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The Solutions to The Homogeneous Bessel Equations by
Means of The N- Fractional Calculus ( The Calculus
in The 21 th Century) (Again)

Katsuyuki Nishimoto

Abstract :

In a previous article of the author, the solutions to the homogeneous
Bessel equations are discussed by means of the our N-fractional calculus,
omitting the additional arbitrary constants of the integrations.

In this article, the solutions that contain the arbitrary constants of the
integrations are discussed by means of our N-Fractional calculus again.

Some ones of them are shown as follows, for example.

‘p[l)(K,M) - zveiz eK(e-i.Zz .‘2:-(114»1/2))‘,_1/2 + M}

(fractional differintegfated form)
= X2y e E(1/2-v,1/2+v ; zi) +Mz'e (li/2z]<1)
Z .

= A HP@)+ MZ%e*  (A=+r27"e"™ eX) (1)
and

-v iz K, v-1/2 ~ 2,
Ployg.my =2 € {e"(z e z)-(wyz)"'j"f}

(fractional differintegrated form )

= X" AT(<2v)z%e ™ E(1/2+v; 1+2v 5 i2z)+ Mz (]i2z]<1)

~AHP@)+ M (A=m 27 ") (2)
(|T(-2v-k)/T(-v+1/2)|<®)
= B* 'J‘SZ)(Z)+ Mz—‘veiz (B* =2Vf(—2v)r(1+V)ei“(v-+”2) _eK)
where K and M are the additional arbitrary constants of the integration,

JE () is the generalized Gauss Hypergeometric function,
H? (z) is the Hankel function and

iz (Z/ 2)v
rd+v)
function.

TA@) =e E@Q/2+v;1+2v;i2z) =J (z) s the first kind Bessel
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§ 0. Introducton ( Definition of Fractional Calculus )
(1) Deﬁmtlon (by K. Nishimoto) (] 1JV01 1).
Let D={D, D}, c-{c.c,},
C_ ‘be a2 curve along the cut ]ommg two points z and ~o+i Im(z),
C be a curve aloncr the cut joining two points z and = +i Im(z),
D_be a domain surrounded by C_, D, be a domain surrounded by
C,. |
(Here D contains the points over the curve C .)
Moreover, let f = f(z) be a regular function in D (z €D),

N 1"<V 1) f(&) e
fo=(Fh=c(f). = | f(z Md (v€Z™), (1)
(F)-n =\vl_;u3,(fv (mEZ"), (2)

where ~wsarg(f~z)=x for C_, 0<arg({-z)<27 for C,,

=z, z&€C, vER, I ;Gamma function, -
then (f), is the fractional differintegration of arbitrary orderv ( derivatives of
order v for v >0, and integrals of order —v for v <0), with respectto z,

of the function f, if [(f),| <.

/_'D*'\\- o+ {m(z)

C

*~

[y

o . D,
— 4 tim (2) : -\J\y
C

Fig. 2

4]
I

Notice that (1) is reduced to Goursat's integral for v =n (€Z") and is red-
uced to the famous Cauchy's integral for v =0 . Thatis, (1) is an extention
of Cauchy's integral and of Goursat's one, conversely Cauchy's and
Goursat's ones are special cases of (1).

Moreover, notice that (1) is the representation which unifies the derivat-

1ves and integrations.
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(IT) On the fractional calculus operator N* [3]
Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N " be

vA-l

-"_fr(‘““fc( @ ) ve&Z), [Referto(l)] (3)
¢

271 -z)
with N = im & (mEZ"), (4)
and define the binary operation o as
NP oN°f = N’N°f= N*(N°f) (a,BER), (5)
then the set
' {V}={V]ver} - (6)

is an Abelian product group ( having continuous index v ) which has the irtverse
transform operator (N*)™ =N"" to the fractional ccalculus operator N* , for the
function f such that f EF ={f; O;=IfJ< o, vER}, where f = f(z) and zEC.
(vis. ~o<v <o),

( For otir convenience, we call N* sN* as product of N” and N*.)
Theorem B. " F.O0.G. {N"} " is'an " Action product group which has continuous

indexv " for the set of F . ( F.0.G.'; Practional calculus operator group ) [ 3]
Theorem C. et

S:=&NIU{0}={"IU{VIU{0} (vER).
ThenthesetSisa commutative ring for the function f €F , when the identity

Ne«NP = pNT (N NP N E5), | (8)

