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ISOMETRIES ON THE SYMMETRIC PRODUCTS OF THE
EUCLIDEAN SPACES WITH USUAL METRICS
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1. INTRODUCTION

As an interesting construction in topology, Borsuk and Ulam [3] introduced
the n-th symmetric product of a metric space (X, d), denoted by F,(X). Namely
F,(X) is the space of non-empty finite subsets of X with at most n elements
endowed with the Hausdorff metric dp, i.e., Fp(X) = {4 C X |1 < |A| <n} and
du(A, B) = inf{e| A C B4(B,¢€) and B C By(A,€)} = max{d(a, B),d(b,A) |a €
A,b € B} for any A, B € F,(X) (see [10, p.6]).

For the symmetric products of R, it is known that F3(R) ~ R x [0, 00) and
F3(R) ~ R3 (see Section 3). It was proved in [3] that F,(I) is homeomorphic to
I" (written F,,(I) ~ I") if and only if 1 < n < 3, and that for n > 4, F,(I) can
not be embedded into R", where I = [0, 1] has the usual metric. Thus, for n > 4,
F,(R) % R". Molski [12] showed that F»(I?) ~ I4, and that for n > 3 neither
F,(I?) nor F5(I") can be embedded into R?*. Thus, for n > 3, F,(R?) % R?>" and
F(R™) % R?*,

Turning toward the symmetric product F,(S!) of the circle S!, Chinen and
Koyama [9] prove that for n € N, both Fy, 1(S') and F,(S!) have the same
homotopy type of the (2n — 1)-sphere S?"~!. In [7] Bott corrected Borsuk’s
statement [4] and showed that F3(S') ~ S®. In [9], another proof of it is given.

For a metric space (X,d), we denote by Isomg(X) (Isom(X) for short) the
group of all isometries from X into itself, i.e., ¢ : X = X € Isomy(X) if ¢
is a bijection satisfying that d(z,z") = d(¢(z),#(2’)) for any z,2’ € X. Let
n € N. Every isometry ¢ : X — X induces an isometry x () : (Fn(X),dg) —
(Fa(X),dy) defined by x(n)(¢)(A) = ¢(A) for each A € F,(X). Thus, there
exists a natural monomorphism x(,) : Isomg(X) — Isomg, (F,(X)). It is clear
that x(») : Isomg(X) — Isomg, (F,(X)) is an isomorphism if and only if x(, is
an epimorphism, i.e., for every ® € Isomg, (F,,(X)) there exists ¢ € Isomy(X)
such that ® = x(,)(¢).

In this paper, it is of interest to know whether x@m) : Isomy(X) —
Isomg, (F,(X)) is an isomorphism for a metric space (X, d). Recently, Borovikova
and Ibragimov [5] prove that (F3(R), dy) is bi-Lipschitz equivalent to (R3, d) and
that x(s) : Isomg(R) — Isomg,, (F3(R)) is an isomorphism, where R has the usual
metric d. The following result is a generalization of the result above and the
affirmative answer to [6, p.60, Conjecture 2.1].



Theorem 1.1. Let | € N and let X = R! or X = S' with the usual metric d.
Then x(n) : Isomg(X) — Isomg, (F(X)) is an isomorphism for each n € N.

In Section 4, we give the main ideas of proof of Theorem 1.1. In Example
5.2 below, we present a compact metric space (X, d) such that x(»)(Isomg(X)) #
Isomg, (Fr(X)) for all n > 2, ie., x(@) : Isomg(X) — Isomgy, (F,,(X)) is not an
isomorphism. And, in Section 3, we provide another proof of [5, Theorem 6]. Its
proof is based on the proof of [11, Lemma 2.4].

2. PRELIMINARIES

Notation 2.1. Let denote the set of all natural numbers and real numbers by N and
R, respectively. Let d be the usual metric on R, i.e., d(z,y) = {3, (z;i —:)2}/2
for any = = (z1,...,7),y = (¥1,--.,u) € R.. Write §' = {z = (z1,...,%141) €
R*1| 241 22 = 1} with the length metric d. Denote the identity map from X
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into itself by idx.

Definition 2.2. Let (X,d) be a metric space, let z € X, let Y, Z be subsets
of X and let € > 0. Set d(Y,Z) = inf{d(y,z)|y € Y,z € Z}, and By(Y,¢) =
{z € X|d(z,Y) <¢}. fY = {y}, for simplicity of notation, we write By(y,¢) =
By(Y, €) and Sy(y, €) = Sa(Y, €).

For n € N, the n-th symmetric product of X is defined by

Fo(X)={AC X|1<|A| <n},
where |A| is the cardinality of A. Write Fi,,)(X) = {4 € 2% ||A] = m} for each

m € N. Let Isom(X,Y) = {¢ € Isom(X) | ¢(y) =y foreachye Y} for Y C X.
Set r(A) = min{{1} U {d(a,a’) |a,a’ € A,a # a'}} for each A € F,(X).

