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A GENERAL ITERATIVE METHOD UNDER SOME CONTROL
- CONDITIONS FOR k-STRICTLY PSEUDO-CONTRACTIVE MAPPINGS

JONG SO0 JUNG

ABSTRACT. In this paper, we introduce a general iterative method for a k-strictly pseudo-
contractive mapping related to an operator F which is k-Lipschitzian and 7-strongly monotone
and then prove that under certain different control conditions, the sequence generated by the
proposed iterative method converges strongly to a fixed point of the mapping, which solves a
variational inequality related to the operator F. Additional results of main results are also ob-
tained. Our results substantially improve and develop the corresponding ones announced by
many authors recently.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm | - ||. Let C be a

- nonempty closed convex subset of H and S : C' — C be a self-mapping on C. We denote by F(S)
the set of fixed points of S.

We recall that a mapping T : C — H is said to be k-strictly pseudo-contractive if there ex1sts a
constant k € [0, 1)such that

1Tz ~ Tyl? < lle — yl* + k(I - T)z — (I = T)yl*, Vz, yeC.
The mapping T' is pseudo-contractive if and only if
‘ (Tx —Ty,z —y) < |lz—y|?, Vz, yeC.
T is strongly pseudo-contractive if and only if there exists a constant A € (0,1) such that
(Tz —Ty,z—y) <1 =Nz -yl? Ve, yeC.

Note that the class of k-strictly pseudo-contractive mappings includes the class of nonexpansive
mappings T on C (that is, ||Tz—Ty| < |lz—y||, z,y € C) as a subclass. That is, T' is nonexpansive
if and only if T is O-strictly pseudo-contractive. The mapping T is also said to be pseudo-contractive
if k=1 and T is said to be strongly pseudo-contractive if there exists a constant A € (0,1) such
that T'— Al is pseudo-contractive. Clearly, the class of k-strictly pseudo-contractive mappings falls
into the -one between classes of nonexpansive mappings and pseudo-contractive mappings. Also
we remark that the class of strongly pseudo-contractive mappings is independent of the class of
k-strictly pseudo-contractive mappings (see [3, 4, 5]). The class of pseudo-contractive mappings is
one of the most important classes of mappings among nonlinear mappings. Recently, many authors
have been devoting the studies on the problems of finding fixed points for pseudo-contractions, see,
for example, [1, 6, 8, 11] and the references therein.

In 2010, Jung [8] introduced the following composn:e iterative scheme for a k-strictly pseudo-
contractive mapping T: g = z € C and

Yn = BnTn + (1 - ﬂn)PCSmna (1 1)
Tnt+1 = a'n"ff(mn) + (I - anA)yn, Vn >0,

where {a}, {8} C (0,1); S: C — H is a mapping defined by Sz = kz + (1 — k)Tz; f: C - C
is a contractive mapping with constant o € (0,1) (i.e., there exists a constant « € (0,1) such that
If(z) = fWl < eallz—yll, Yz, y € C); A: H— H is a strongly positive bounded linear operator
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(i.e., there exists a constant 5 > 0 such that (Az,z) > J|z||?, z € H); and and P is the metric
projection of H onto C. Under suitable control conditions on {ay,} and {3,}, he showed that the
sequence {r,} generated by (1.1) converges strongly to a fixed point g of T', which is the unique
solution of the following variational inequality related to the linear operator A:

(vf(q) — Aq,p—¢q) <0, Vpe F(T).

By removing the condition Y ., |@nt1 — an| < 00, the result improves the corresponding results
of Cho et al. [6] as well as Marino and Xu {10].

