2% I'(v+ 1/2)

(1) Py = @ -0 E(3 15 v 1 ),

(v+vez;, |&|<1).

e—i.nrv 'J;

27T (/2 —«v)(z2 -0 (-5, 5% v ) L)

(11) @ray, .\ =

(a-vez;, |L|<1).

GroupIII.

(1) (/’[suz,v)=iem‘ﬁ‘1[‘f_‘)(z+1)_vsz(l+v vid; &), (5)
|z+1'<1)

(i) @reyn, = - 'ﬂV%‘(/—:’%(Z—I)—v(%>1/2 F(h+v.1ev:3:2) ) (6)
(J#|<1).

W P =ie™ r(fv)(“l)vzf?("é“vv -viziEr). (7)
I l<1) .

—-ixv 2 v 1
ie J;(z—l)(ﬁi-> ZE(%—v,l—v;%;ﬁ—{ , (8)

(|&|<1).

(1v) @y = -

51
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GrouplV.
. . IV 2J; -v — 12
(1) ¢[9](Z,V)=_ F(V)(Z+1) (Z+) ZE( +v, 1+v ’%’Z""l) (9)
l z+l|<1 )
o .
(i) Prioycey = i€ T+ )(Z 1) 2E(2+V V’%’ﬁ y (10)
(l-%-%|<1 ) .
. —imv 2'\/-'7; viz-1 1/2 .3 . z=
(1) Py ==ie"" 5@+ D (=L E(3-v.1-v:3 &), ()
| z+1|<1 )
: . —imv J; v 1 1 _zil
(iv) Przie v =1 I‘(l—v)(z_l) F(3-v.-viziEy),  (12)
(| &|<1)
Where F(----- ) is the usual Gauss hypergeometric function.
Proof of Group 1 ;
We have the below using Theorem E (i) in§ 1.
. 2 -~ Ww+1/2)
(1) Pjem = (@ =1) )—(1+v) (13)
oo 1 2
=_eurvz~v2 [V+2]kr( k+V)<_12_> (Il/z2l< 1) (14)
~ k'T(Rk+2v+1)
C(v +-§-)r(v +1) & kv+1) \z
. Jr
=—e™ S ST AN~ SRVING RS & (1)
¢ ZZVVF(V‘F%)Z A7 27
(v+D€Z;).
since we have
Jr
T =TG Hreg) (16)

by Legendre's identity

2z-1

Q22 = %r(z)r(z 4 . (17)



We have then
2k+v-1

F(2k+v)=I‘(2(k+%))=2‘/— Tk+30Ck+%+4) (18)
A

2 k+2v

F(2k+2v+1)=l‘(2(k+v+%))=2J_ I‘(k+v+%)I’(k+v+-21-+%) , (19)
7

hence
F(Zk + V) _9" v +1) F(%)F(VTH)[%]’C [-‘Litl]k

- (20)
TQk+2v+1) TEEOO(v + DIBH][v +1],

Next we have
.. 2 v~1/2
(11) Pr212,v =((Z -D )v_l = HAue.-v (21)
hence setting —v insttadof v in (1), we obtain(2) clearly.

Proof of Group 11 ;
We have the below using Theorem E (i) in§ 1.

(i) D3 100y = (Zz _1)1 /2((22 _ 1)—(v+1/2)) (22)

-V

k

(23)

. ) 2 +E TRk+v+1D /1
- iy 2 -1 1/2 (v+1) 2k (__
¢ @ -D7e kEo K\T(2k +2v +1) zz)

( F'2k+v+1)
< Q0
IF'k+2v+1)

1

2

Z

:

imv 2 1/2 _~(v+1) v v+l .
Y (e \L L FE%+1,% vr1 L) (3)
X F(‘/4_31)( ) Jh(5 o) z

((v+)€Z;).

since we have

FRk+v+1)=Q2k+VIT2K+%) , (24)
2k +v-1
-k + V)= T+ 3)Tk+%+43), (25)
22k+v 1
-7 C(k+ X+ DIk +%5+3) , (26)
and ( 19), and
(A +k) “1A), (27)
(1)

hence
Lk+3+1)=TE+D[Z+1], . (28)
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F(k+%h =T3HE +31 - (29)
Tk+v+D) =T +Dv+1], . (30)

Next we have
(ii) Prare,y =@ S Vi (C l)v_m)v = @316, -v) - (31)

Hence setting —v instead of v in (3 ), we obtain (4) clearly.

