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ON FUNCTIONS STARLIKE IN ONE DIRECTION
MAMORU NUNOKAWA AND JANUSZ SOKOL

ABSTRACT. Tn this work we investigate the notion of starlikeness in one direction.

Let H denote the class of all analytic functions in the unit disc D = {z: |2| < 1} on the complex
plane C. Recall that a set E C C is said to be starlike with respect to a point wy € E if and only
if the linear segment joining wy to every other point w € E lies entirely in E, while a set E is said
to be convex if and only if it is starlike with respect to each of its points, that is if and only if the
linear segment joining any two points of E lies entirely in E.

Theorem 1. Let p(z) = 3 2 cn2™ be analytic in D. Assume also that p(z) # 0 in D. Then there
exists a number 6y, 0 < 0y < 7 for which

(1) argp (¢"*%)) = argp (¢*) .
Proof. From the hypothesis, we can define the function
2 (6) = argp (¢“™*%) — argp (),

where 0 < 6 < 7. Then we have the following three cases as
(1) 9(0) =0, (i) ¢(0)>0, (i) »(0)<O0.
For the case (2), it proves (1) and for the case (i), we have
p(m) = argp(e*") —argp (™)
— (argp (¢") — argp (¢7))
< 0.

i

Applying the intermediate value theorem, there exists a number 6y, 0 < 8, < 7 for which
¢(fo) =0
or _ _
argp (€""%)) = argp (e”).
For the case (ii¢), applying the same method as the above, we can complete the proof of (1). O

Definition 1.
Let us call the diametal line of p(z) with respect to § = 6, if the straight line passes through 3 points
p (™) w=0and p (ei).

Definition 2.
In the Definition 1, if the diametal line of p(z) with respect to § = 6 has only 2 common points
with the image curve of |z| = 1 under the mapping w = p(z), then we call that p(z) is starlike in the
direction of diametal line with respect to § = 6.

These ideas of being starlike in one direction was introduced by M. S. Robertson in [1].

Lemma 2. Let p(2) = 3.2 cn2" be analytic D. Assume also that p(z) # 0 in D. Then there exists
at least one the diametal line of p(z). .

2000 Mathematics Subject Classification. Primary 30C45, Secondary 30C80.
Key words and phrases. analytic functions; convex functions; convex of order alpha; univalent functions; differential
subordinalion.



82

Proof. From the above argument in the proof of Theorem 1 and Definitions 1 and 2, we can casily
prove Lemma 2. O

Lemma 3. (Carathéodory’s lemma) Let p(z) = Y oo cn2™ be analytic and Rep(z) > 0 in D. Then
we have

(3) Re{2co} > len] neN={1,2,3,...}.
Proof. Let us put

1 ia n _ n Elf —
@ =5 [ _peme = - yNT, (= -
Then we have
I = 2co — |ca
and
2%
Re{l} = sne{-f; / p(e‘(“+°))sin2(n0/2)d0}
]
= Re{2c ~ |cnl}
> 0
or

Re{2c0} > |cn| ne€N.
a

Theorem 4. Let p(z) = 1+ 300, ca2™ be analytic in D. Assume also that p(2) # 0 in D, 0 < 1
and suppose that p(2) be starlike in the direction of the diametal line of p(z) with respect to § = 0
and diametal line coincides real azis. Then we have

(5) len]l <ney neN={1,2,3,...}.
Jm
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Fig. 1. A picture of Theorem 4.
Proof. From the hypothesis of Theorem 4, we can have the following
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where z = € and 0 < ¢ < 7. Then, from Caratheodory’s lemma 3, that Re {2¢c;} > |c,|, we have

(6) 2l <2
¢
and
) 'ﬁ:(-:f"-:i <2 n=34,5,..
1

From (6) and (7) we obtain (5).

0

Theorem 5. Let p(z) = 1+ Y 7 | cnz™ be analytic in D. Assume also that p(2) # 0 in D, ¢; # 0
and suppose that p(z) be starlike in the direction of the diametal line of p(z) with respect to 6 = J3.

Then we have

(8) ne 2 lenl neN={1,2,3,...}.

a
Q‘?a

Fig. 2.a = p(e'™*9), e = p(e'?).

Proof. Let us put a = argp(e*’), v = argc; and

1) = 2 (6 - p152)

ey z

cl ei(ﬂ"ﬂ Czei(zﬁ"')') ei(ﬁ"}’) 2iﬁ 9
= -}z

R v iy e )

ei(zﬁ"‘Y)

(ca€® — ) 23+ ...

|01|

H(n=2)5—)

T (e )

.+.

From the hypothesis of Theorem 5, we have

Re{I(2)} >0 zeD.
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Applying Caratheodory’s lemma 3, we have

Re {26040} > |2,
- la
Re {26V} > e —a
2 o
i _
Re {2/F24N} > ue’ — o
2 o
2
Re {2ei(ﬂa+'7)} > Cn€ i Cn-2
C1
Applying the mathematical induction, we can easily obtain Theorem 5. a

For other results on the several problems connected to the starlikeness we refer also to the recent
paper [4].
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