(7)

holds. [ 5]
(1) Lemamaa. We have[] ]

gty e l@=) . (|De=B) w)
(1) ((z=0)"), =e (-b)( -<) (| T(-5) = ’

(i) (log(z-o), =-—e*"‘“r<a>(z—c>‘“ (Tl <),
log(z-¢)  (IT(x)|<=),

1
(i11) (2= ) ) =
F( a)
where z—c=0 for(ijand z-c=0,1 for(ii ). (iii),
L s INCEDY, (u.—-u(z),)
(i ) = ‘ v .
4 ) ) (u 'V)G_,. ;kgr(a_'—l_k) ua—kk ‘V=V(Z>




§ 1. Preliminary ; ‘

(I) The theorem below is reported by the author already ( cf. JF C, Vol. 27, May,
(2005), 83-88.).[31]
- Theorem D. [Let

PeBa.f.y) - \-SinJTOC'SiIlJTO.,f.—O:-‘,B) (1 P, Boy)l =M< ) (1)
: sina(o + B)-sina(y —a)

and

When o ,B.y €Z7 ., wehave :
(1) ((z=¢)"-(z= ), =€—E'—"’P(a.,ﬁ,7’,). %E%jf-—j(z; e (3,)
(Re(a+f+1)>0, (l+a-y)&Z, ),

.. a —imy r - 4~ -+ p-y
(11) (C.Z‘C)ﬁ'(z—C) ), =e” 7 O, B,y ) —é—’;—*—_aa_ﬁ'? (z—c)*F7, (4)
(Re(a+B+1)>0, (1+B-y)EZ; )
(iii) ((Z—C)a+ﬁ)7 = _I:.(I:_q_:_@(z_ c).a""g—", (5)
H-o~pf)
where ,
z-c= 0, y-a-Fh < @ |
U(-a-p)
Then the inequalities below are established from this theorem.
Corollary 1. We have the inequalities _
(1) ((z= )% -(z- ), =((z=c) (2= 9%),, ()
and ’
(i) (2= 0% (2= ), =((z—)"*),, (7]
where

o« By €EZ,, a=f, z-c=0.
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Corollary 2.
(i) When «,B.y €Z,. ad
Pl B.y)=AB.a.v) =1, (8)

we have
(2-0)°% (2= ), =((z=c) (2~ %), = (2=, (9)
(Re(a+ f+1)>0, (l+a-y)&EZ,. (1+B-7)€EZ,)-
(ii) When y =m€&€Z,, wehave ; ‘
(2= O (2= ) = (2= 9° (2= = (2= " ) (10)
(11) The Teorem below js reported by the author alpeady (cf. J- Frac. Calc. Vol.

29, May (2006),pp-35-44.) .[ 7 |
Theorem E. We have

(i) (((Z - b) g _ C)a)./ —e (z— b)aﬁ—r

x“{-aﬁ(ﬁk—aﬁw)( c )k (11)
&  Kr@Bk-aof) ((c-b)°

» {[r(ﬁk—aﬁw)l(w)

S TEE=ap) |
and
(i1) (@-5°-07) - D -
o ol Bk-aBfl( ¢ E 0
x; i b g(z-b)ﬁ) (n€Z) (12)
where
C
1
-5

and

(M, = AR +1) (A +k=1)=T(A +k) [T (A) with [AJy =1 ;

( Notation of Pochhammer )-



| §2. The Solutions to The Homogeneous Bessel Equations
- by Means of The N-Fractional Calculus

( Calculus in The 21 th Century )
Theorem 1-1. Let be ¢ = p(z) EF ,then the homogeneous Bessel
equation
| Llpsz;v]=0, 2"+, z+ @ (" -v*) =0 (z=0)

(1)

(g, =d°p/dz" for @>0, @, =@ =9(2)) -

has the solutions of the forms (fractionul differintegrated forms )
Group L

(2)

(3)

(4)
(5)

(6)
(7)
(8)
(9)

(10)

(11)