On the other hand, in 2010, by combining Yamada’s method [18] with the Marino and Xu’s
method [10], Tian [14] considered the following general iterative method for a nonexpansive map-
ping S: zo =z € H and '

Tns1 = 0nYf(Tn) + (I — anpF)Szy, Yn >0, (1.2)

where {an} C (0,1); F : H — H be a «-Lipschitzian and 7-strongly monotone operator with
constants £ > 0 and n > 0 (i.e., there exist positive constants « and 1 > 0 such that [|[Fz — Fy|[ <
kllz — y|| and (Fz — Fy,z —y) > nllz — y||?>, Vz,y € H); f: H — H be a contraction with the

contractive constant a € (0,1); 0 < p < %Z; and 0 < v < —(—"-5:— By using well-known
control conditions on {ay,}, he proved that the sequence {z,} generated by (1 2) converges strongly
to a fixed point Z of S, which is the unique solution of the following variational inequality related
to the operator F:

(uFT —vf(Z),Z —2) <0, Vze F(9). (1.3)

In this paper, motivated by the above-mentioned results, we introduce a new general iterative
scheme for finding an element of F(T), where T : C — H is a k-strictly pseudo-contractive mapping
for some 0 < k < 1. Under different control conditions, we establish the strong convergence of
the sequences generated by the proposed scheme to a point in F(T), which is a solution of a .
certain variational inequality related to the operator F.  The main results improve, develop and
complement the corresponding results of Tian [14] as well as Cho et al. [6], Jung [8] and Marino
and Xu [10]. Our results also improve the corresponding results of Halpern (7], Moudafi [12],
Wittmann [15} and Xu [17].

2. PRELIMINARIES AND LEMMAS

Throughout this paper, when {z,} is a sequence in E, then z, — z (resp., £, — z) will denote
strong (resp., weak) convergence of the sequence {z,} to z.
For every point € H, there exists a unique nearest point in C, denoted by Pc(z), such that

lz — Po(x)|l < |l -yl

for all y € C. P is called the metric projection of H onto C. It is well known that Pc is
nonexpansive.
In a Hilbert space H, we have

Iz - yli* = llz)® + lyll* - 2(z,y), Vaz,ye€H. (2.1)
It is also well known that H satisfies the Opial condition, that is, for any sequence {z,} with
T, — z, the inequality ,
liminf ||z, — z|| < liminf ||z, —y||
n—oo n—oo

holds for every y € H with y # =.
We need the following lemmas for the proof of our main results.

Lemma 2.1 ([19]). Let H be a Hilbert space, C be a closed convex subset of H. If T is a k-
strictly pseudo-contractive mapping on C, then the fired point set F(T) is closed convex, so that
the projectzon Pr(T) is well deﬁned

Lemma 2.2 ([19]). Let H be a Hilbert space and C be a closed convez subset of H. LetT : C — H
be a k-strictly pseudo-contractive mapping with F(T) # 0. Then F(PcT) = F(T).
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Lemma 2.3 ([19]). Let H be a Hilbert space, C be a closed conver subset of H, and T : C — H
be a k-strictly pseudo-contractive mapping. Define a mapping S : C — H by Sz = Az + (1 -~ \)Tz
forallz € C. Then, as X € [k, 1), S is a nonexpansive mapping such that F(S) = F(T).

The following Lemma 2.4 and 2.5 can be obtained from the Proposition 2.6 of Acedo and Xu

[1].

Lemma 2.4. Let H be a Hilbert space and C be a closed convexr subset of H. For any N > 1,
assume that for each 1 <i < N, T; : C — H is a k;-strictly pseudo-coniractive mapping for some
0 < k; < 1. Assume that {0}, is a positive sequence such that Zf\;l 7 =1. Then Y0 0T} is
a nonself-k-strictly pseudo-contractive mapping with k = max{k; : 1 <i < N}.