Proof of GroupI111;
We have
(i) Pisriemy = 2 -DH@=- D@ +D7) (32)

12 F(l’V—%‘)
-z -1
@-D" > KIT(A-v-1-k)

(2= gy +D7), (33)

(by Lemma (iv))
i \/— [2+V]k [V]k(z 1
IR L i 34
i e T -1y E k![z]k z+1) (by Lemma (i)) (34)
- . inv _+ emtamran 1 5
T+ v)(Z”) 3 +v.vidigD) <z+1<> )
using
4 T(A+]
T(A+1-k)=(-) === (35)
(A + )=(-1) [—Al,
and hence
_« L)
Cd-k)= (-1 ——= . (36)
( T
(11 ) ‘p[()](z V) = (Z - 1)1/2((Z + 1)"' .(Z - 1)_(v+1))—(v+1/2) ( 37)

& Ta-v-%
=@-0" S k,r((l_vv_ %2)_,()«“1)‘V>_(v+1,2)-k<<z—1>‘ Do (38)

k=0
(by Lemma (i V)

e iy F(_%) 1/2 ~(v+1/2) [2 +vl v+ 1], (z+1 39
=ie o) —==(z+ -1 2 Y [_3]’( (Z 1) (39)

(by Lemma (i))



. inv ZJ— 1/2 1
=—1le F(——)(z 1)( ) 2E(v+—%,v+1;§;;’_¢%) (“ <1\. (6)
z-11 7/
(iii) Porrieny = (2 - 1)1/2((2 D)+ l)v)v-uz = sy vy (40)
iav N
=ie™ 1oy, vy L2l ¢
S D Ay vk D (Z+1<1) (7)
(iv) Py = (Z-D" " (@+ D@ -D"") . = Prercenr (41)
i 2T 1/2 1
v (RN = R C AR B (%d) (&)
Proof of Group1V;
We have
(i) Proreny =2+ D@ =D (z + 1)"‘“*”)_(”1/2) (42)
_ 172 (- V—']') -
=G +l) Zo kT -v- k) (z=1)")_ (v+l/2)—k((Z+1) (Hl))k (43)
=e[7|:(v+1/2) F(_Jz-)(z+1)..v/£____l_)l/2 o ['%+V]k [V+1]k(z—].>k (44)
I'(v) \z+1 & k! ], z+1
Cin 2J— 1/2 ' -1
=-—ie }(——)(z 1)~ ( ) 2E(y+%,v+l; z+1) (f—i_-_l- <1) (9)
(i1) Projemy = @+ D 2@+ D (2= D7) (45)
1/ ~ (1 V_'L) —(v+
=@+ 220 K'T(1-v-=-k) @+ 1))'("+1/2)k((z D) (46)
' r o rl k
=iem‘v__(l)_(z_l)—v2 [2+V]ll¢ [V]k(z +1> (47)
L1 +v) i=o k! [E]k z-1
. Ty J— 1
=ie T+ )(z IV 2E(v+%,v;%;ff—i) (z—i—Id). (10)
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(ii1) Pty = @+ D (2= 2+ D7), = Brorcem (48)
. —imv 2J.'7_t v Z2— 172 . L 7= Z"'l
=-ie TS @D (=) ", E(d-v, 1-v:3: 5D (ZT <1) (11)
(iv) Puzizv) = (Z+1)“2 '((Z"'I)v—l(z _1)v)v-1/z = Pr101. - (49)
. iy J‘; v 1 z+1
AT R(3-v, —viH D (E—-'Id)' (12)

