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RADIUS PROBLEMS FOR INVERSE FUNCTIONS
CONCERNING WITH BI-UNIVALENT FUNCTIONS

EMEL YAVUZ DUMAN AND SHIGEYOSHI OWA

ABSTRACT. For bi-univalent functions of univalent functions in the open unit
disc, there are some coefficient estimates. Tn the present paper, new ra-
dius problems for convex functions and starlike functions concerning with bi-
univalent functions are discussed.

1. INTRODUCTION
Let A(r) be the class of functions f(z) of the form

(1.1) f(2) =z+§:akzk

k=2

that are analytic in the open unit disc U(r) = {2 € C||z| < r}.

Let S denote the subclass of A(1) consisting of f(z) which are univalent in the
open unit disc U(1). A function f(z) € .A(1) is said to be starlike with respect
to the origin in U(1) if f(z) satisfies

(1.2) Re (EJ%?) >0 (z€UQ)).

We denote by S* the class of all such starlike functions f(z). Further, let K be
the subclass of A(1) consisting of functions f(z) which satisfy

(1.3) Re (1 + -z—;%-z)l) >0 (ze€U)).

A function f(z) in the class K is said to be convex in U(1).
It is well-known that

z o
(14 f(2) = ———= =2+ ) ki
is the extremal function for $*, and that
~Z _ — _k
(1.5) f(z)~-l——_—_—-z--z+z:z

is the extremal function for K (see [2], [3]).

We also note that K € &* ¢ S ¢ A(1).

Since § is the class of univalent functions f(z) € .A(1), for each function
w = f(z) in 8, there exists an inverse function f~!(w) of f(z). If f(z) € S and
f~!1(w) has a univalent analytic continuation to jw| < 1, then f(2) is said to be
bi-univalent in U(1). The concept of bi-univalent functions was given by Lewin



[5], and studied by Brannan and Taha [1], Xu, Gui and Srivastava [6], and Xu,
Xiao and Srivastava [7]. Xu, Gui and Srivastava [6] showed that functions

2 —log(l-2), %log(“z)

1-2 1-2

are bi-univalent in U(1), and that functions

are not bi-univalent in U(1).
Recently, Hayami and Owa [4] have given the following theorem for bi-univalent
functions.

Theorem A. If f(2) € S, then it follows that f(U(1)) 2 U(1) and f(U(1)) &
U(1) unless f(z2) = 2.

But, we know that all functions f(z) € S include the open disc U(1/4) =
{z € C||2| < 1/4}. Therefore, we consider the subclass S(r) of A(r) consisting of
f(z) which are univalent in U(r).

Since f(0) = 0 for f(2) € S(r), there exists an open disc such that

F(U()) > |2] < max|£(2)]

For such an open disc, we consider the inverse function f~!(w) of f(z) such that

710) =0.

In view of the above concept, we can consider

wi(z) = f(z) (z € U(r)),
wa(z) = fH(w1) (2 € U(ry)),
ws(2) = fH(wa) (2 € U(rs)),

and
Wp = fﬂl(wn-—l) (z € U(T"))-
2. PROPERTIES FOR CONVEX FUNCTIONS
We first consider the inverse function f~!(w) of the automorphism w = f(z).

Theorem 2.1. Let us define

z
(2.1) w = f(z)=7—— (zl<1/a)
for some real a (0 < a < 1). Then w, = f~(w,-1) satisfies
i Wn-1
(2.2) Un = T Drew (lwn-1] < 1/(na))
and
=" n _

(2.3) wnt el < e B34
Proof. For w;, we see that

w1
(24) l2 = ll +aw| @




which gives that
1
Rew; > ‘-55 (lz1 < l/a).

