0000000000
01809 0 20120 171-180 171

Centralizing Monoids with Minimal Function

Witnesses on a Three-Element Set

Hajime Machida* Ivo G. Rosenberg!

Abstract

A centralizing monoid M-on a fixed set A is a set of unary functions on A which
commute with some set S of functions on A. We call S a witness of M. It is known
that every maximal centralizing monoid has a singleton witness consisting of a minimal
function where a minimal function is, by definition, a generator of a minimal clone.

In this paper we consider the case where A is a three-element set. Using the result
of B. Csdkdny, we obtain the list of all centralizing monoids on A which have mini-
mal functions as their witnesses. In particular, we determine all maximal centralizing
monoids on a three-element set.
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1 Preliminaries

Let A be a finite set. For a positive integer n denote by Off) the set of all n-variable
functions defined over A, i.e., maps from A" into A. Let O4 be the set of all functions
defined over A, ie., O4 = U532, Off). A function €} € (’)XL) for 1 < i < n is the i-th n-
ary projection which is defined by e?(ai,...,a;,...,an) = a; for every (ay,...,a,) € A™.
Denote by J4 the set of all projections defined on A.

For functions f € O‘(‘;n) and g € Oilm) we say that f commutes with g, or f and ¢
commute, if

f(g(tcl)’ ce ’g(tcn)) = g(f(rl)’ .. 'wf(rm))

holds for every m x n matrix M over A with rows r1,..., 7y and columns ¢y, ..., c,. Note
that, for m = n = 1, this means that f(g(z)) = g(f(z)) for every = € A, i.e., an ordinary
commutation for unary functions. We write f L g when f commutes with g. The binary
relation L on Q4 is obviously symmetric.
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For a subset F C Q4 the centralizer F* of F is defined by
F* = {ge0Os | glLfforal feF}.

For any subset FF C (04 the centralizer F* is a clone. When F = {f} we often write f*
for F*. Also, we write F** for (F*)*. It is easy to see that the map F +— F** is a closure
operator on O4.

A subset M of 0‘9) is a monoid if it is closed with respect to composition and contains

the identity id (= e1). The set 0&1‘) is the largest monoid and the set {id} is the smallest
monoid.

2 Centralizing Monoid
A centralizing monoid may be defined in three different ways.
Lemma 2.1 For M C Og) the following conditions are equivalent.
1) M=M*nol
2) 3IFCO,, M =Fnol
(3) 3A=(A; F) : algebra, M = End(A)

Definition 2.1 For M C O,(cl), M is a centralizing monoid if M satisfies the above
conditions given in Lemma 2.1.

The above condition (2) asserts that a centralizing monoid is the unary part of some
centralizer.

For an algebra A = (A; F)andamapp: A — A,ie,p€ 01(41), @ is an endomorphism
of A if

flo(x1), ..., 0(zn)) = o(f(21,...,2n))

holds for every f € F and all (z1,...,2z,) € A™. In other words, ¢ is an endomorphism of
A= (A; F)ifand only if ¢ L f for all f € F, i.e., ¢ € F*. This means that a centralizing
monoid is the set of endomorphisms of some algebra.

From Lemma 2.1 it is easy to see the following, which we call the Witness Lemma.

Lemma 2.2 For a monoid M C OS) and 8 C Oy, suppose the conditions (i) and (ii)
hold:

(i) Forany f € M and any u € S, f and u commute, i.e., f 1 u.

(i) Foranyg € OS) \ M there ezists w € S such that g does not commute with w, i.e.,
gLw.

Then M is a centralizing monoid.

172



A subset S in the lemma will be called a witness for a centralizing monoid M. We
denote by M(S) the centralizing monoid M with S as its witness, i.e., M(S) = $* N (9541).
When f is a singleton, i.e., S = {f}, we write M(f) instead of M({f}).

By definition, M* is a witness for M. Hence, we have:
Lemma 2.3 Every centralizing monoid M has a witness.
This result can be strenghened due to the assumption that A is finite.

Proposition 2.4 For every centralizing monoid M there exists a finite subset of O 4 which
15 a witness of M, that is, every centralizing monoid M has o finite witness.

3 Maximal Centralizing Monoid and Minimal Clone
1

A centralizing monoid M is mawximal if O}’ is the only centralizing monoid properly
containing M.

Proposition 3.1 For every mazimal centralizing monoid M, there exists u € O4 such
that
M = M(u),

that is, every mazimal centralizing monoid has a singleton witness.
For the proof see [MR 11].

Definition 3.1 A function f € O4 s called ¢ minimal function if
(i) f generates a minimal clone C, and

(ii) f has the minimum arity among functions generating C.

