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INTRODUCTION

In this report we use the following notations. Let A be a finite dimensional
algebra over an algebraically closed field k, and let mod-A be the category
of finite dimensional right A-modules. For M €mod-A we denote by pdq M
the projective dimension of M, and by add M the full subcategory of direct
sums of direct summands of M. Let Q = (Qo, Q1) be a finite connected
quiver without loops and cycles, and Qg (resp.Q1) be the set of vertices
(resp.arrows) of @ (we use this notation for an arbitrary quiver). We denote
by kQ the path algebra of @ over k, and by rep @ the category of finite
dimensional representations of the quiver () which is category equivalent to
mod-kQ). For M € rep @, denote by M, the vector space of M associated
to a vertex a, and denote by M,_,; the linear map M, — M, of M. For a
vertex a of ), let 0,Q) be the quiver obtained from @ by reversing all arrows
starting at a or ending at a. A module T € mod-A is called a tilting module
provided the following three conditions are satisfied:

(a) pd T < 20,
(b) ExtY(T,T) = 0 for all i > 0,
(c) there exists an exact an sequence

0—wA—Ty—Th — - —T, — 0 (T;€addT)

in mod-A. In the hereditary case the tilting condition above is equivalent
to the following:

(a) Ext (T, T) =0,

(b) the number of indecomposable direct summands of T (up to isomor-
phism) is equal to the number of simple modules.

Then we determine the number of arrows of the tilting quiver K(kQ)
(c.f. section 1) for any Dynkin quiver Q of type A or D. Note that the
underlying graph of Iﬁ(kQ) may be embeded into the exchange graph, or
the cluster complex, of the corresponding cluster algebra of finite type:the
tilting modules of kQ correspond to positive clusters (cf.[3] and [12]). The
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number of positive clusters when the orientation is alternating is given in
[6, prop. 3.9]. However, the number of edges of this subdiagram of positive
clusters is not known in the cluster tilting theory. Note also that if we
consider the similar problem for the exchange graph, it is not interesting,
because the number of edges is g X (the number of vertices), and the number
of vertices is given in [6, prop. 3.8]. The following is known.[6, prop. 3.9].

gi-l (2,:’ ) if @) is a Dynkin quiver of type A,,

#K(kQ)o =
3n—4 (2(n—-1)) if @ is a Dynkin quiver of type D,,.

2n n—1

The main result is as follows.

Theorem 0.1. (1) :Let Q be a Dynkin quiver. Then #K(kQ); is indepen-
dent of the orientation.

(2):
(2,?;11) if Q is a Dynkin quiver of type A,
#K (kQ)1 =
(3n — 4) (2(::32)) if Q is a Dynkin quiver of type D,,.

1. PRELIMINARIES

In this section we define a tilting quiver K (A), and recall its some proper-
ties. First, for a tilting module 7', we define the right perpendicular category

Tt = {X € mod-A | Ext;%(T, X) = 0}.
Lemma 1.1. (cf. [9, lemma 2.1 (a)]) For two tilting modules T, T  the
following conditions are equivalent:
1): T+ cT't,
(2):TeT*t.
Denote by Tilt(A) the set of isomorphic classes of basic tilting modules
of mod - A.

Definition 1.2. We define a partial order on T'ilt(A) by
T<T & TlcTt e TeT?,

for T,T" € Tilt(A).

1.1. A tilting quiver.

Definition 1.3. The tilting quiver K(A) = (K(A)o, K(A)1) is defined as

follows.

(1)K (A)o = Tilt(A),

(2)T — T in K(A), for T, T € Tilt(A), ¥ T' =M & X, T =M &Y with

X,Y € ind A and there is a non-split short exact sequence
0—X-—M-—Y —0

with M € add M.
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Theorem 1.4. (cf. [8, thm 2.1]) K(A) is the Hasse-diagram of (Tilt(A), <
)(ie. if ToT €K(A) and T>T >T thenT =T or T' =T).

Proposition 1.5. (cf.[8, cor 2.2]) If K(A) has a finite component C, then
K(A) =C.
Example 1.6. (A3)

Q 0—0—0 0+0<0 O< 0—>0

oO—0V0. ? /o\
LI BN NS
N Lo A4 7

O o

1.2. A local structure of a tilting quiver. Let Q = (Qo, @) be a quiver
without loops and cycles and A = kQ. For T € Tilt(A), let

s(T) = #{T € Tilt(A)|T - T in K(A)}
e(T) = #{T e Tilt(A)|T — T in K(A)}

and define 6(T) = s(T) + e(T). Then the following is key proposition for
proof of main result.

