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APRISEHEER GEBAY) . EHEEK (BB . ITr EETE (R#TEA
F) LOHMEREZTHB, I [1] ZBRBE NV,

1 Introduction
P. Hall DEE L W o T EABHZM, TTTWVWS P. Hall DFEM L I3
P. Hall,

On a theorem of Frobenius,
Proc. London Math. Soc. 40 (1936) 468-501

KHBEEHDI L THD, FTRITEEDHEMELTHE L,
A GEARBEL, ARGIIEHTS LTS, FERMAG=AXGEEZB!, oc A
LT
M,(G,a) ={z € G| (az)" = 1}

&<,

(az)" =a™ -z ... 2% . 2% g
THD, ANG=1ThdTLhb,

M, (Ga) £ 0 < a"=1
THZWbhB, LEED>Ta"=1TH3 L%,

Mn(G,a):{xEGlxan_l...xa .xa.l':l}

TH 3,

TAG DHTIR, 2€G,ac AICHLT 2% =a12a TH 3,
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Theorem (P. Hall, a special case of Theorem 1.7). Let x be a C-character of AG. Then
foranya € A,

1
T P

€M, (G,a)

is an algebraic integer.
Remark 1. €O MFHlEFEE) OFBEET ENITDOVTENRS,
o LOFHTY=14c8T5L, a"=1%51
|Mo(G,0)| =t{z € G|z ---2¥ -2®- =1} =0 (mod ged(n,|G]))
L%, ThitP. Hall, Theorem 1.6 ICFHY T %,
o LOEET, AVGICHHAIERTZHERELS L,
M,(G,a)={ze€C|z" =1}

%, a=1DREEXD L,
1
a2 X
¥ algebraic integer £WVS T &% %, THhid Frobenius DEE T, Kiciddo L
BN EAVZ T, TOERBRICEETEMRENTVS,
o IHITx=1gleThiE, k<H SNz Frobenius DEH
tH{zeG|z"=1}=0 (mod (n,|G|))
MEEN %, O

ABGCIIERALTVEDT, ZOEAZE p T 5, Thbb, p: Ao Aut(G) %%
ERIEEZ 2, ac A, z€ GIINUT, 2/ ZHIC 22 LEHLI T LICT Bo Z,(A,G) TA
M E G D crossed homomorphism 2ADEEEET LICT B, TTT, p: A GH
crossed homomorphism (RIERR) THD L3,

p(ab) = ¢p(a)’p(b) for any a,be A
AR D TORENS, A = (o) BHMin THBE X,

Z,(A,G) — M,(G, a)
w w
¢ —  ¢(a)
A1 1 S B, 2T, P. Hall D% crossed homomorphism ICEH E#ZX TR 5
LEADRE UM K L Ao TIAMERIC A S, XTI EDFEZT %,



185

2 Known results
FECABHICTNETIRAIGNTVEZ L EEEDHTHL,
Theorem (Asai-Yoshida (1993)). |Z,(A4,G)| =0 (mod ged(|A/A" : ®(A/A)),|G))).
Conjecture (Asai-Yoshida). |Z,(A,G)| =0 (mod |A/A,|G|).
ROGEZELVT LARENTNS,
e both A and G are abelian.
o A=Zy X ZpX -+ X Z
®p>2, A=Zp X Zp X Zp X -+ X Zy.

TOMICEFFHIEEE THRIIT 5 T EDENDHENTVEEDNH S, FELIE, 7R
MTROWME 3] A EZBREI iz,

3 Crossed homomorphisms

HCG%ZED, TDHZMEST Z,(A,G) ZHEITECLEEZD, p€ Z,(A,G) 1
LT,
Xu(p) ={v € Z,(A,G) | Y(a)H = p(a)H for any a € A}

&<,

Lemma 1. Xy(p) = Xu(y) <= Xulp)NXu(¢') # 0.

Qu ={Xu(p) | ¢ € Z,(4,G)}

e, LOWHENS
Z,A,6)= |J X

XeQy
&9 disjoint union 7%,
RIC crossed homomorphism DH-BEEZ B, p € Z,(A,G) £ g GITHLT,

©%(a) = (g°) 'p(a)g
LEDBE, o9 € Z,(A,G) LixB2,

Lemma 2. Xy (") = {¢" | € Xy(p)} for h e H.

2C DHBIEBA [2, p.240] B B,
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COMEICLD. HRQu HEFT ST LI, Xu(p) DEEHIBE H, L5,
THbb, ~
H,={h€ H| Xy(©") = Xu(p)}

9%,
Lemma 3. The following hold.
(1) H,=[)H*®.

acA
(2) Xu(p) =Xy, (#)-
ik\weXm@)t?58‘&ﬁ®aeAEﬂbf\ﬂ@”ﬁ@eﬁ;f&%ﬁ‘
a,be AICHLT,
p(ab) " 9(ab) = (p(a)’p(b)) "9 (a)’*$(b)
= (b) b p(a)'b - b (a)brp(b)
= (ip(@)""9(a))*®p(b) " (b)

LixBDT, _
‘P-—lw € ZW(Aa H(p)

ThBT bbb, TTT,
A, :={ap(a)|ac A} = A
THBTLIHEELTHEL, TOTLhb,
Xﬁ‘p(‘/’) — ZW(Aiﬁtp)
w w
Y = e
H1F1IHETHBT e hbhB, LizhoT

Yu(p) = | Xa(o)®

heH
YELE. RO AN B,
Lemma 4. |Vu ()| = |H : Hy| X | Zpp(A, Hy)|.
EBAA. Z,(A,G) & Yu(p) ED disjoint union TH%, T T, &L,
| Z (A, Hp) =0 (mod |H,|)
MO TERDIIDOT VI UL,
|Z,(A,G)| =0 (mod |H|)

twsEiciks,
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4 AbcyclicDiBEE
ST, A= (a) DFHICDONVTIHRNS,

Lemma 5. Suppose that A is cyclic and G is a p-group. If|G| divides |A|, then |Z,(A,G)| =
G.