Lemma 2.5. Let {T;}N, and {7)1},_1 be given as in Lemma 2.4. Suppose that {T;}Y., has a
common fized point in C. Then F(Zz TG) = ﬂzn F(T)
Lemma 2.6 ({9, 16]). Letk {sn} be a sequence of non-negative real numbers satisfying
Spt1 < (1 - /\n)sn + )\n(sn + T, Vn > 0,
where {A,}, {0,} ’an_d {rn} satisfy the following conditions:
(1) {MA} C[0,1] and 307 ; An = o0,

(ii) limsup, o 6, <0 or Y 02§ Andy < 00,

(iii) 7 >0 (n>0), 372 (7 < 00. '
Then lim,, o0 $n, = 0. :

Lemma 2.7 ([13]). Let {z,} and {z,} be bounded sequences in a Banach space E and {y,} be a
sequence in [0, 1] which satisfies the following condition:

0 < liminf~, < hmsupfyn <1.

n—oo n—00
Suppose that Tpy1 = YnZpn + (1 — vp)2n for all n > 0 and

limsup(||2n+1 — 2nl] = |Zn+1 — zal]) < 0.
n—00
‘Then limy, 0 {|2n, — 2|l = 0.

Lemma 2.8. In a Hilbert sbace H, the following inequality holds:
Iz +yl* < llzll* + 2(y, 2 +y), Ve, yeH.

Lemma 2.9. Let C be a nonempty closed convex subset of a Hilbert space H such that C+C C C.
Let F : C — C be a k-Lipschitzian and n-strongly monotone operator with k > 0 and n > 0. Let
O<pu< —Z and 0 <t < p <1. Then S:=pl —tuF : C — C is a contraction with contractive
constant p — t, where T = $1u(2n — px?) < 1 with t < 1
Proof. From (1.3), (1.4) and (2.1), we have
1Sz — Sy|I* = |lo(x — y) — tu(Fz — Fy)||*

= p*llz — ylI* + t*4?||Fz - Fy|* - 2tpu(Fz — Fy,z — y)

< PPlle =yl + ?uk? |l — yll — 2tpunllz -yl

< PPllz — yl? + topk? |z — yll — 2tpunl|z ~ y|?

= (0* = top(2n — pus®))|lz — y|? '

< (p—tr)?z —y|?,
where 7 = 1 (20 — px?), and so

Sz — Syl < (p = t7)llx — yl|.

Hence S is a contraction with contractive constant p —¢tr. 0O
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3. MAIN RESULTS

We need the following result for the existence of solutions of a certain variational inequality,
which is slightly an improvement of Theorem 3.1 of Tian [14].

Theorem T. Let H be a Hilbert space, C be a closed conver subset of H such that C £ C C C,
and T : C — C be a nonexpansive mapping with F(T) # 0. Let F : C — C be a k-Lipschitzian
and n-strongly monotone operator with k > 0 andn > 0. Let f : C — C be a contraction with
the contractive constant o € (0,1). Let0<p< &, 0<y< (—"i =Tand7T< 1. Let x;
be a fized point of a contraction Sy > x v tyf(z) + (I — tuF)T'z for te€(0,1) andt < =. Then
{z:} converges strongly to a fired point T of T as t — 0, which solves the following vanatzonal
inequality:

(uFT —~f(Z),2—p) <0, Vpe F(T).
Equivalently, we have Ppiry(I — pF +vf)T =1T.

Now, we study the strong convergence result for a new general iterative scheme.

Theorem 3.1. Let H be a Hilbert space, C be a closed convex subset of H such that C +C C C,
and T : C — H be a k-strictly pseudo-contractive mapping with F(T) # @ for some 0 < k < 1.
Let F : C — C be a k-Lipschitzian and n-strongly monvtone operator with £k > 0 and n > 0.
Let f : C — C be a contraction with the contractive constant a € (0,1) . Let 0 < p < %@,

0<y< —(—"—5:— = I and 7 < 1. Let {an} and {Bn} be sequences in (0,1) which satisfy the
conditions: :

(Cl) limpooan =0; (C2) Y07 jon =00; (B) 0 <liminf,_ .o Bn < limsup,_,,, On < 1.
Let zo = x € C and {z,} be a sequence in C generated by

ZTnt1 = anYf(Zn) + BrZn + (1 — Bu)I — anpuF)PcSty, Yn >0, (18)

where S : C — H is a mapping defined by Sz = kx + (1 — k)Tx and Pc is the metric projection
of H onto C. Then {z,} converges strongly to ¢ € F(T), which solves the following variational
inequality :

(uFq—~f(g),q—p) <0, Vpe F(T).