3. A METRIC SPACE IS BI-LIPSCHITZ EQUIVALENT TO THE SYMMETRIC
PRODUCT OF R

In this section, we give another proof of [5, Theorem 6] which is based on the
proof of [11, Lemma 2.4]. |

Definition 3.1. Let n € N. Set F:(I) = {A € F,(I)|0,1 € A}. It is known
that Fy(I) = {{0,1}}, F3(I) = {{0,¢,1}|0 < t < 1} = S}, and, F;(I) =
{{0,s,t,1}|0 < s < t < 1} is homeomorphic to the dance hat (see [16]). In
general, Fy (I) is contractible but not collapsible, and Fy;,_ ,(I) has the same
homotopy type of S"*1. In [1], it is called the spaces Fy,(I), n > 2, higher
dimensional dunce hats (see [1]).



Definition 3.2 ([11]). Let (X,d) be a metric space with diamX < 2. Set
Cone’(X) = X x [0,00)/(X x {0}), is said to be the open cone over X, with the
metric de([(z1,1)], [(z2,t2)]) = |t1 — ta| + min{ts, t2} - d(21, 22)-

Definition 3.3. Let f : (X,d) — (Y,d') be a map. The map f is said to be
Lipschitz (bi-Lipschitz, respectively) if there exists L > 0 such that

d'(f(z1), f(22)) < Ld(1,22)
(LY d(z1, z2) < d'(f(z1), f(z2)) < Ld(z1,1,), respectively)

for any z;,7, € X. (X, d) is said to be bi-Lipschitz equivalent to (Y, d') if there
exists a surjective bi-Lipschitz map from (X, d) to (Y, d').

Theorem 3.4 ([11]). Let n € N with n > 2. Then (Fn(]R) dg) is bi-Lipschitz
equivalent to (R x Cone’(F(I)), p), where p= /d? + (dg)%
Sketch of Proof. Let Z = {A € F,(R)| min A = 0}. For every A € Z there exists
the unique £ € F;(I) such that A =tE, where t = max A.
Stepl: (F,.(R),dy) is bi-Lipschitz equivalent to (R x Z p;), where p; =
2 + (dg)?. In fact, we can show the following.
Stepl.l: Amap f: F,(R) > Rx Z : A+~ (min A, A—min A) is v/5-Lipschitz.
Stepl.2: Amap f:R X Z — F,(R) : (b, A) = A + b is 2-Lipschitz.
Step2: (Z,dy) is bi-Lipschitz equivalent to (Cone’(F;(I)),(dy)c). In fact, we
can show the following.
Step2.1: A map g: Z — Cone®(Ex(I)) : tE — [(E,t)] is 1-Lipschitz.
Step2.2: A map g~ : Cone’(F*(I)) — Z : [(E,t)] = tE is 3-Lipschitz.
By the above, (idg X g)o f : F,(R) = R x Z — R x Cone’(E*(I)) is a bi-Lipschitz
equivalence. O

Corollary 3.5. (F3(R),dy) is bi-Lipschitz equivalent to (R x [0, 00), d).
Proof. By Definition 3.1, F5(I) is one point, thus (Cone®(F5 (L)), (dg)c) is corre-

sponding to ([0, 00),d). By Theorem 3.4, (F3(R),dp) is bi-Lipschitz equivalent
to (R x [0, 00), d). | ' O

The following result is first proved in [5, Theorem 6]. We gi';fe another proof
by use of Theorem 3.4.

Corollary 3.6 ([5]). (F3(R),dg) is bi-Lipschitz equivalent to (R®, d).

Sketch of Proof. We note F3(I) = {{0,t,1}|0 <t < 1} =~ S
Stepl: We can show that (Cone®(F;(I)),(du)c) is bi-Lipschitz equivalent to
(Cone ("), (dJst)e). |
Step2: We can show that (R?, d) is bi-Lipschitz equivalent to (Cone®(S*), (d|s:)c¢)-
By Theorem 3.4, (F3(R), dg) is bi-Lipschitz equivalent to (R3, d). a
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Remark 3.7. We note that F5(R?) ~ R*. Indeed, we can define a homeomorphism
h : F3(R?) — R? x Cone’(S!/z ~ —z)(~ R*) by

(m(A), [(W,di&mﬁl)}) if diam A # 0
h(A) =
(m(A), the cone point) if diam A = 0,
where m(A) = a if A= {a} and m(A) = (a +a')/2if A= {a,d'}. In general, we
see that F5(R') =~ R! x Cone’(S'~!/z ~ —z) for each | € N.