Theorem 3.2 For any mazimal centralizing monoid M, there exists a minimal function
f € Oy such that
M = M(f),

that is, every maximal centralizing monoid has a witness which is a minimal function.

The reader is again referred to [MR 11] for the proof.

4 Ternary Case : E3 = {0,1,2}

In the following we determine all maximal centralizing monoids on a three-element set.
We write E3 = {0,1,2}. In Table 0, we present all unary functions on Ej3, named after
[La 84, La 06], which will be used in the sequel.
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Jo|Jv|Je|Js{ja|Jds | wo{wr|uz|us|us|us| vo|vi|V2|U3|Vs]|Us
off110]07j1 110 2 0 0 2 2 0 2 1 1 212 1
1ffof1]0}1}10(|1 ol 2(0(2(|0] 2 1] 2 172 (1|2
2101011011 1 0 0 2 0 2 2 1 1 2 11212

ColC1|Ca 81 {82 | 83 | 84| S5 | S6
ooy 1|2 0010 1 112 |2
1 0{1] 2 1 1 210 2 (0|1
21010112 2 2 1 210 1(0

Table 0: Unary Functions in Ogl)

4.1 Minimal Clones on FEj
The complete list of minimal clones on E3 was given by B. Csdkdny (1983).

Proposition 4.1 ([Cs 83]) On Ej3 there are 84 minimal clones. The number of minimal
clones generated by each of five types of minimal functions is as follows:

Unary functions : 13 (4)

Binary idempotent functions : 48 (12)
Ternary majority functions : 7 (3)
Ternary semiprojections : 16 (5)

The numbers in the parentheses indicate the numbers of conjugate classes.

For each minimal function f € (9:(31), let {f} be a witness and construct a centralizing
monoid M (f). Then some of such centralizing monoids are maximal while some are not.
4.2 Centralizing Monoids with Minimal Functions as their Witnesses

We have explicitly determined all centralizing monoids on E3 which have minimal functions
as their witnesses. The complete list of such centralizing monoids is presented in Tables
1-4 at the end of this paper.

In [Cs 83], B. Csdkdny numbered each minimal function in the following way.
e A unary function u, (z) is numbered by:
‘ r o= u(0) x 3% +u(1) x 3! 4+ u(2) x 3°
¢ A binary idempotent function b, (z,y) is numbered by:
s = b(0,1) x 3% +5(0,2) x 3% +b(1,0) x 33
+b(1,2) x 324 b(2,0) x 3! +5(2,1) x 3°
e A fernary majority function m,(z,y, 2) is numbered by:

t = m(0,1,2) x 3%+ m(0,2,1) x 3* + m(1,0,2) x 33
+m(1,2,0) x 32 +m(2,0,1) x 3! + m(2,1,0) x 3°
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o A ternary function p(z;, 9, z3) is called a semiprojection if there exists j (€ {1,2,3})

such that p(z1,x2,z3) = z; whenever |{z1,z2, z3}| < 3. A semiprojection p; (z,y,2)

has a similar numbering as a majority function:

t = p0,1,2) x 3% +p(0,2,1) x 3* +p(1,0,2) x 3°
+p(1,2,0) x 3% +p(2,0,1) x 3! +p(2,1,0) x 3°

In Tables 1-4, we use these numberings to indicate minimal functions, except unary
minimal functions for which we use D. Lau’s naming introduced in Table 0.

In the tables, minimal functions f for all minimal clones on E3 appear in the leftmost
column. In the row with a minimal function f in the leftmost place, all members of the
centralizing monoid M(f) are shown as indicated by the circle “o”.

4.3 Minimal Functions corresponding to Maximal Centralizing Monoids

Due to Theorem 3.2, one can determine all maximal centralizing monoids on E3 by in-
specting all centralizing monoids shown in Tables 14.

Proposition 4.2 On Ej3, there are 10 mazimal centralizing monoids. Among them,

e 3 mazimal centralizing monoids have unary constant functions as their witnesses,
and

e 7 mazimal centralizing monoids have ternary majority functions which generate min-
imal clones as their witnesses.

Recall that there are exactly 7 minimal clones generated by ternary majority functions.
Hence every minimal clone generated by a ternary majority function corresponds to a
maximal centralizing monoid.