Proposition 1.7. (cf.[10, prop 3.2]) 6(T) = n — #{a € Qo | (dimT), = 1},
where n = #Qo.

2. A THEOREM OF LADKANI

In this section, we review [11]. Let @ be a quiver without loops and cycles,
= be a source of Q and Q' = 6,Q. Let Tilt(Q) := Tilt(kQ) and define

Tilt(Q)* := {T € Tilt(Q) | S(z) | T},
where S(z) is the simple module associated to z.

Definition 2.1. Let (X,<x),(Y,<y) be two posets and f: X — Y an
order-preserving function. Then we define two partial orders Si, S{ of
X UY as follows.
a<xb if a,b € X,
agib@{agyb ifa,bey,
fla) <y b ifae X andbeY.

a<xb ifa,be X,
a<fbe={ a<yb ifabey,
a<y f(b) ifaeY andbe X.
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Define j, : rep(Q \ {z}) — repQ and j, : rep(Q \ {z}) — repQ’ as follows

: | N, (a # x) . _J Naoss (a # z)
(+N)a —{ @asyN(y) (a=g) + UrM)et “{ GeN)e "ES Ny (a=1z)

s [ Ng (a #z) ., ) News (b# z)
(J*N)a = { @y_mN(y) (a — I) ’ (J*N)a—)b - { (];N)a zn]Et_gon N, (b _ 1') .

Theorem 2.2.

and
le T S,(.’L') @ 5T
induce the order-preserving functions
(Tt (Q\ {z}), <) = (TilH(Q), <),
and
(Titt(Q\ {z}), <) = (Ti(Q'), <).

More over there is a commutative diagram of the posets

Tilt(Q) \ Tilt(Q > Tilt(Q') \ Tilt(Q')*
Tilt(Q)* - Tilt(Q \ {z}) > Tilt(Q')*
with
(Tilt(Q), <) = (Tilt(Q) \ Tilt(Q)® L Tilt(Q)", <),
and

(Tit(Q), <) ~ (Tilt(Q") \ Tilt(Q')* U Tilt(Q)®, #+)

In particular if Q is a Dynkin quiver, then #Tilt(Q) is independent of an
orientation.

Remark 2.3. In [11] the partial order on T'ilt(A) is defined by

T>T < T1 cT'" (opposite to our definition).

3. MAIN RESULTS

In this section we determine the number of arrows of K(Q) in the case Q
is a Dynkin quiver of type A or D. Then, from the facts of section 2, we get
following lemma.
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Lemma 3.1. If x is a sink then
{a € K(Q)1 ] s(a) € Tilt(Q)*, t(e) € Tilt(Q) \ Tilt(Q)*} &5 Tilt(Q)®.

If ¢ is a source then

{a € K(Q)1 | t(a) € Tilt(Q)*, s(a) € Tilt(Q) \ Tilt(Q)*} &1 Tilt(Q)*.

Where, for T 3T, s(a) =T and t(a) =T .

Corollary 3.2. . .

#K(Q)1 = #K(@ 1.
In particular, if Q is a Dynkin quiver then #E(Q)l depends only on the
underlying graph of Q.

Proof. By Theorem2.2 and lemmad.1,

#K(@1 = #K(Q\ {z}h + #K(Tilt(Q) \ Tilt(Q)")1 + #Tilt(Q)*
= #K(Q )

3.1. case A. In this subsection we consider the quiver,
(A, =)Q =00 --- 5.
By Gabriel’s theorem, ind kQ = {L(3,7) | 0 < i < j < n} where

[k (G<a<i), ,,. . |1 (i<a,b<j),
L(Z,J)—{ 0 otherwise, L(Z’])a_’b—{ 0 otherwise.

And . _ .
rL(i, ) = { Jur gty 8 i Zi

where 7 is a Auslander-Reiten translation.
Definition 3.3. A pair of intervals ([¢, ], [i ,7']) is compatible if
51N 5 =0 or [i,5] € [¢,57] or [¢',57] C [i,3].
Applying Auslander-Reiten duality,
DExt(M, N) = Hom(N,TM) (D = Homg(—, k)),
we get the following lemma.
Lemma 3.4. We have
Ext(L(i, §), (¢ ,5) = 0 = Ext(L(i', §), L(3, /))
if and only if ([i,4],[¢ ,5']) is compatible.
Lemma 3.5. For any T € Tilt(Q), we get 6(T) =n — 1.
Now it is easy to check the number of arrows in K(Q), because it is equal
to 3 Y reriq) 5(T)