(1) p=ze e (e "), + M} =0y, (dénote)
.. . v i ~(v41/2) | ~i22 = '
(ii) @ =z'e"{ef (2 vzt MY = Pk
v ~iz¢ K, i2 ~(v+1/2 —
(iii) @ =2'e e (e ), Lt MY= 0
. : v i K, ~(v+12) _ i2
(iv) L p=re ez € )ucrse F M} = By
Group II.
. v iz -i2z _ v 1/2
(1) p=z e {e (e )- w+1/2) + M} = Prsy k)
.s -v xz v-1/2) , -lZZ
(11 ) Y=z {6 (Z ) v+ 1/2) + 1%} ¢[61(KM
- i2 V—1/2
(111) p=z"¢e" {e (e i ) werrzy T M} Pk )
. -v =i K v=-1/2 i2z =
(iv) @=z7e e (27T €T gy MY =P m)
where K and M  are the additional arbitrary constants of the
integrations.
Proof.
Set : @ =29, ¢=z) .
We have then
: @ = )°Z;--I¢+.Z;\¢'1
and

¢2 = /‘L</"‘- - 1)27-—2¢ + 212)\--1¢1 + z/'.¢2
Therefore, we obtain
2_.2
b, 2+ 2A+ D+ (2 +5FE) =0

from (1), applying (10), (11 ) and (12).
Choose A such that A>-v?=0, we have then

A=v, —v .

(12)

(13)

(14)
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( I ) Case /.\. =V ;
In this case we have

p=2"¢ (15)
from (10 ) and hence
G z+0, - 2v+)+¢-z=0 (16)
from (13). ' '
Next set
¢ =e*u (u=u(z)), (17)
we have then
¢, =ae”u +e®u (18)
and .
¢, =crze"“zz-z~25re“”u1 +e™u, . (19)
Therefore, we obtain |
Uz +u (2az +2v+1)+u-{(a’ +1)z+ a(2v +1)} =0 (20)
from (16), applying (17), (18) and (19).
Choose «o such that
| a’+1=0, . (21)
we have then .
a=i, -~i (22)
(i) Case a wi:
In this case we have |
p=eu (23)
from (17) and hence
U z+u (2iz+2v+ ) +u-i@v+1) =0 (24)

from (20).
Operate N-fractional calculus operator (NFCO)N' to the both sides of
equation (24), we have then
U, 2), + (- (2iz +2v +1)) +u -i(2v+1)=0, (v €Z7). (25)
Now we have

L Ty +1
(42), = ) k—f((y—lz'};; (), (2 =12 7 15, 8)
k=0 - '

and
(4, "2z +2v +1)), =u,,, iz +2v +D)+yu i2. 27



Hence we obtain
Upsy 2y, 2z +2v+1+y) +u, {2y +2v+1) =0 (28)

from (29), applying (26) and (27).
Choose y such that

2y +2v+1=0
that is, :
y=-(v+1/2) . (29)
we have then
_ Usygoy "Z +Uyyy (22 +v +1/2) =0 : (30)
from (28), using (29). \ :
Set U =W (31
we have then ' :
wI+W‘(2i'+ZiZL/—2)=O (32)

from (30). The solution to this variable separable form equation is given

by :

w= eK _4e-i22z-(v+1/2) ) (33)

where K is the additional arbitrary constant of the integration. '

(Seethe Note1.)

Therefore, we obtain

s =eK(e~i21 ,z-(wx/z))v_l/2 +M= ) ' (34)

where M is an additional arbitrary constant of the integration again such
that

u=w

Y, =0 . 5)
Next we obtain

U= W,y =€ (270D LA MR MVE Uay - (36)
changing the order '
“** and 27" in the parenthesis ( - ),,, in(34).
Notice that when (v-1/2)EZ;,

(34) and (36) overlap each other.
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We have then
iz i K, -i2z  _-(v+1/2) _
p=e’uy=e{e (e z Yvrz M} =gy
and

é =eizu[2] =eiz{eK(Z-(v+1I2) 'e-izz)v-uz +M} = ¢[2]
from (23), applying (34) and (36), respectively.
Therefore, we obtain
o= zy¢[1] =zveiz{eK(e-i2: .z (v+1/2))v-1/2 +M}= @)
-and
@ = zv¢[2] R {ex(z-(w.m) ,e-izz)v_uz +M}= Py
from (15), applying (37) and (38), respectively. '
(ii) Case a=-i ;
Set —i insteadof i in(2) and (3), we haye then

@ =zve-iz {eK(eiZZ _Z-(v+l/2))v—1/z + M} = (pp]
and
v -iz ¢ K, -(v+1/2 i2z
p=ze " {e (Z( )-e heaz TMP=@
frespectively.
(II') CaseA=-v ; ,
Set -v instead of v in @, ~ @, , we obtain

v iz Ky -i2 -1/2 -
Q= vetz{e (e ’ Z',ZV )—(v+1/2) +M}=¢[5](K'M)

v iz K, v-1/2) -2z =
g =27 (VP e )-eeuzy T M} = Py pny

-v -z K, 2z  _v-112 =
p=z"¢e {e(e 'z )—(v+1/2) "'M}”‘pm(KM)
and

v iz K, v-12_ _i% ’
p=z"e" e (z 4 )-(w-l/Z) + M} = @\ x.M)
respectively.

