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Separability cone and its dual cone
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1. Introduction. CZDOFEBEIIMRFNEEEDOEDTHS. M, i k x k BHRITHD
LTS, CHIEREAHE () T Hilbert ZERICA%. ZD norm % || - ||, TEY.
M, @ positive semi-definite matrix @ %9 cone Z M T&XKT.

CDEEDFEEIL tensor B M,, @M, THBH, fGEDZD m =n DFEFDOHEE
=4 I N

M, ® M, IZIEBODDBEREE—ENHS: A=[ax], B=[Bjx] € M, ICHLT

Mn®Mn ~ Mn(Mn) ~ an
A®B ~ |akBlix ~ [0k0pdlipikia-

T T T M,(M,) & n x n matrix % entry Ic %D n x n block-matrix DZERTH 5.
HERZDIZ, TOE—HDOTTABeM, = A®Be M:;z XBEETHD. TOHE
EDTIC3DD cone & M, @ M, ICEALKS.

0= M3, P, := Conv(M;} 2 M}), P := dual cone of P.,.
n n n

ThbE TeP. &L T=T* (TIS)>0 YSeP,.

BAS M
Br C Po C P-
THDO, P, P D dual cone ICKD, Py I selfdual TH 5.
Matrix T € PBo B Py KBTS L X T I separable THB ELEV, FIHThENVEZIE
entangled L EHN%. §T4&bHE T A separable & 13

T=) A®B, 3A4,B,cM;
)
DL TH5. P, % separability cone LPFEES .
M, O linear map DZER/ £(M,,) LLLTFOMNIST M,(M,) LA—RENns:
LM,)3d ~ Cq:=[P(E;r)ljr € Ma(M,).

T T Ejx (5,k=1,2,...,n) & M, ® matriz unit TH%. §7%bHH C* O canonical
ON.%e; (j=1,2,...,n) Zff>T E; = eje;, LEMND. TTTHEETBDIE, vector
z,y € C" & column vector & LTEDS. Leh>T (ylz) = y*z THBZH, zy* I&
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M, DILTH 5. TOER—HDOFTTD L£(M,) D norm & Hilbert-Schmidt norm 27 5.
Z @ block-matrix Cp % linear map ® D Choi matriz & PFES.

Linear map ® @ positivity i& (M) Cc M TEZRENS5HD familiar KEDTH 5.
& D completely positivity 13 X HENTZBEZTH . FIC & D super-positive &1

O(X)=> (A4|X) B, 3A,B,eM;

P

DELTSB. Thb 3D positivity & FICEA U7z 3 DD cone DREICIE, Choi matrix
ZMHALT, UTFOESadiahdh s :

® super-positive <=  Cg € Py,
® completely positive = Cs € Po,
® positive <<= Cgpe'P_.

T T T completely positive & cone Py DI ISITAR L IIERWFER T Choi [1] 12K B.

E = [Ejxlix BKU I := I, ® I, (identity matrix) £&E &, E & identity map
X — X @ Choi matrix T Y, I & linear map X —— Tr(X) - I, ® Choi matrix &
HoTWa. HAOMNMCEe P, TIle P, THA.

Linear map ® O positivity IZAFREBESZDIZ, cone P IFEARE LIZHIRLHIEX
T, DU T B IKEFEELTITL. 2 D0 linear map D composition I B RED
Lemma (3 trivial & D TH BN, FVAIK K> TIRICILD.

Lemma 1.
(i) ®, ¥ positive = Wod positive.
(ii) ® super-positive, ¥ positive = Wo®d, o ¥ super-positive.

Linear map O super-positivity D¥[EIE—RIc RETHBH, KOEHATHS.
Lemma 2. (Horodecki’s [3]) & A\ positive D & &

® super-positive <= ¥ o ® completely positive V positive ¥

INZESLTID || <1 DEMHEICHSZEDHTRT separable TH B Z LHH]S !
Theorem 3. (L. Gurvits and H. Harnum [2])) T =T* |T|: <1 = I+TeP,.
§2. Properties of the cone P_. T =T* K& DM Py IKET B D E 5 DT eigenvalue

T TRESZLEID, P_IKBTEEDDREMEIIRVASHTHERL. XEIL Theorem
3 @ dual form ThH 5.

Theorem 4. TeP. = Tr(T)>|T|..