§4. Some Examples
[1] Example for Homogeneous Equation
(i) When v =-1, we have
0, (- D+ z-9=0 (1)
and
(p - (p[u(z,_l) - (ZZ _1)112 ( 2 )
from § 2. (1) and § 2. (2), respectively.
The function shown by ( 2 ) satisfies equation ( 1 ) clearly.
(ii) When v =2 , we have
@, (2 -D+¢z2-9-4=0 (3)
and
@ = Piayeny = ((22 _ 1)3/2)1 - (zz _1)1/23z (4)
from § 2. (1) and § 2. (3), respectively.
The function shown by ( 4 ) satisfies equation ( 3 ) clearly.



(iii) When v =1/2, we have

@, (' -D+pz-91/4=0 (5)
and
@ =P va ~(z- 1)1/2 (z - 1)-1/2 (z+ 1)1/2)0 - (z+ 1)1/2 (6)
from § 2.(1) and § 2. (8), respectively.
The function shown by ( 6 ) satisfies equation ( 5 ) clearly.
(iv) When v =1/2, wehave(5)from§2.(1).

And we have
(p =(p[1](z,1/2) =((Z2 —1)~ 1)_3?,/2 ( 7)
Cvre [1L.T2k+1/2) [ 10\ )
-2 L (-— 11/2%1<1) | 8
& kIT@Qk+2) z2> (I/z71< 1) (8)

) s [11.0Rk+3/2) [ 14\F
@, = (2 -1 l)_1,2=123/2’2[ k]k'FEZkiZ) )(;-2—) (11722 1<1) , (9)
=0 .

i P /2 *
# = (@ =),y =i PR EEER (5 (Ui, (10)
k=0 :

by Theorem E (i), respectively.
Therefore, applyibg ( 8 ), (9) and ( 10 ) we obtain

LHS of (5) =-iz™" 22 S(k)T(2k +5/2) T +iz*'* Y S()(2k +5/2) T
k=0 k=0

(o] [>e]

+ iz"”z ST (2k+3/2) T +i(1/4)z'”22 ST 2k+1/2)T*  (11)
k=0 k=0

(S(k)=[1], /' T2k +2), T=1/7, 11/7°1<1)
=iz (= T(5/2)+ T(3/2) + (1/4)(1/ 2))

s L2+5/2) r2+3/2) r(2+1/2)>
e ( r@ TG YTana

. -1/2-4( [(4+5/2) T(@2+5/2) T@+3/2) I(4+ 1/2))
+1Z - + + +
I'(6) C(4) ['(6) 4T°(6)
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+ iz—llz_s(-'--~----)+ iz_uz-s(.........) Fereansees ( 12)

. =172 3 3) i ..5/2( 105 3 15 3
- 1/2) + 2 (/2
z (4 n/2)+ 642468+64>( )

+iz-9/z(_11'9°7'§'3+ 1052+ 9-1025 N 1053) ra/?)
120-4 6-4° 120-4"-2 120-4

+iz B (e YL/ 2) #oevveeeees (13)

=l- ~1/2 O+125/2.0+iz-9/2.0+ ......... =O, (14)

§ 5. Representations for The Solutions ( in § 3 ) With
Use of Socalled Chebyshev's Functions
[I] The Chebyshev's functions are defined as
Tv)=F(-v. vi 31 3%), ([59<1) . (1)
( First kind Chebyshev's function )

and
Uz, v) =v(1-2)"2 F(1-v, 1+v; 3 ; 32), (|l54|<1) (2)
( Second kind Chebyshev's function )
respectively.
Here we have the identity
E(o, By 3z)=0-2 " Fr-a, By F1)> (3)
(zl<1, |&<1, vez5)
hence
Ev, vid 32) =) B v vi 4 D, (4)
(]-L'-ill<1 LL;}|<1)



and
LE(1+v, 1_,,;%;1_5;):(1:2.1)‘ 2F;(1—v,—%—v;-32-;§f%), (5)