Note 1. Wehave

,&=_{i2+v+1/2)
w o\ z

38

- (37)

(38)

(2)
(3)

(4).
(5)

(6)
(7)
(8)

(9)

(39)

from (32). The solution to this variable separable form equation is given by

logw = —{i2z+ (v +1/2)logz} + Kloge

= —{i2z loge + (v +1/2)logz} + log €*
Hence

w =eK .é-i2zz-(v+]/2)

(40)
(41)

(33)



§3. The Familiax Forms of The Solutions in Section 2
Theorem'1-2. We have the familiar form solutions from the ones in

Theorem 1 - 1} as follows ;
Group I.
(1) Puyan =€ (=i2)" V227%™ E(1/2-v,1/2+v ; i/2z)+ Mz"e® (1)

=4 HP@) M (4 =m0 ), (2] <1) (1)
(1) @ygun =€ e V20 @v)z7"e™ EM/2-v;1-2v ; i22)+ Mz%" (2)
=BT M (B=eK 27 TRV)IL-v)e 1) (2
(IT@v-k)/T(v+1/2)[ <), ([i2z]<1)
() @y pay =€ G2 2% E(1/2-v,1/2+v ; 1/i22)+ M 2™ (3)
=CHP(2)+MZe™™  (C=e"Vm27%e™), (1/i2z]<1) (3)

(iv) ¢, oany = € e T (), Vg i V2-v;1-2v; —i2Z )+ Mz2e " (4)
(4K M) £ |
=D-JB@)+ Mze™ (D= 27T@V)DA-v)e "ty (4)

(JT@v-k)/T(v+1/2)| <), (|i2z]<D),
Group II.

(1) Proyanm = €(Hi2) VD2 B (172w 1/2+v ;i/2z)+ Mz (5)
A HO@)+ Mz (A =cKTm 270, (i) 22 < 1) (5)
(11) @gypp = € e A~ )z"e™ E@1/2+v;1+2v; z'Zz)ﬂ'-Mz'"e"z (6)
=B TP(z)+ Mz (B =X 2 T (-2 )T(L+ v)e ¢ D) (6

| (IT(-2v ~k)/T(~v+1/2)| <), (|i2z]<1),
(i) @ygpn =€ ((2) P22 E1/2-v,1/2+v ; 1/i2z)+ Mz7e 7 (7)

= C-HY@D)+ Mz (C =R YT 2 ey, ((1/i22) <1) (7'

fiv) Py i) =eKe”i“("+1/2)1“(—2v)zve”1F1(1/2+ vil+2v ; —i2z)+Mz7e"*(8)

=D IP@) 4 Mz (D =X 2 T(-2v)T AL+ v)e D) (8)

(IT(=2v -k)/T(=v+1/2)| <), (Ji2z]<1),

39
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Where JO(z) and J®(z) are the first kind Bessel functions and H (z)
and HP(z) are the Hankel functions. (Refer to the next section )
Proof of Groupl. Wehave
= T(1/2+Y)

K v iz, -ilz _~(v+1/2 K v iz ¢ ~i2z ~(v+1/2)
ez'e (e 2z =¢ze e, 1puZ (9
( )v—1/2) zok! T(L/2+v -k)\ ) 1/2 i e )

( by Lémma (iv) )
V-1/2k -i2z -ink I'(v+1/2+k) 720 (10)

K_v iz r(1/2+1/) (~i2

=eze (~i2) ‘
REITA/2+v k) S L'(v+1/2)
= KV 2gmix _ppyr-r2 [1/2-v],[1/2 +V]k(_i22)-k 11
=0 k! ) ,

= ef(-i2)y P2 e R (12 - v, 12+ v 38/22)  (li/2z]<1) (12)