The following is the set of minimal functions which give maximal centralizing monoids
as their witnesses. ’

(I) Constant functions
ci(z) =i foranyze€F3 (1=0,1,2)

(1) Majority functions (showing the values only for mutually distinct z, y and z.)
Let o ={0,1,2),(1,2,0),(2,0,1)} and 7= {(0,2,1),(1,0,2),(2,1,0)}.

if |{z,y,2}|=3

if [{z,y,2} =3

if |{z,y,2}|=3

if (z,y,2)€0
if (z,y,2) €T

mo (x>ya z) =
m364(.'17, Y, Z) =

mrog(z,y,2) =

if (z,94,2) €0
if (z,y,2) €T

DO = O
-
=)

mar3(z,y,2) =

0
1
2
miog(x,y,2) = {
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_ 2 if (z,y,2)€0
ms10(2,9,2) = { 0 if (z,y,2) €T

meu(z,v,2) = y if |{z,y,2}[=3

For the reader’s sake, we summarize all maximal centralizing monoids on E3. Recall
that M(f) means the centralizing monoid having f as its witness.

Maximal centralizing monoids on Ej3

M (co) = {s1,82} U {41, 72, J5, w1, up,us} U {co}
M (c1) = {s1,36} VU {51,375 v0,v2,va} U{c1}
M (c2) = {s1,83} VU {u2,uq,us, v2,vs,v5} U {c2}
M (mg) = {s1,82}U {j1,72, 73, Ja» u1,u2,u3,u4} U {v1,v2,v3,v4} U {co,c1, 2}
M(mges) = {s1,56} VU {Jo,Jo, 3, J5, U0, u2,u3,us} U {vp,v2,v3,v5} U {co,c1,co}
M(mrs) = {s1,83}U {jo, 1,4, Js, w0, u1,us, us} U {wo,v1,v4,vs} U {co,c1,co}

)
)

M(mye) = {s1,83} U {J2, 3, u2,u3,v2,v3} U {co, 1,2}
M(myz3) = {s1,82} U {Jo, Js, w0, us,v0,v5} U {0, 1,2}
M(msio) = {s1,86} U {71, 4, w1, us,v1,v4} U {co, 1,2}

M(mga4) = {s1,82,53,54,85,36} U{co,c1,c2}

References

[Cs 83] Csékany, B, All minimal clones on the three element set, Acta Cybernet., 6, 1983,
227-238.

[La 84] Lau, D., Die Unterhalbgruppen von (Pj; ), Rostock Math. Collog., 26, 1984, 55-
62.

[La 06] Lau, D., Function Algebras on Finite Sets, Springer Monographs in Mathematics,
Springer, 2006.

[MR 04] Machida, H. and Rosenberg, I. G., On centralizers of monoids, Novi Sad Journal
of Mathematics, Vol. 34, No. 2, 2004, 153-166.

[MR 09] Machida, H. and Rosenberg, I. G., On endoprimal monoids in clone theory, Proc.
39th Int. Symp. Multiple- Valued Logic, IEEE, 2009, 167-172.

[MR 10] Machida, H. and Rosenberg, 1. G., Endoprimal monoids and witness lemma in
clone theory, Proceedings 40th International Symposium on Multiple- Valued Logic,
IEEE, 2010, 195-200.

[MR 11] Machida, H. and Rosenberg, I. G., Maximal Centralizing Monoids and their
Relation to Minimal Clones, Proceedings 41st International Symposium on Multiple-
Valued Logic, IEEE, 2011.



List of Centralizing Monoids on Ej
which have Minimal Functions as their Witnesses

In the following tables, all centralizing monoids on Ej3 (= {0,1,2}) are shown that have
minimal functions as their witnesses. Minimal functions f for all minimal clones on Ej
appear in the leftmost column. In the row starting from a minimal function f in the
leftmost box, all members of the centralizing monoid M (f) are shown by the circles “o0”.
That is, the circle “0” in the crossing of row f (minimal function) and column g (unary
function) indicates that g is a member of the centralizing monoid M(f), i.e., g € M(f).
(Equivalently, this means f 1 g.)

(i) Centralizing Monoids on E3
with Unary Minimal Functions as their Witnesses

177

Jo| J1| 2| J3| Ja| Js || wo |u1 |uz |us|us|us| vo{v1{v2|vs|vs|vs) S1|S2|53|84]55]|8e | Const
1j0(0j1)1f{o0¢(f2]|0]0|2|2]0f2]1]1|{2|2|1)l0j0|1]1}2]2
o|1j01110)1)0}j2(012(0(2|1|2}112(|1|2)|1|2]|]0f2|0]1
ofojrf{oj1|1y40|10|21012(2)111(2]112}2¢(|2(1]210(|1}{0
co oo o o|o o oo co
¢ o o o o o o o o e
Co o olo o ofol o o Co
h 0 0 o o] cg €1
Js o o o o co €1
U2 o o|o o Co C2
ug o o o o co Cg
vy o olo o ¢ c
V4 (o] o] (o] [0} C1 Co
S oo Co
s3 o o Co
sa(ss) o o|o
Sg o (o] C1

