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Abstract

For analytic functions $f(z)$ in the open unit disk $E$ , weakly $\Phi$-like of order $\alpha$ with
respect to a function $g(z)$ is introduced. The purpose of the present paper is to drive
univalency for weakly O-like of order $\alpha$ with respect to $g(z)$ .
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1. Introduction

Let $A$ be the class of functions of fom

(1.1) $f(z)=z+ \sum_{n=2}a_{n}z^{n}\infty$
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which are analytic in the unit disk $E=\{z:|z|<1\}$ . A function $f(z)\in A$ is called starlike
if $f(z)$ satisfies the condition

(1.2) ${\rm Re} \{\frac{zf’(z)}{f(z)}\}>0$ $(z\in E)$ .

For $f(z)$ given by (1.1) and $g(z)=z+ \sum_{-2}^{\infty}b_{n}z^{n}$ , let $\Phi(f(z),g(z))$ be analytic on $(f(E), g(E))\in$

$\mathbb{C}^{2}$ with $\Phi(f(O), g(O))=0,$ $\Phi(f(z), g(z))\neq 0$ and $f(z)\neq 0$ in $0<|z|<1$ , and for arbitrary
$\omega\in f(E),$ $\Phi(\omega, g(re^{i\theta}))(0<r<1$ and $0\leq\theta\leq 2\pi)$ satisfy

$\frac{d}{d\theta}\arg\Phi(\omega, g(re^{i\theta}))<\frac{1}{2}(3-\alpha)$ $(z\in E)$

where $1<\alpha<2$ .
A function is said to be weakly $\Phi$-like of order $\alpha$ with respect to a functin $g(z)$ which

satisfies the above condition of upper order $\frac{1}{2}(3-\alpha)$ if it satisfies

(1.3) $| \arg\frac{zf’(z)}{\Phi(f(z),g(z))}|<\frac{\pi}{2}\alpha$ $(z\in E)$

for $1<\alpha<2$ (cf. [1] and [2]).

2. Main result

Theorem 1. if $f(z)$ is a weakly $\Phi$-like of order $\alpha$ with respect to a function $g(z)$ of
upper order $\frac{1}{2}(3-\alpha)$ for $1<\alpha<2$ , then $f(z)$ is univalent in $E$ .

Proof. We will prove it by reductive absurdity. Let us suppose that there exists a
positive real number $r(0<r<1)$ for which $f(z)$ is univalent in $|z|<r$ , but $f(z)$ is not
univalent on $|z|=r$ .

Figure 1
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In view of Figure 1, we know that there are two points $z_{1}$ and $z_{2}(z_{1}\neq z_{2})$ such that

1 $z_{1}|=|z_{2}|=r,$ $z_{1}=re^{i\theta_{1}},$ $z_{2}=re^{i\theta_{2}},0<\beta=\theta_{2}-\theta_{1}$ ,

for which $f(z_{1})=f(z_{2})$ . Let us put $C=\{z : z=re^{i\theta}, \theta_{1}<\theta\leq\theta_{2}\}$ and $C_{f(z)}=\{f(z)$ :
$z\in C\}$ .
On the other hand, $hom$ the assumption of the theorem, we have

$\int_{|z|=r}d\arg d\frac{zf’(z)}{\phi(f(z),g(z))}$

$= \int_{|z|=r}d\arg z+\int_{|z|=r}d\arg df(z)-\int_{|z|=r}d\arg dz-\int_{|z|=r}d\arg\phi(f(z),g(z))$

$=2 \pi+l_{|z|=r}d\arg df(z)-2\pi-\int_{|z|=r}d\arg\phi(f(z), g(z))$

and
$\pi\alpha>\int_{|z|=r}d\arg df(z)-\int_{|z|=r}d_{\mathfrak{X}}g\phi(f(z), g(z))>-\pi\alpha$.

Now then, it is trivial that

$\int_{|z|=r}d\arg\phi(f(z), g(z))=2\pi$ .

This shows that

$4 \pi>\pi\alpha+2\pi>\int_{|z|=r}d\arg df(z)>2\pi-\pi\alpha>0$

and therefore it must be

(2.1) $\int_{|z|=r}d\arg df(z)=2\pi$ .

Now, we have

(2.2) $\int_{C_{f(z)}}d\arg df(z)=\int_{C}d\arg f’(z)dz=-\pi$ .

Putting $L=\{z:|z|=r\}$ , then $hom$ the assumption of the theorem, we have

$\pi\alpha>\int_{L-C}d\arg\frac{zf’(z)}{\Phi(f(z),g(z))}>-\pi\alpha$

and so, we have

$\pi\alpha>\int_{L-C}d\arg df(z)-\int_{L-C}d\arg\Phi(f(z),g(z))>-\pi\alpha$ .
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It follows that

$l_{L-c^{d\arg df(z)}}$

$<\pi\alpha+\arg\Phi(f(z_{1}),g(re^{i(\theta_{1}+2\pi)}))-\arg\Phi(f(z_{2}), g(re^{i\theta_{2}}))$

$=\pi\alpha+\arg\Phi(f(z_{2}),g(re^{i(\theta_{\wedge}+2\pi)}\backslash ))-\arg\Phi(f(z_{2}),g(re^{i\theta_{2}}))$

$= \pi\alpha+f_{\theta_{2}}^{\theta_{1}+2\pi}\frac{d}{d\theta}\arg\Phi(f(z_{2}),g(re^{i\theta}))d\theta$

$< \pi\alpha+\int_{\theta_{2}}^{\theta_{1}+2\pi}\frac{1}{2}(3-\alpha)d\theta$

$= \pi\alpha+\frac{1}{2}(3-\alpha)(2\pi-\beta)$

$<\pi\alpha+(3-\alpha)\pi=3\pi$

This show that

(2.3) $f_{|z|=r}d \arg df(z)-\oint_{C_{f(z)}}d\arg df(z)<3\pi$.