=A-H? (Ji/2z]<1) (13)
since
LT -2 .« T(X) .
T(A—k)=(-1)* =22 oyt 2L rez?)y, 14
(=B = (U TS (U (REZ), (1)
(), =Xe'* (15)
<zk),=e“‘"’%f£‘).2“’ (T(r -A)/T(-A)| <)  (16)
and
A -
R a7)
Therefore, we have
Py =AH?@) +Mz%" . (1)
. Next we have
eszeiz (Z—-(v4-1/2) B e-iZZ)V_UZ)
vizm r1/2+ s =(v+ -i2z
metse kzuk!r((l/z +1:,)—/c)\z ¢ 1/2))v-1/2-k(e : i (18)
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7.4 V iz ( 1)k[1/2' v]k —1-:(v—1/2-1) P(Q’V k) —2v+k 2 k -i2z 19
TeEe ,2, k! Twelz)” (e (12

(IT@v-k)/T(v+1/2)| <)

_ K -izlv-1/2) -v -iz {1/2 ]k 20
ee T(v)z"e ,Z——_——k'[l 2 ]( z)* (20

..uz(‘v-l/ Z)P(ZV)Z_Y -iz f’;(l/z -V ;1 - 2V ; ZQ’Z) ( I lzzl < 1) (12)

-89 . (li/22]<1) - (13)
Therefore, we have |
Py = B IS @) +MZe” : (2)
Next we have |
¢[3](K,M) H'(l)(Z)"'MZV = ’ . ( 3 )l
and
Pyran = DI N2) + Mz, (4)
setting |
‘ —i - instead of i In @y, aNd 1N Qe
respectively.

Proof of Group IL
| Set —v instead of v In @uyxay ~ Py *

we have then Pisyx.iry ~ Prsx,m) « respectively.

§4,The Hankei Function 'and' The First K.ind’Bessel Function
[X] Wehave the representations as follows.

H(vl) (Z) - (Z/J_L_)llze-ia’ri(v/2+1/4)Z‘-1/ZCEZF8(1/2+ v, 1/2 -v; 1/212_) (1 )

(-7 <argz <27m) (|1/2iz]<1)
and

H—iZ) (Z) (2/]_5)1/2 L-r(v/2+1/4) -1/2 -xzzf‘;(l/z v, 1/2+ v; —1/212') (2 )

(-27m <argz <) (|-1/2iz}<1).
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(cf. A Treaties on the Theory of Bessel function; by G.N. Watson,(1962),
p-198; Cambridge).

Where HY (}:) and H®(z) are the Hankel function.

However, here we set
(2/7) 2 T U2 B (12 +v,1/2-v; -1/2iz) = H(2) (3)

| (|1/2iz| <1) - (denote)
and :
@/ 72BN B2 2y, 12 +v; -1/22) = H(z)  (4)

(|-1/2iz] < 1)
we hawve then

2% o1/ 2+ v,1/ 2~ v;1/2iz) =/ 272 VO 7) (5)
and
Z-llZe-izZI%(l/z +v, 1/2 —v; —1/212) = '\/-7?2_1,2€-ix(v,2+1/4)H,(,2)(Z) (6 )

from (3 ) and (4 ), respectively.

[II] Nextwe have
7.(2) 11)— E@/2+v;1+2v; —2zz) =I2@)  (-2z]<)  (7)

and

Jv<z>=e‘k1%%)7v) B2+ v 1+2v;2i2)=T2(2)  ([2iz]<)  (8)

(cf. Volume of Watsor; p.191). Where J,(z) is the famouse first kind
Bessel function.
Here J®(z) and J@() are denoted by the author, for our

convenience, refering to the Hankel function.

We have then

e E/2+v;1+2v;-22)=2TA+v)JP(z)  (-2z|<p)  (9)
and
Ze™ FU2+v;1+2v;2i2) =2 TA+ WP @) ((2z[<1)  (10)

from (7 ) and (8 ), respectively.



Therefore, we have the presentations that are shown in section 3. using

(5),(6),(9)and (10), respectively.

§5. Commentary
[I] Set K=M =0, we have then the below respectively.