4. ISOMETRIES

Lemma 4.1. Let n € N and let (X, d) be a metric space such that
(1) @|p(x) € Isom(F1(X)) for each ® € Isom(F,(X)), and that
(2) Isom(F,(X), Fi(X)) = {idp,x)}-

Then, X(n) : Isom(X) — Isom(F, (X)) is an isomorphism.

Proof. Let ® € Isom(F,(X)) and let A, = {z} € Fi(X) for each z € X.
By assumption, ®|pmx) € Isom(F1(X)). Denote ®(A4;) € Fi(X) by {¢(z)}
for each x € X. Then, ¢ : X - X : z — ¢(z) is an isometry. Set
Y = Xm)(¢p7') o @ € Isom(F,(X)). We claim that &'|p(x) = id|px). In-
deed, ®|p,x) = X(n)(®)|Fx) and Xm)(@71) = (Xw)(4)) . By assumption, we
have that ®' = idp,(x), therefore, ® = x(n)(¢), which completes the proof. O

Definition 4.2. Let (X,d) be a metric space, let n € N, let ¢ > 0 and let
A € F,,(X). Define

Dy(A,e) =sup{k € N| Ay,..., Ay € S4, (A, €),du(Ai, Aj) = 2¢ (i # )} € NU{oo}.

Lemma 4.3. Let l,n € N, let X = R or X = §' and let ® € Isom(F,,(X)).
Then, ®|p,(x) € Isom(F1(X)).

Sketch of Proof. Let n € N with n > 2.

Stepl: Let A = {a;} € Fi(X) and let ¢ > 0 with ¢ < r(A). We can show that
D,(A,e) = 3. .

Step2: Let(m é N with m > 2, let A = {a3,...,an} € Fm)(X) and let ¢ > 0
with € < r(A)/5. We can show that D,(A,¢€) > 3.

Let ® € Isom(F, (X)) and let A € F,(X). From the definition of D, (A,e¢),
we obtain D,(A,¢) = D,(P(A),e) for each 0 < ¢ < min{r(A),r(®(A4))}. By
the above, we see that A € Fj(X) if and only if ®(A) € Fi(X). Therefore,
®|py (x) € Isom(F;(X)). O

Lemma 4.4. Let [,n € N. Then, Isom(F,(R"), F(R")) = {idp, &t} -



Sketch of Proof.
Stepl: Let [,n € N and let ® € Isom(F,(R'), Fi(R')). Then, ®|5r) = idpm).
Step2: Let n € N with n > 2 and let ® € Isom(F,(R'), F;{R!)) and let A €
Fm)(R"). We can show that ®(A) C A. If similar arguments apply to
®(A) and 7!, we obtain A = d~1(®(A)) C ®(A), therefore, A = O(A).
d

Lemma 4.5. Let [,n € N. Then Isom(F,(S'), Fi(S")) = {idg, s }-

Proof. Let ® € Isom(F,(S'), Fi(S")), m € Nwith2 < m < nandlet A € F,(S).
We show that A = ®(A). Let a € A and let o’ € ' be the anti-point of a. Since
du({a'}, ®(A)) = dyg(®({d'}), ®(A4)) = dry({a'},A) = 7, we have a € ¥(A),
therefore, A C ®(A). If similar arguments apply to ®(A) and &1, we obtain
®(A) C &71(P(A)) = A, therefore, A = ®(A), which completes the proof. O

The proof of Theorem 1.1. By Lemmas 4.3, 4.4 and 4.5, the conditions in Lemma,
4.1 hold for (X, d), which completes the proof. (|

5. QUESTIONS

Question 5.1. Let [,n € N with n > 2. When (X, d) is a following space, is
Xn : Isomg(X) — Isomg, (F, (X)) an isomorphism?
(1) X = R has a metric do, where doo(z,y) = max{|z; — yi||i = 1,...,1}
forany:cz(xl,...,xl),y:(yl,...,yl)EX. :
(2) X is a convex subset of R'.
(3) X is an R-tree (see [2] for R-trees).
(4) X is the hyperbolic l-space (see [8] for the hyperbolzc l-space).

- Example 5.2. Let n,m € N with 2 < n < m and let (X, d) be an m-points
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discrete metric space satisfying that d(x,z’) = 1 whenever z # z'. Then, F,(X) .

is a discrete metric space such that dy(A, A’) = 1 for any A, A’ € F,(X) with
A # A'. Thus, [Isom(X)| = |X|! < |Fo(X)|! = |Isom(F, (X ))| therefore, x(n) :
Isomy(X) — Isomg, (F,(X)) is not an isomorphism.

This drives us to the following question as the generalization of Theorem 1.1.

Question 5.3. Let (X, d) be a connected metric space. Then, is x(n) : Isom(X) —
Isom(F,(X)) an isomorphism?

Question 5.4. It is known that F3(S') ~ S3. Is F3(S') bi-Lipschitz equivalent to
S32
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