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Geometric properties of certain
meromorphic functions

Hitoshi Saitoh

Abstract

In this paper, we aim at investigating several geometric properties of the solutions
of the following differential equations:

w’(2) + a(2)w/(2) + b(z)w(z) =0,

where the functions a(z) and b(z) are meromorphic in the punctured disk D = {2:0 <
|7 <1}.

1 Introduction

Let ¥ be the class of functions of the form
1 b <}
(1.1) f2)=—+ ; an2"

which are meromorphic in the punctured disk D = {2: 0 < |2| < 1}.

A function f(z) € T is said to meromorphic starlike of order a in D if it satisfies

Zf’(Z)}

1.2 Re{—=——¢ < —a zeD

for some (0 £ a < 1). We denoted by LS3(a) the subclass of T consisting of all such
functions.

2 A class of bounded functions

We begin with the definition and lemma.

Definition 1 Let H; be the class of complex functions h(s,t) satisfying:
(8) h(s,t) is continuous in a domain D C C x C,

(i) (0,0) € D and [R(0,0)] < J (J > 0),

(i5) |h(Je®, Ke¥)| 2 J when (Je, Ke®®) € D, 6 is real and K 2 J.
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Definition 2 Let h € H; with corresponding domain D. We denote by B;(h) the class
of functions u(2) = w1z + u2® + - .- which are analytic in the unit disk A = {2 : |2| < 1}
and satisfy

(@) (u(2),2¢(2)) €D,
(@) |h(u(2), 2w/ (2))| < J (z€A).

Lemma 1 ([3]) Let h € Hy and b(z) be an analytic function in A with |b(z)| < J. If the
differential equation

(2.1) h(u(2), 20/(2)) = b(2)

has a solution u(z) analytic in A, then |u(z)| < J.

Lemma 2 ([1]) If f(z) € £ satisfies f(2)f'(z) # 0 in D and

zf/l(z) } )

2.2 ~Red 22l g4 € A),

(22) {5 3 (zen)

then

1
- 2 p
(2.3) Re{z*f'(z)} > 525 (z € A),
that is, f(z) is meromorphic close-to-convex of order 3_-:1_.2'5’ where -g- £i4<2.

3 Main results
First, we prove

Theorem 1  Let w(z), a(z) € T and b(z) are meromorphic in D with

1

(3.1) <5 (zeD)

2* (b(z) ~ -é—a,’ (2) - -zli-(a(z))z)

and
Re{za(z)} 22+2a¢ (0Za<]l).

Also, let w(z) be the solution of the following second order linear differential equation
(3.2) w”(2) + a(2)w'(2) + b(z)w(z) = 0.

Then w(z) is meromorphic starlike of order .

Proof  Put w(z) = e 3% y(3). Then (3.2) leads to the normal form

(33) v+ (4 - 50(6) - 1a(a)") ola) =0,



If we put

(3.4) u(z) = ig((:"‘)l - % (z € D),

then u(z) is analytic in A and (3.3) becomes

(3.5) (u(2)® + =/(2) - -}1- - (b(z) - -;- '2) — -i-(a(z)f) ,
or equivalently |
(3.6) h(u(z), 2u/(2)) = —2° (b(z) - -;-a'(z) - -i—(a(z))z) ,

where h(s,t) = 82+t — -i— It is easy to check h(s,t) € Hy, that is
(7) h(s,t)is coni;inuonlls in CxC,

(&) [h(0,0)] =+ < 5
(i) lh (-;—e“’, Ke“')

From assumption, we have

2

| =
N
=
nw
o=~
N——"

1
By using Lemma 1, we have |u(z)| < 0} (z € A). Therefore, we obtain

zv'(z) 1 1

’U(Z) —2—| < —2—' (Z € A)
This impli
is implies o (2) 1 .
< Re {-—vG-)—} < (z € A).
From w(z) = e~ 3/ 2€) % y(z), we have
7) exp 5 [ al€)dg ) w(z) = o().
2

Logarithmically differentiating of (3.7) leads to
zw'(z) _ zv'(z) 1

w(z)  v(z) Eza(z).

Combining (3.8) and Re{za(z)} 22+2a (0 £ a < 1), we obtain

(3.8)

(5] (28] Sego - o= e

that is, w(z) is meromorphic starlike of order a.
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Example 1 In Theorem 1, let a(2) = —z— and b(z) = -%— The solution of

(3.9) w'(z) + —i—w'(z) + -;-w(z) ~0

S

c
is given by w(z) = -—-Z—-z- This solution w(z) is meromorphic starlike function.
Next, we prove

Theorem 2 Let w(z),Q(z) € . We consider the following second order differential
equation.

(3.10) w'(z) + Q(2)w(z) =0 (z e D).
If
Re {Q(z) Zw((:))} <4-8 (z2eD),

then we have

_Re{z2w’(z)} > 5 _123 (% g 4< 2) .

Proof.  From (3.10), we have

zw(z) _ zw'(z)
(3.11) Q(2) ORRTIOR

Applying Lemma 2 to (3.11), we can prove Theorem 2. O

2
Example 2 In Theorem 2, let Q(2) = — A solution of
" 2 — 0
w (Z) - ?w(z) =

is give by w(z) = —i— + -5—30—z2. Then

Re{Q(z) ng(%)'} <2404---< -25-

and 1
Re{z*w'(2)} > 0.88 > 5

Therefore, w(z) is meromorphic close-to-convex function.

Remark 1 Let MC(a) be the subclass of & consisting of functions f(z) which satisfy
(3.12) —Re{f(z)} >a (2€4)

for some o (0 £ o < 1). A function f(z) € MC(a) is meromorphic close-to-convex of order
a in D.



90

References

[1] N. E. Cho and S. Owa, Sufficient conditions for meromorphic starlikeness and close-to-
convezity of order o, Intern. J. Math. & Math. Sci. 26 (2001), 317-319.

[2] S.Owa, H. Saitoh, H. M. Srivastava and R. Yamakawa, Geometric properties of solutions
of a class of differential equations, Comput. Math. Appl. 47 (2004), 1689-1696.

[3] H. Saitoh, Univalence and starlikeness of solutions of W" + aW’ + bW =0, Ann. Univ.
Marie Curie-Sklodowska Sect. A 53 (1999), 209-216.

[4] H. Saitoh, Geometric properties of solutions of a class of ordinary linear differential
equations, Appl. Math. and Comput. 187 (2007), 408-416.

Hitoshi Saitoh

Department of Mathematics,

Gunma National College of Technology
Maebashi, Gunma 371-8530,

Japan

E-mail: saitoh@nat.gunma-ct.ac.jp