Theorem . If A is cyclic, then
1Zp(A,G)[ =0 (mod ged(|Al,|G])).

Proof. H & UT G DEIRETHED ged(|A], |G)) ZEIDYIZ p DEEETHBZES55LD
Z2&%, Lemma 5D g€ Z,(A,G)IcH LT, |Z,(A, H,)| = |H,| £%3DT, Lemma
4X0b

Va (o)l = |H]

PNZ2ZDT, BHEPRDIIDT EHbH B, O

Theorem . Let x be a C-character of AG. Then

1
A TE) , 2 | Xl

is an algebraic integer.

Proof. H & UT G DERGIFETHIEN ged(|A|, |G)) ZEIDYIZ p DEBETHEES5 4L

DE L3,
J4
D xap@)=>" > xlap(a)
PEZ,(A,G) i=1 o€V (p;)
DT,
> x(ap(a)
YEVH(p)
DERZEZ 5,
o x@p@)=>" 3 x(aw(a))
YEVH(p) =1 yexp (")
=Y Y et
=1 YeXg(p)
T,

ay® (a) = (ap(a))™
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TH3sh56
Z > aw”’(a))—z > x(a(a))
i=1 YeXu(p) i=1 YeXu(p)
=|H:Hyx > x(ay(a))
PYEXH ()
kB, EH6IC

Xu(p) — Zpp(A Hy)
w w

Y )
M1 1MBTH D, AB cyclic T H, I p-group T |H,| A% |A] ZEIB DT,

Zpy(AHy) ={am x|z € Hy}
L7%%, Lih>T&ae H icMLT,
p(a)"'P(a) = x
LB YHABB LICKD, LIEAoT
> x(ap(a) = > x(ap(a)z)

YEXH(p) z€H,

L%, AH, TEXBE,

1
—=— ) x(ap(a)z)
|H,| zef,
I3 algebraic integer 5, L EICE>TH EE LDE DD algebraic integer THB T & H
bhs, O

E1% D algebraic integer TH B LIIRD hrS5bh B,

Lemma 6. Suppose that N <G. For a C-character x of G, set

d(2) = | Zx 2z).

€N

Then

®= > (x; €.

ge{celrr(G)|NCKert}
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5 Generalization
BaA 9%, k€ Z,(B,G)IcHLT

Zp(A,G; B, k) ={p € Z,(A,G) | ¢|p = }
&B<e 9,9 € Z)(A,G; B,k) M UT B, < A,, B, aA, 5DT,
¢(a)™"¢(a) € Nac(Bx) NG = Co(By)
&%%, LMo,

¢~ (ab)yp(ab) = ((ab))"9b(ab) = (p(a)’p(8)) "(a)*w(b)
= p(b) 767 p(a) b - b p(a)brp(b)
= (p(a)'9(a)*Pep(b) 19 (b)
= ¢(a)"¢(a)

L7xB0DT. A/B ET well-defined & %5 T,

Zy(A,G;B,k) — Zz(A/B,Cgs(By))
W w
Y — o'
EWVS 10 1 W EA KRS,

Theorem . Suppose that B<A with A/B cyclic, say A/B = (aB). Let x be a C-character
of AG such that (By | ¢ € Z,(A,G)) C Kerx. Then

1
sAA/BLIE , 2 XV

is an algebraic integer.

Proof.

> xape)= Y > x(ay(a))

YEZ,(A,G) KE€Z,(B,G) Y€Z,(A,G;B,k)
TH%, p€ Z,(A,G;B,k)IcHLT
Yoo x@@) = Y xap(a)e ) (a)

YEZH(A,G;B,K) YEZ,(A,G;B,k)

= > x(ap(a)¢((aB))

(€Z55(A/B,Cc(By))
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ZZTC. B, C Kery ThBT Db, xI& A,/B.Co(B,) DIGELES T LW TE5, L
FeoT, $TIRLIELSIC

1
ged(4/B,1Gx)) 1I)€Zp(AE»G;B,n) xav(@)

I algebraic integer Ic /5%, EHICGDLTrDHERZEBTLEEX S,
Z,(A,G; B, ={y |y € Z,(A,G; B,K)}

Lixs, ~
k=K <= g€ Cg(Bx)

THBND. G/Co(B,) DRETE {91, 9} LTHUE,
gcd(IA/Bl |G|)Z Y. x(ap(a)

i=1 wez (A,G;B,x9%)

~ AR IGI)Z 2, xle(a)

i=1 ¢Y€Z,(A,G;B,K)

- A, L, o)

i=1 yeZ,(A,G;B,k)

Gl eed(4/B].|Ca(B) 1 »
" iCo(Bal " sedA/BLIGN " ged((4/BL,ICa(B) ,bez,,g:,c;s,n))‘( v

L5 o T T A algebraic integer 7% Z &M 5, O
Corollary 1. Suppose that B4A with A/B cyclic. Then |Z,(A,G)| =0 (mod |A/B|,|G]).

Corollary 2. |Z,(A,G)| =0 (mod (exp(A/A'),|G])).

BEW
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