Corollary 3.6. #K(Q); = 2(71;11) ) = ()

n
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3.2. case D. Through this subsection, we consider the quiver

1 2 n—¥0 1"
Q:an O—=>0O—> = . . —.)Ot
O n~

Then ind kQ = {L(a,b) |0<a<b<n-—1}
U{L*(a,n) | 0<a<n-1}U{M(a,b) |0<a<b<n-1}

where
kE ifa<i<hb,
L(a,b); - { 0 otherwise,
1 ifa<i<y,
Lia.b)in; = { 0 otherwise,
+ B k ifa<i<n-—1ori=n?,
L(a,n); - { 0 otherwise,
+ _ 1 ifa<i<n—-lori=n-—1,j =n,
L(a, n)i—)j - { 0 otherwise,
k ifa<i<bori=n%,
M(a,b); = kK ifb<i<n-1,
0 otherwise,
( 1 if a <i<b,
(}) if i = b,
(1,0) ifi=n—-1,j=nT,
M(a.b)inj = (0,1 ifi=n-1,j=n",
10 . .
(0 1) ifb<i<n-—1,
{ 0 otherwise.
Then ( ) if b
_ | Lle+1,b+1) ifb<n-—-1,
TLM&%—{Aﬂma+1) ifb=mn—1,

TL™(a,n) =L (a+1,n),
7L~ (a,n) = LT (a + 1,n),
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M(a+1,b4+1) ifb<n-—1,
7M(a,b) = 0( )iszn—l.

Then the Ext = 0 conditions are as follows.
Lemma 3.7.
(1) Ext(L(a,b), L(a’,b)) = 0 = Ext(L(a,b ), L(a, b))
< ([a,b],[a’,b]) : compatible.
(2) Ext(L(a,b), L*(a’,n)) = 0 = Ext(L*(a,n), L(a,b))
< ([a,b],[a ,n]) : compatible.
(3) Ext(L(a,b), M(a',b')) = 0 = Ext(M(a',b ), L(a, b))
= ([a,b],[a’,n]), ([a,b], [b,n]) : compatible.
(4) Ext(M(a,b), L*(a’,n)) = 0 = Ext(L*(a’, n), M(a, b))
< a< a <b.
(5)Ext(L*(a,n), L*(a',n)) = 0 = Ext(L*(a',n), L*(a,n)) for all a,a.
(6) Ext(L*(a,n),L™(a',n)) = 0 = Ext(L™(a',n), L*(a,n))
= a=a.
(7) Ext(M(a,b), M(a',b)) = 0 = Ext(M(a,b ), M(a, b))
<> [a,b] C la,b] or [a,b] C [a,b].

Lemma 3.8. Let T € Tilt(Q) then 6(T) > n—1, and 6(T) =n —1 if and
only if L*(0,n) | T and other indecomposable direct summands of T have
the form L(a,b)(0 < a < b<n-—1). In particular,

S{T € Tilt(kQ) | 6(T) =n — 1} = %(2(" - 1)) __1 (2(" - 1)).

n—1 n—1\ n—-2

Now we define subsets of T¢(Q) by

To = {T eTit(Q)|&T)=n+1},
T = {TeTilt(Q)|(T)=n},
To = {TeTit(Q)|sT)=n—1}.

The above lemma. shows that

4T, = %(2(71— 1)) _ __I__(Z(n— 1)).

n-—1 n—1\ n—2
Let us define the following subsets of 7:
A; = {TEﬂ l (_d_lQT)z= 1}.

Then we get the following correspondences.
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Lemma 3.9.
(1): Ape &5 Ta(A,) \ Tilt(An_1).
2): A <5 Tilt(Ai_1) x Tilt(Qn-1) G # n?).

Remark 3.10. In (1) we identify {T" € Tilt(A,) | L(0,n — 1) | T'} with
Tilt(Ap—-1)-
By lemma 3.9, we can calculate #7; and #7j.

Corollary 3.11. we have

#7=3("" ")), 47
n—2

Theorem 3.12.

3(n—1) (2(n - 1)).

n+1 n—2

#8@n =@n-p ("7 1),

Proof. In fact, #E(Q)l is equal to
1 e ) ELU GO EE LN Gy )

=(8n—1) (2?:21)).

Example 3.13. (Dy)

1)@
O \?
1/ \2 ONG l\o/(4)
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