Proof. First, from the condition (Cl), without loss of generality, we assume that a,7 < 1,
22n(r=79) < 1 and oy, < (1 = B,) for n > 0.

l—anay

We divides the proof several steps:

Step 1. We show that ||z, — p|| < ma.x{[lxo —pll, Mﬂ)_;‘;ﬂ”} for all n > 0 and all p € F(T) =

F(S). Indeed, let p € F(T). Then from Lemma 2.9, we have
lzns1 — 2l = llen(vf(zn) — LFD) + Bn(zn — P)
+ ((1 = Ba) — anpF)PcSzn — ((1 — Bn)I — anpF)PcSpl|
< (1= Bn = an7)|[zn — pll + Brllzn — pll + anlivf(zn) — pFpll
< (1 —-anT)llzn — pll + on(llvf (@n) — vf )| + 17 f(p) — wFpl))

< (1= (7 = v@an)lan =l + ( — 1), LD 7L
< ma.x{llwn -pll, %M}

Using an induction, we have ||z, — p|| < max{||zo — p||, leigl_;%ﬂal[}' Hence {z,} is bounded, and
so are {f(zn)}, {PcSzn} and {FPcSz,}.
Step 2. We show that lim, o [|Zn+1 — Znl| = 0. To this show, define

Tnt1 = PnZn+ (1 = Bn)zn, foralln >0.
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Observe that from the definition of z,,

_ Tpy2— Brt1Tn+1 _ Tp41 — BnTn

Zntl — 2p = 1_ ﬁn-{—l 1-3,
— Unt17f (Tn41) + (1 = Brt1)] — @nt10F)PeSTriq
1 - Bny1
_ an7f(xn) + ((1 - ﬂn)l - amU'F)Pcsxn
1-— ﬁn
_ G __om
=1 __,Bn_'_l'yf(l'n—b—l)v 1 *ﬂnvf(:rn) |
+ PoSzpy1 — PoSz, + O wFPoSz, — ———qztl——,uFPcS:vnH
l - ﬁn 1- ﬂn+1
o
= ’l——ng—l(”/f(xnﬂ) ~ pFPcSxny1)
- Mn+1
+ 1= (WP PoSTn —7f(2n) + PeStnss ~ PoSen.
: — Mn . .
Thus, it follows that
, a
2n+1 = zall = [Znt1 — zn|l < ;ﬁ(')’”f(fﬂnﬂ)” + pl| FPoSznia)
o
+ ———~ (| FPcSzal + I f (zn))])-
1- /Bn )

From the condition (C1) and (B), it follows that

limsup(flznt1 = znll = |Zns1 — 2n)) < 0.
n—00

Herice, by Lemma 2.7, we have

n—

lim ||z, — z,| = 0.
o0 .

Consequently,
lim ||£p41 — 2, = lim (1 — B,)|2n — za| = 0.
n—oo n—00

Step 3. We show that limy,—,« [|Tn — PoSzy|| = 0. Indeed, since
Tp41 = an7f(xn) + ﬁnxn + ((1 - ﬁn)I - anﬂF)PCS'Tn,

we have
#n — PoSzn|l < (|20 — Zpi1ll + [ Tn+1 — PoSz,|
< |ln — mn+1” + an”')’f(wr}) — uFPcSzn|| + 5n”$n — PcSz,||,
that is, .
1 ‘ o
n — PoSt,|| < n = Tn —r n) — pFPcSz,|.
|z c 93”_1_,@"”90 5C+1”+1_ﬂn||"/f(37 ) — pF PcSz,||

So, from the conditions (C1) and (B) and Step 2, it follows that

lim ||z, — PcSz,| =0.