Table 1: Unary Minimal Functions
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(ii) Centralizing Monoids on E3
with Binary Idempotent Minimal Functions as their Witnesses:

Part 1

Jo| il g2 da| dal Js || wo | w1 |u2|us |us|us|ivo|vi{va|vs|va|vs| 1 |S2|83]|84]85 36| Const

1loloj1l1loll2f{olol2({2lo0fl2{1{1({2{2|1jj0|0|1}j1|2]2

ol1fol1]ol1ffof{2lofl2]0|2H1]|2|1}2(1]2}1|[2[0]|]2]0]1

olof1]ol1f1llofo]2|lo0]2|2(1|1|2]|1({2(2|2{1{2|0]|1]0
bo ol|o o|o o|o 000
b3ea o o o o o o |l ooo
brog o|o ojofio o 000
bg o o|o o 000
bses o o|o o 000
bso o o o o 000
bss o o) o o 000
bao o o ) () 000
beg2 o o o ) 000
bio o 0 o o o oflo 000
baso o o o o o o o 000
byss o o o o o of o 000
boo ) o [ ofl o o o 000
bags o o o ollo o o 000
biss o o o o o o o 000
b1y o o oflo 000
bose (o) o o o || ooo
ba1s o o o o 000
big o 000
bos1 o 000
bags o 000
byr o 000
b2os o 000
bi79 o 000

Table 2: Binary Idempotent Minimal Functions: Part 1



(iii) Centralizing Monoids on Ej
with Binary Idempotent Minimal Functions as their Witnesses:

Part 2

Jo|Ji| Jal Ja| da| Js || wo |us |u2 | us us|us || vo|v1|va|vs |va|vs| 8182|853 ]|8485]36 || Const

1{olof1i1folf2lo0]lofl2|2(0f2f(1f{1|2|2|1}0{0}{1|1|2]|2

ol1lofj1jo1ffol2lo0|l2i0(21(2|1}2|1|2|1|2]0[2]0]1

olofl1]of1]1llojoj2|ofl2f2if1f(1]2|1({2(2|2(1]2]0|1}{0
b1y o|o o|o o 000
bas7 oo ol 0 000
bs3 o ollo [o) o 000
bag () o o o o 000
bas o oflo o) o 000
baos o ) o 000
bos o o || ooo
baso 0 o o|o 000
bar o o o () 000
bas olo 000
biag o o || ooo
bss? o o 000
bss ol|lo o|o o) 000
bi2s o|o olo o 000
b7 o ol o oll o 000
bas o o o o o 000
by o o o ol o 000
bs3g o o o o ) 000
bes o} ojlo]|o 000
bszs o ) o o I[ ooo
bi16 olo o) o 000
bi7s o o|o 000
bago ’ o olo 000
[ bo2s || L T T 1 T ] l | [o]lolo]o o || ooo

Table 3: Binary Idempotent Minimal Functions: Part 2
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(iv) Centralizing Monoids on E3
with Ternary Majority Minimal Functions or
Ternary Minimal Semiprojections as their Witnesses

Jo|Ji| j2|Ja| ja| Js| uo w1 |ue|us|us|us||vo|vI|va|Vs|vg|Us|[S1|32]33]|34]835]36 | Const
1101011110 2{0({0(2|2|0f2|1}1(2{2}(1)40]0)|1|1]2)2"
oj1{011(0j1y0¢(2}j0j210f2}112(1j2|1(2f1|2(0]|2]0](1
ojfof1f(oj1}1yfofo|2j0f2|2j1j1j2f1|12(2@12f1(2|0(1(0
my ojo|lo|o o|lo]Jojo ojlojo]|o olo 000
m3e4 || O o|o ofl o o|o ol o o|o o) o || ooo
mpeg || O O ololjjo|o olofo]o o|o]| o 000
m109 olo o|o o|o o 000
ma473 o [o] o (o] (] [¢] 0|0 000
ms10 0 0 0 0 [} o 0 o || ooo
[ me2q || oloJoJoJo[o] ooo
Do ojo 000
P364 (o] o 000
Pr2s o o 000
P8 ojo of|o o|o o 000
P3es o|o oo ojo o 000
Pso o ol o oil o oflo 000
P36 o o o o o o ) 000
P40 o olfl o ol o ofl o 000
Pe92 o o [} o o [} o 000
P26 o o 000
D449 ojo 000
P37 0 o 000
yu( o of o of o ojo]o 000
DPes4 o o o o o o o o 000
P332 olo ofo ofo o 0 000
lPea | | [ [ | I [ [ I I [ 1 | | [[oJoJoJoJofo[ ooo]

Table 4: Ternary Majority Minimal Functions and Ternary Minimal Semiprojections