(P2l<1, <)

Tev)=(82) EG+v, v 3 &L), (6)
and
1/2
Uz, v =555 (1+2)(E2) L EQ-v, $-v:3:&h) . (7)
We have then
(i) Pis1c.v =iei”v-———r(ﬁv)(z+ D™ LG v, v; -Z—% )
_ s inv T 2YT < -l<1) (8)
=l¢  T{+v) (zv), z+1
(11) P = Prsieovy =i€ l"(’f-fv)z‘v T(z,-v) , (9)

—iv 172 1 .3 . z=1
(111)  @uyyy=-2¢7" 12 v)(Z 1) (Z_l) B(z-v.1-vi5 5 51)

=—ie”" = F‘(/—v) S U(z,v), ( Zzi:'ll' <1 ) (10)
and
. . inv I nid
(iv) Py = Princs, vy =— i P “Es U(z,~v) (11)

respectively, using (6 ) and ( 7).
Next we have

T(-z,v) =e ™2z =)™ ,E(3+v, v; 4 &2), (12)
and
1/2
U-zv) =™ 25z 0" (2] ,EQ-v. 3-v:3:45) . (13)

setting -z instead of z in(6)and (7), respectively.
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Therefore, we obtain

. imv .ﬁ - . .
(v) Prozv=t€¢ Ty~ D EG+v,vid &)
=27 riy T(=2.¥), (I—;’—ﬂ|<1) (14)
(vi = =i 2" piy T (- 2m (15)
Vl) (p[12](z,V)_(p[10](z.—v) =1 r(l-v) ( Z, 'V) 3
. iy N 12 3 g4l
(vii) Prye,w="12€ rfv)(Z—l) (zzf%) zE(‘%"V,l-V,% ,‘%‘1)
- ity 2 Ul-2.v) ( +l|<1) (16)
=IT(=v) Z,v), 71
and
(viii) ‘ptél(z.v)=‘P[31(z,-v)=i2—v r(ffv)U('Z,—V) ’ (17)

respectively, using ( 12 ) and ( 13 ).
[II] Solutions of GroupI and II (whoseindex v =n€Z )in § 2.
The polynomials of Chebyshev are defined as

ddn(l_zz)n-llz (18)
4

( First kind Chebyshev's polynomials )

T(z,n)=cos(narccos z) = a%—j%nmwll— z’

abd

. (-1t 4! 2n-12
U(z, n) = sin(n arccos z) = I 1-z" (19)
" 4

( Second kind Chebyshev's polynomials )

where n€Z" and
2n-1)11=(2n-1)2n-3)--3-1 . (20)

1) Now we have

Pore . =((Z -0 =—i(-1)(A-2)77) , (n€Z)  (21)

-1

[ —i(-D(d/d)" " (A-2)" vz, (n€Z") (22)
= %L _l-(_l)— nf'f(l _ (‘J)—(n+1/2)(dz)n+1’ (nEZJ ) (23)”
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Therefore, we obtain

Prie,m =1

from (22 )and (19).
2) next we have

.2n-D!! .
( nn : U(Z’n)-:(p[l](z,—n) nez™) , (24)

Praicz. m =(22 - 1)1/2((22 _ l)n— 1/2)}11 =(_1)n(1 __Zz)llz((l _ Zz)n—uz)n (n€Z)

(25)
[ =D"A-2)"*(d/de)"1- 2", (n€Z;) (26)
= {L (-1~ " *Zz)uzf"'f(l— f)—(m-I/Z)(dZ)n’ (nEZ* ) (27)
Therefore, we obtain
Prarie .y =2n-DN T(2Z, 1) = Pie.-m (EZ) (28)

from (26 ) and ( 19).
Hitherto the solutions to the homogeneous Chebyshev's equation are shown by

the differential forms only as ( 18 ) and ( 19 )..Then the representations of the inte-
gral forms like as (23 ) and ( 27 ) are fresh.
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