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Abstract

In our recent work with M. Rogers on resolving some Boyd’s conjectures
on two-variate Mahler measures, a new analytical machinery was introduced to
write the values L(E,2) of L-series of elliptic curves as periods in the sense of
Kontsevich and Zagier. Here we outline, in slightly more general settings, the
novelty of our method with Rogers, and provide a simple illustrative example.

Throughout the note we keep the notation ¢ = €2™" for 7 from the upper half-plane
Re7 > 0, so that |g| < 1. Our basic constructor of modular forms and functions is
Dedekind’s eta-function

m n 1% 2
n(r) =g/ [ —g™) = D (~1)ngr+/2
m=1 n=-—00

with is modular involution
n(=1/7) = v —irn(r). (1)

We also set 7 := n(kT) for short.

We first describe a part of the general machinery from our joint works [6, 7] with
M. Rogers on an example of computing the value L(Fj3s,2) of the L-series associated
with a conductor 32 elliptic curve. It is known [3] that the corresponding cusp form in
this case is fsa(7) := 0272, so that L(Ess,s) = L(fs2,s). We choose the conductor 32
case here because it is not discussed in [, 7].

Note the (Lambert series) expansion

4 m
—2- —_ m - q ) ( )
N4 m>1 m 1- q2 m,n>1 m
n odd
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where (=2) is the quadratic residue character modulo 4. In notation b = 1if 2 | m

and 0 if n is odd, we can write (2) as

77—2 = Z a(m)b(n)g™,  where a(m):= (j), b(n) =1 — dyjn.

7]4 m,n>1 m
Then
4 4
faa(it) = =3 2% 8 = 8
774 778 =1t 774 =it t 1’]4 T—l/(32t)
1
= —z—t Z a(ml)b(nl)e—27rm1mt Z b(m2)a(n2)e—2ﬂ-m2n2/(32t),
mmzl ma,nz>1

where ¢ > 0 and the modular involution (1) was used.
Now,

L(Es2,2) = L(f32,2) / fgzlogq——=—47r / faa(it)t dt
== [T % ambm)blmatns)

m1,n1,mg,nz>1

X exp (—21r (mlnlt + 7?;227:2) ) dt

= 972 Z  a(ma)b(n1)b(ms)a(ns)

my,n1,ma,n2>1

*© Mmany
X exp (—27r (m mt+ dt.
/0 T T30t

Here comes the crucial transformation of purely analytical origin: we make the change
of variable t = nyu/n;. It does not change the form of the integrand but affects the
differential, and we obtain

L(E33,2) = —2n? Z a(my)b(ni)b(ma)a(ng)n,

™

mi,m1,mz,n2>1

x/ exp( 27r(m1n2u+n;;7;1)>du

:-——271‘ / E : 26m27rm1'n.2u

ml,n2>1

% Z ~——27rm2n1/(32u)du_

mo,n1>1

What are the resulting series in the product? The first one corresponds to

m —4 mn —4 nqn _ 773773
5 wontine— 3 (e £ - .

mmn>1 m,n>1 n>1 s




18

while the second one is
2m)n qm(Zn) q(Zm)(Z'n)

b(m)b(n
Z ( )mn_____zq _2n+ -

m,n>1 m,n>1
1 Z 2qmn - 2mn -+ q4mn
,'n,>1
(1-g™)>*(1 —g¢*™) 1. ming
=—= logH = —; log =4,
m21 ( ) 2 "
hence o 4 4 9
L(E3,2) = 7r2/ ——77228 -log —0124 du.
0 N lr=iu R lr=i /(32u)

Applying the involution (1) to the eta quotient under the logarithm sign we obtain

00 4,.4 \/—
L(Es,2) :ﬂZ/O 772178 log 7]87732

yn 7716

du.

T=1%U

Now comes the modular magic: assisted with Ramanujan’s knowledge [1] we choose
a particular modular function z(7) := n3nZ/n%, which ranges from 1 to 0 when 7 €
(0,400), and verify that

L_mdr g g (__\/%ﬂ%z)l__l-m.
2me 2\/1—.’E4 7]4 7']:136 1+2

Thus,

LB = § [ <= g s

The result is a period in the sense of [2], and as such it can be compared with
several other objects like values of generalized hypergeometric functions or even Mahler
measures [4, 5. This however involves a different set of routines which we do not touch
here.

To summarize, in our evaluation of L(E,2) = L(f,2) we first split f(7) into a
product of two Eisenstein series of weight 1 and at the end we arrive at a product of
two Eisenstein(-like) series go(7) and go(7) of weights 2 and 0, respectively, so that
L(f,2) = cL(g290,1) for some algebraic constant c. The latter object is doomed to be.
a period as go(7) is a logarithm of a modular function, while 273 go(7)d7 is, up to a
modular function multiple, the differential of a modular function, and finally any two
modular functions are tied up by an algebraic relation over Q.