Step 4. We show that
limsup(vf(q) — uFq,zn, — q) <0,

n—oo
where ¢ = lim; ;o z; being z; = tyf(zs) + (I — tuF)PcSzs for 0 <t < 1and t < % We note that
from Lemmas 2.2 and 2.3 and Theorem T2, ¢ € F(T) = F(S) and q is a solution of a variational
inequality
(uFq—~f(g),q-p) <0, peFT). (3.1)
.To show this, we can choose a subsequence {n;} of {z,} such that

J.lim (vf(q) — pFq,zn; — q) = limsup(yf(q) — pFq,zn — q).
—0o0 ) n— 00
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Since {z,} is bounded, there exists a subsequence {zy, } of {zn;} which converges weakly to w.
Without loss of generality, we can assume that z,, — w. Since ||z, — PocSzn|| — 0 by Step 3, we
obtain w = PcSw. In fact, if w # PocSw, then, by Opial condition,

liminf ||z,, — w|| < liminf ||z,; — PcSwl||
j—o0 j—00

< liminf(||€n; — PcSn;ll + | PcSzn; — PcSwl|)
j—oo

IA

liminf ||z,; — w|],
j—oo
which is a contradiction. Hence w = PcSw. Since F(PcS) = F(S), from Lemma 2.3, we have
w € F(T). Therefore, from (3.1), we conclude that :
limsup(Yf(q) — uFq, 2 —q) = lim (vf(q) — uFq,Zn; — @)

n—0oo

' = (vf(q) —uFq,w—q) < 0.

Step 5. We show that lim, . ||z, — q|| = 0, where ¢ = lim;_ox; being z; = tyf(z:) + (I —
tuF)PoSxy for0 <t <landt< ;1,-, and g is a solution of a variational inequality

(uFqg—~f(q);a—p) <0, peF(T)
Indeed, from (IS), we have
Znt1 — 4 = an(1f(2n) — uFq) + Bn(zn — )
+ (1 = B) = aqpF)PcSzn — ((1 = )] — anpF)g.
Applying Lemma 2.8 and Lemma 2.9, we have
lns1 — Q||2 < |Bn(zn — q) + (1 — Bu)I — anpuF)PcSz, — ((1 = Bu)l — anﬂF)Pqunz
+ 20, (Vf(Zn) — pF G Tnt1 — q)
< ((1 = Bn — an7)|@n — gl + Ballz —al)?
+20,Y(f(Zn) = f(a) Tn+1 — @) + 20m(7f(q) — BFq, Tns1 — Q)
<(1- Tan)znxn - q”2 + 2anyal|zn — gll||Zn+1 — gl
+20n(7f(9) — Fq Tns1 — Q)
< (1 - 1an)?[zn — ql* + anva(liz, — gl? + [|Za41 - qll*)
+ 200 (vf(q) — pFq, Tnt1 — Q)

that is,
fonsn —al < 1220t T 200y, g2
+ 2a Toaa (@~ #FgTniy — q)
- 1 - ;f;)j")uwn R
T e o <"rf(Q) #Fg, Tnt1 = q)
1= 202090 e - al?

+ 2(r —ya)a, 2an,
1-apya \2(r —va)
= (1= An)llzn — qll* 4+ Andn,

where M = sup{||z, — ¢q||?>: n >0}, A\, = %ﬁﬂ—"lan and

—anyo

- _l,ya (vf(q) — pFq, Tns1 — q))

2a,,

b = 2(r —va)

1
— (vf(@) — #Fq, Znt1 — 9)-
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From the conditions (C1) and (C2) and Step 4, it is easy to see that A, — 0, Y0 /A, = oo and
limsup,,_, ., 0, < 0. Hence, by Lemma 2.7, we conclude =, — ¢ as n — oo. This cornpletes the
proof. [

Remark 3.1. (1) Theorem 3.1 extends and develops Theorem 3.2 of Tian [14] from a nonexpansive
mapping to a strictly pseudo-contractive mapping together with removing the condition (C3)
Zn—o |an+1 anl <.

(2) Theorem 3.1 also generalizes Theorem 2.1 of Jung [8] as well as Theorem 2.1 of Cho et al.
[6] and Theorem 3.4 of Marino and Xu [10] from a strongly positive bounded linear operator A
to a k-Lipschitzian and 7-strongly monotone operator F' (In fact, from the definitions, it follows
that a strongly positive bounded linear operator A is a || A|-Lipschitzian and F-strongly monotone
operator).