Theorem 1. Let be ¢ = ¢(z) EF ,then the homogeneous Bessel equation

Ligzwv]=0,2° +9, 2+ @ (22 -v*) =0 (z=0)
(¢, =d°p/dz" for a>0, @, =@ =9(2))

(1)

has particular solutions of the forms (fractional differintegrated forms )

Group L.
(i) Q= Z"e’i’(e"'Zz 27Dy, =@y, (denote)
( i i) qo - zveiz(z—(v+1/2) 'e‘izz)'v—IIZ = qp{ 2
(1iii) @ = Zve_iz(e gl Jv1/2 = Py
(iv) p = Zve’iz(z-(v“/z) 'em)v-uz = ¢[4]
Group IL
(i) @ =z (e 'zv-1/2)~(v+1/2) =953
(ii) Q= Z-ve”(zv—ll2 ) e_m)-(wx/z) =@
(iii) @ =Z_ve—iz(ei2z'Zv-llz)-(vu/z) =@
(iv) @ =z"e" ") e 2J‘ =% -

from Theorem 1 - 1, and

Corollary 1. We have
Group 1.

(1) oy =(=2)™27 %™ F(1/2-v,1/2+v;i/2z)  (|i/2z]|<1)
=A'H§2)(Z) ' (A =\/;'L'- 2v-le-inv)

. _ ~im(v- -¥_ =i
(i1) @y =™V (2y), % EA/2-v1-2v2iz)  (2iz]< D)

(T @v-k)/T(v +1/2)] < »)
=BJ?%z) (B= 27TV (1~ v)e "0112)

(2)
(3)
(4)
(5)

(6)
(7)
(8)
(9)

(10)

(10)'

(11)

(11)'
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(i) @y =2y 2 2V%"  F(1/2-v,1/2+v;1/22)  (|1/2iz|<]) (12)
=C-HPz) (C=+m 277%™) (12)"

(iv) @y =™ V@V FU2-v;1-2v;-2iz)  (|=2iz|<D) (13)
(JT@v-k)/T(v+1/2)|<®)

=DJ%z) (D=2"TEVIA-v)e™ D). (13)’
GroupII.

(i) @ = (=2 ¢V B (1/2-v,1/2 +v;i/22) (li/2z|<1) (14)
-4 HP) 4 =7 277e) | (14)"
(il) @y =e™ I (-2v)2"e™  E(1/2 +v ;1+2v;2iz) (|2iz]<1) (@15) |
(|IT(-2v =k)/T(-v+1/2)| <)
=B IP@) B = 2T(=2v)[1L+ Ve ) (15)'

(iii) @ =(2) """z Vg L @/2-v,1/2+v;1/2iz)  (J1/2iz]<1) (16)
-CHYz) (€ =m 277 (16)’

(iv) @ = e VDT vy 2% E(L/2 +v;1+2v; - 2iz) (|-2iz|<1) (17)
(IT(=2v k) /T(-v+1/2)| <)
=D JP(z) (D = 2 T(2V)T (L +v)e ) (17)"

from Theorem 1 - 2.
[I] In the volume of Prof. K.B. Oldham and J. Spanier, the below is
shown. That is,

As an example of the way differintegration can be used to tackle classical
differential equations, we here consider Bessel’s equation, which arises
in connection with the vibrations of a circular drumhead, as well as in other
important physical applications. The modified Bessel equation, which differs
only in the sign of the third term, and which arises in a number of diffusion
problems, is equally amenable to the approach we here take.

The equation



d*w dw v:
10.3.1 X2 e b X e X —— W =
( ) a2 Y ix [ 4] 0

is a form of Bessel’s equation. As is the rule for second-order differential
equations, its general solution is a combination of two linearly independent
functions w, and w, of x, each of which depends on the parameter v. The
usual method of solving (10.3.1) is via an infinite series approach, but we shall
demonstrate how differintegration procedures lead to a ready solution in
terms of elementary functions. .

We start by making either of the substitutions
w=x*¥y,

where v denotes the nonnegative square root of %, so that equation (10.3.1)

is transformed to
2

d*u du
(103.2) - | xz?ﬁ-[l‘iv]zx—-lfu-o.

( From p.186 ; The Fractional Calculus (1974) ; by K.B. Oldham
and J. Spanier. Academic Press, Inc. London, LTD.)
And the solutions to the equation (10.3.1) above are shown as follows.

Cw(x)=Vm I, 2J7)  and  w,(v,x) =7 J, (7).

Note. The equation (10.3.1) ‘above is misprinted. The correct form is

[IIl] Compare the our method and results with that of Frobenius and

that of Prof. KB. Oldham and J. Spanier, and that of others. :
Our definition of fractional calculus and its application to the so called

Special differential equations are the most excellent ones in the field of

fractional calculus :
Notice that, in our NFCO-method the homogeneous and nonhomoge-

neous linear second order ordinary differential equations are reduced to
"variable separable form one and to linear first order one" respectively.
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