Next, we consider

- w
(2.5) wy = [ (wy) = 5 +;w1 (lw1] < 1/(2a)).
Noting that
Wo 1
2. == —
(26) fwr| Il-—-aw2 2a’
we have that
1 2
(2.7) wy + -é-(; < '73"(';

Therefore, the result holds true for n = 2.
Suppose that (2.2) and (2.3) hold true for n. Then, since

Wp 1
2, = —| < —
(28) [wn—i] 1 - (=raw,| ~ na’

we obtain that
Wn

2.9 =
(2:9) Wn+l 1+ (-1)"Haw,

and (2.3) shows us that w, includes the open disc |w,| < 1/((n+1)a). Therefore,
wpy satisfies that

(210) fwal = ‘1 - (—T)T:Iawnﬂ < —: l)a’
Noting that
(2.11) (n+1)%a?|wnpa? < |1 = (-1)" awna)?,
we show that

(=1 n+1

(2.12)

Wnt1 +

(n+12-1a| (n+1)2-1a’

Thus, by the mathematical induction, we complete the proof of the theorem. [J
Making a = 1 in Theorem 2.1, we have

Corollary 2.2. The extremal function f(z) given by (1.5) in |z| < 1 satisfies

(2.13) W= 17 (‘j”;‘)‘,‘,w — (| < 1/n)
and

- = n
(2.14) Unt == | <= (n=2,3,4,-).




3. PROPERTIES FOR STARLIKE FUNCTIONS

The next our result for the inverse function f~!(w) of starlike functions is
contained in

Theorem 3.1. Let us define
z

(3.1) wy = f(2) = T (J2l < 1).

Then wy, = f~}(wp_1) satisfies

142wy — V1 +dwan s

(3.2) Wan = 5 (lwzn-1] < 1/(4n))
Wan—1

and

(3.3) Wany1 = (_1__3’3:_:2_)_2 (lwan| < 20 + 1 —24/n(n + 1))

forn=1,2,3,---.

Proof. Forn =1,

_ 1+2w1——\/1+4w1

(3.4) wo 50, (jun] < 1/4).
Since
1-+/1+4w

(3.5) fwal = |1+ —5=——| (lw| < 1/4),

Wy
we obtain that
(3.6) min |wg| =1+2(1 - v2) =3 -2vV2.

|wil=1/4
Therefore, we have that
W
. = e <3-2Vv2).
(3 7) w3 (1 _ w2)2 (|w2l 3 \/_)
Since
1
. I e <3-2v2),

(38) we= oy (<3 v2)
let us consider

1
(3.9) Wo+ — =u+ 1

Wa
for |ws| = 3 — 2+/2. This implies that

w2 P
(3.10) '56 + 3—2- =1.
Thus, we obtain that
1

3.11 min jwgz| = -.
(3.11) s, ﬁl 3l =3

Therefore, (3.2) and (3.3) are hold true for n = 1. Next, we assume that (3.2)
and (3.3) are true for n = j, such that

14 2wgj1 — 4/1+ dwy;_ ,
(3.12) waj = 2 A2 (Jwajal < 1/(4))

2wy




and

(3.13) Wyjpt = (—1—:72;;—)5 (lw;] < 25 +1~ 250G + 1))
]
It follows from (3.13) that wy; = u + iv satisfies
2
(3.14) Y

425 + 12 T 16j(G + 1)
for |wg;| = 25 + 1 —24/j(j +1). This gives us that

1

(315) min Wa, 1’ TR em—

Jweil=2j+1-24/5(;+1) ' i 4(.7 + 1)
Thus, we have that

1+2'M)2'1- 1+4w2-1 )
(316)  wygyy = Y = (gl < 1/(4G +1).

Waj+1
Furthermore, since
1"\/1“*"4'&’2'4.1 .
(3.17) lwag+n] = |1 + 5 ? (lwajsa| < 1/(4(5 + 1))),
Waj+1
we also have that
min wo+n| =2+ 1)+ 1 -2/ + DG+ 2).

(3.18) W lwagan| = 2(5 + 1) ViE+1D(G+2)

Consequently, (3.2) and (3.3) are hold true for n = j + 1. Thus, applying math-
ematical induction, we complete the proof of the theorem. O

Finally, we consider the following function

z

for |z| < 1. Since
(3.20) e (ZU1) = e (1H92) , 10
wy 1—az l+a’

w, is starlike with respect to the origin.
If @ = 1, then w; becomes the extremal function for the class S*. For this
function w; given by (3.19), how can we consider the inverse function w, =

f-l(wn~1)?
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