(3) Theorem 3.1 also improves the corresponding results of Halpern [7], Moudafi [12], Wittmann
[15] and Xu [17] as some special cases.

Theorem 3.2. Let H be a Hilbert space, C be a closed convex subset of H such that C+C C C, and
T;: C — H be a k;-strictly pseudo-contractive mapping for some 0 < k; < 1 and ﬂf__l F(T;) #0.
Let F': C — C be a s-Lipschitzian and n-strongly monotone operator with k > 0 and n > 0.
Let f : C — C be a contraction with the contractive constant o € (0,1). Let 0 < p < %@,

k2
0<vy< ﬂ";i =T and 7 < 1. Let {on,} and {B,} be sequences in (0,1) which satisfy the
conditions: ‘

(C1) limp oo 0 = 0; (C2) 307 vy = 00; (B) 0 < liminf, o Br < limsup,,_, . Bn < 1.
Let zo =z € C and {z,} be a sequence in C generated by

Tnt1 = oV f(@n) + Brzn + (1 = B ) — dnyF)PCan, Vn > 0,

where S : C — H is a mapping defined by Sz = kx + (1 — k) Eflzl n Tz with k = max{k; : 1 <
i < N} and {n;} is a positive sequence such that Ef\;l 1m; = 1 and Po is the metric projection
of H onto C. Then {x,} converges strongly to q € F(T), which solves the following variational
inequality :
N
(uFg—7f(g),a—p) <0, Vpe[)F(T.

=1

Proof. Define a mapping T : C — H by Tz = 21_1 n;T;x. By Lemmas 2.4 and 2.5, we conclude

that T C > Hisa k—strlctly pseudo-contractive mapping with k£ = max{k; : 1 < ¢ < N} and

=F (21_1 71 ﬂl_ F(T;). Then the result follows from Theorem 3.1 immediately. [ .

As a direct consequence of Theorem 3.2, we have the following result for nonexpansive mappings
(that is, O-strictly pseudo-contractive mappings).

Theorem 3.3. Let H be a Hilbert space, C be a closed convexr subset of H such that C +C C C,
{T;}N., : C — H be a finite family of nonezpansive mappings with ﬂ JF(T)#0. Let F:C — C
be a k- szschztzzan and n-strongly monotone operator with £ > 0 and n>0. Let f: C — C be a

© contraction with the contractive constant o € (0,1). Let 0 < p < —'} 0<y< M =T and

7 < 1. Let {an} and {0B,} be sequences in (0, 1) which satisfy the conditions:
(C1) limp—oo an =0; (C2) 307 jan =00; (B) 0 < liminf, o B, < limsup,_,, ﬂn <1
Let g =z € C and {z,} be a sequence in C generated by

N

?n+l = an'Yf(mn) + BnTn + ((1 - ﬂn)I - anﬂF)PC' ZniTi-Tm Vn >0,
=1

where {ni}fil 18 a posilive sequence such that Efil n; = 1 and P¢ is the metric projection of H
onto C. Then {z,} converges strongly to a common fized point q of {T;}}.,, which solves the
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following variational inéquality :

N
(uFg—~f(a),a—p) <0, Vpe[|F(T).
i=1

Remark 3.2. (1) Theorem 3.2 and Theorem 3.3 also generalize Theorem 2.2 and Theorem 2.4
of Jung [8] from a strongly positive bounded linear operator A to a x-Lipschitzian and n-strongly
monotone operator F.

(2) Theorem 3.2 and Theorem 3.3 also improve and complement the corresponding results of Cho
et al. [6] by removing the condition Y .- o |ant+1 — an| < 00 together with using a x-Lipschitzian
and 7-strongly monotone operator F'.

(3) As in [2], we also can establish the result for a countable family {T;} of k;-strict pseudo-
contractive mappings with 0 < k; < 1.
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