The method however can be formalized to even more general settings, and it is this
extension which we attempt to outline below.

dz.

For two bounded sequences a(m), b(n), we refer to an expression of the form

=a+ Z (m)b( n)nk 1gmn g:= ezm'r, (3)

m,n>1
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as to an Eisenstein-like series of weight k, especially in the case when g(7) is a modular
form of certain level, that is, when it transforms sufficiently ‘nice’ under 7 — —1/(N7)
for some positive integer V. This automatically happens when g (7) is indeed an Eisen-
stein series (for example, when a(m) = 1 and b(n) is a Dirichlet character modulo N
of designated parity, b(—1) = (=1)*), in which case gi(7) := gr(—=1/(N7))(v/=N7)7*
is again an Eisenstein series. It is worth mentioning that the above notion has per-
fect sense in case k < 0 as well. Indeed, modular units, or week modular forms of
weight 0, that are the logarithms of modular functions are examples of Eisenstein-like
series go(7). Also, for k¥ < 0 examples are given by Eichler integrals, the (1 — k)th
T-derivatives of holomorphic Eisenstein series of weight 2 — k, a consequence of the
famous lemma of Hecke [8, Section 5].

Suppose we are interested in the L-value L(f, ko) of a cusp form f(7) of weight
k = ki + k; which can be represented as a product (in general, as a linear combination
of several products) of two Eisenstein(-like) series g, (7) and Gk,(7), where the first
one vanishes at infinity (a = gx, (¢00) = 0 in (3)) and the second one vanishes at zero
(Gk, (20) = 0). (The vanishing happens because the product is a cusp form!) In reality,
we need the series gk, (7) := g, (—1/(NT))(v/—=N7)~*2 to be Eisenstein-like:

G (1) = D a(mbi(n)nP g™ and gy, (r) = Y aa(m)by(n)nf2 g™,

mmn>1 mmnz>1
‘We have

L(f, ko) = L(gk, Gk ko) = m/ k2 Gy log™ " g —
*JO

—1)ko— o foe
= 1&_ %?k | i o

ko—1 T ko o
((ko)—l) (Jikzﬂ / Ik, (1) gr, (3/ (INT) )R k2= gt
_ (=
 (

1 ko—1 27r ko
ko — l)ka2/2 / Z a1 (m)by (na)n e 2t

min1>1

X Z az( mg)bz(n2)ngz_le‘zﬂm?nz/(Nt)tko—kz—ldt

ma,n2>1

_ (=1)kei(2m)k Z

o — 1)1 Nk2/2
(ko 1) N : my1,n1,mae,n2>1

* n2 ko—ka—1
% ) 4 2 gho—ka—1 4y
/(; exp( w(mlnl + Nt ))

the interchange of integration and summation is legitimate because of the exponential
decrease of the integrand at the endpoints. After performing the change of variable

k11k21

a; (ml)bl (nl)ag(m2)b2(n2)
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t = nou/n; and interchanging back summation and integration we obtain

1 ko—1 2 ko e 3
(f, ko) Eko )_ 1)'(]\;2/2 Z a1 (ml)bl (TLl)G:z (m2)b2(n2)n’1"1+k2 ko 1n’2"0 1
’ my,n1,m2,nz2>1

X / exp (—27r (mlngu + mznl))uk‘)_krldu
0 Nu

1k0127rk0 —2rmyinou
(ko)—llNkz/2/ D ar(miba(no)ng e

my,na>1

x §: az(mz)bl(nl)nllc:1+k2—kg—-le—21rmgn1/(Nu)uko—k2—1du

m2,n1 21

_1 ko—l 2,n. ko oo . ) o
= ((k() )_ 1)|(]Vk3/2 [) Gko (Zu)gk1+k2—ko(z/(Nu))uko 271 du,

Assuming a modular transformation of the Eisenstein-like series gg,tk,-k,(7) under
7+ —1/(NT), we can realize the resulting integral as cm* =% L(gx Gk, +x,—ko, k1), Where
c is algebraic (plus extra terms when gy, +x,—k,(7) is an Eichler integral). Alternatively,
if gk, (7) transforms under the involution, we perform the transformation and switch
to the variable v = 1/(Nu) to arrive at cm™ =% L(Gy, gk, +ks—ko, k1). In both cases we
obtain an identity which relates the starting L-value L(f, ko) to a different ‘L-value’ of
a modular-like object of the same weight.

The case ki = k3 = 1 and ko = 2, discussed in [6, 7] and in our example above,
allows one to reduce the L-values to periods. In our future work [9] we plan to address
some examples with ky > 2.
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