From (2.1), (2.2) and (2.3), we have contradiction. This completes the proof of theroem.

Remak. When $f(z)$ satisfies the hypothesis ofTheorem 1, the real part of the function
$zf’/\Phi(f(z),g(z))$ can be negative.

Theorem 2. Let $\Phi(f(z), g(z))$ be analytic on $(f(E), g(E))$ with $\Phi(f(0), g(0))=0$ ,
$\Phi(f(z), g(z))\neq 0$ and $f(z)\neq 0$ in $0<|z|<1$ and for arbitrary $w\in f(E),$ $\Phi(w,g(re^{i\theta}))$

satisfies the following condition

$\frac{d}{d\theta}\arg\Phi(w,g(re^{i\theta}))>-\frac{1}{2}$ $(z\in E)$

where $0<r<1$ and $0\leq\theta\leq 2\pi$ . Then, if $f(z)$ satisfies the following conditon

${\rm Re} \frac{z^{2}(f’(z))^{2}}{\Phi(f(z),g(z))}>0$ $(z\in E)$

then $f(z)$ is univalent in $E$ .
Proof. Applying the same method as the proof of Theorem 1, let us suppose that

there exists a positive real number $r(0<r<1)$ for which $f(z)$ is univalent in $|z|<r$ ,
but $f(z)$ is not univalent on $|z|=r$. Also, in view of Figure 1, we know that there are two
points $z_{1}$ and $z_{2}(z_{1}\neq z_{2})$ such that $|z_{1}|=|z_{2}|=r,$ $z_{1}=re^{i\theta_{1}},$ $z_{2}=re^{i\theta_{2}},0<\theta_{2}-\theta_{1}$ , for
which $f(z_{1})=f(z_{2})$ . From the assumption of the theorem, we have
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$\pi>\int_{C}d\arg\frac{z^{2}(f’(z))^{2}}{\Phi(f(z),g(z))}$

$= \int_{C}d\arg z^{2}+l_{C}d\arg(f’(z))^{2}-\int_{C}d\arg\Phi(f(z),g(z))$

$=2 \int_{C}d\arg z+2\int_{C}d\arg f’(z)-\int_{C}d\arg\Phi(f(z), g(z))$

$=2 \int_{C}d\arg z+2\int_{C}d$ airg $df(z)-2 \int_{C}d\arg dz-\int_{C}d\arg\Phi(f(z),g(z))$

$=2 \int_{C}d\arg df(z)-(\arg\Phi(f(z_{2}), g(re^{i\theta_{2}}))-\arg\Phi(f(z_{1}), g(re^{i\theta_{1}})))$

$=2 \int_{C}d\arg df(z)-(\arg\Phi(f(z_{1}),g(re^{i\theta_{2}}))-\arg\Phi(f(z_{1}), g(re^{i\theta_{1}})))$

$>-\pi$ .

It follow that

2 $\oint_{C}d\arg df(z)$

$>(\arg\Phi(f(z_{1}),g(re^{i\theta_{2}}))-\arg\Phi(f(z_{1}),g(re^{i\theta_{1}})))-\pi$

$= \int_{\theta_{1}}^{\theta_{2}}\frac{d}{d\theta}\arg\Phi(f(z_{1}), g(re^{i\theta}))d\theta-\pi$

$>- \frac{1}{2}\int_{\theta_{1}}^{\theta_{2}}d\theta-\pi$

$>-\pi-\pi=-2\pi$

and therefore, we have
$\int_{C}d\arg df(z)>-\pi$ ,

but from the assumption, we have

$\int_{C}d\arg df(z)=-\pi$ .

This is a contradiction and it completes the proof.

Applying the proof of Theroem 2, we have following corollary:

Corollary 1. Let $f(z)=z+ \sum_{\sim^{-2}}^{\infty}a_{n}z^{n}$ and $g(z)=z+ \sum_{\sim-2}^{\infty}b_{n}z^{n}$ be analytic in $E$ and

suppose that
${\rm Re} \frac{z^{2}(f’(z))^{2}}{f(z)^{2-\beta}g(z)^{\beta}}>0$ $(z\in E)$
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where $\beta>0$ and

(2.4) ${\rm Re} \frac{zg’(z)}{g(z)}>-\frac{1}{2\beta}$ $in$ $E$ ,

then $f(z)$ is univalent in $E$ .

Remark. If $g(z)$ satisfies the condition (2.4), then $g(z)$ \’is not necessarily a starlike
function.
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