Ortho-projection P IC LT P e P, THHZ L PL =1-PeP, ThHhacLl
WXHEMETIE AW, LA L Theorem 3 S REH 5.
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Theorem 5. Ortho-projection P, rank(P) =1 = PLeP,.

M, T transposition map X —— X7 IZBH5HIC positive TH 3. Linear map d €
£(M,) ® Choi matrix B T = [Tji];x TH5 L ¥, linear map X — &(XT) D Choi
matrix & [Ty;];x 3 %DH (4, k)-block-entry % (k, j)-block-entry I ANEZ 7z & DI/
%. Mp,(M,) TOZ DXz T £LEX partial trnaspose LFHES. (AQB) = AT®B
THEND, P C Py, BXUED dual LT P_ C P LH3D, T3 ¢ Po. TH

I ¢ E ICE8#T % matrix D eigenvalue ZFHNTH IS :

n?-1

E € Py o(E) = {n,0,...,0},
nn2+12 n{n—1
——
E" e . o(E) = {I,...1, 71,..., -1},
n2-1
I-Eep_ o(I-E)={T,...1,~(n—1)},
n(n—1 n!n2+1
2
Y N -
I-E €%, cI-E)={2,....20,.. 0}

B{RR7 matrix O separability ICBEL Tl Lemma 2 ZFIHT 2 2 L B HET, kb
BOERBNEICKS.

Theorem 6. (A.O. Pittinger and M.H. Rubin [4]) I+Ee€ P, TI-E € P_.

CNZCRT 57)IC partial trace map p;i(1) i = 1,2 BEZ LS. M, 3 X — XQI, €
M, ® M, & positive linear map THAHDT, T D adjoint map & ¢,(-) LE L, Th
E M, M, 5 M, D positive linear map IZ7% D

(X ® I,|T) = (X|e1(T)) VXeM, TeM,®M,
THRHEMFS5NB. [FARKIC partial trace map o(-) 1&

(I.®Y|T) = (Y|p2(T)) VY EM,, TeM,®M,

TREMI SN2 M, 8 M, 5 M, "\ positive linear map TH 3.

I+ E (& linear map (X)) := Tr(X)- I, + X ® Choi matrix Td 5. Theorem 6 IZX D
T super-positive THB. D & I Choi matrix B T TH S positive map ¥(-) %
KD compose 35 L, Z0D Choi matrix i ¢ (T)® I, + T, £1-AH S compose T35
£ Z® Choi matrix ¥ po(T)® I, + T &7%%%. ULHHN>T Lemma 1 ZfF> & Theorem
6 MOREMNTS.

Theorem 7.

p1(T)@I,+TeP, and I, Qp(T)® I, + T € Py,
TeP. =
oi(T)®I,-TeP_ and L, Rxp(T)®I,—Te€P_.
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Separability DEZEN S

901(T> ®In -T € ‘/me
Te -
P+ { I,®po(T) - T € Py
SO TH BN, —fKicik

cpl(T)®In—T€‘ﬁo,
T e
Po = {In®g02(T)~T€‘Bo
THB. Ll

- (Pl(T)®In_T€‘B0a
o o {4h®mﬂU—Temo
HVH[B.
§3. P_-best approximant. T =T*e€ M, M, /2L T

So — Tllz = Slélqgo IS — T2

&% % Sy € Py lE unique ICEE 5. EBE Sy = T+ (positive part) THD
T =Sy — (T — So)

& T @ Jordan 73R L 7x%. TDELE Syl T D spectre NENSEEELNS.
T T T cone Py % separability cone P, ICEZTz L ¥ L

IS0 — T2 = Slelg+ 18 — T2
£7%% Sy € P A unique ICEES. TN%E T D P -best approzimant EMERZ L LT
%. Sy A T @ P, -best approximant D & FX T™ D P, -best approximant & 7 &7%&

B LIXHASHITHS.
Best approximation O—f&RH B RENF SN 5.

Lemma 8. So A’ T @ P, -best approximant & 7% % HEFETHEMFIE
So—TeP. and (So—T|So) =0.

T O P,-best approximant ZEEICRET S LIIRETH S A, Theorem 6 &
Lemma 8 Z{f 5 L RENFENS.

Theorem 9.
(i) E @ P, -best approximant i& (I+E) TH5.

(i) I—E D P,-best approximant & I-iE TH%.
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