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1 Majorization

Let I be an interval in the real axis. We denote by P(I) the set of all

operator monotone functions on I. A constant function is here admitted

to be an operator monotone function.
Definition 1.1 Let I =[a,b) or I = (a,b) with —co < a < b < 0.
LP_ (I):={hon I| h(t) > 0on (a,b), logh € P(a,b)},

If —co < a, identifying h € LP(a,bd) as its natural extension to [a,b)

gives
LP.(a,b) = LP[a,b)

Example 1.1 ¢" € LP [0, 00) for r > 0.
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Definition 1.2

P'(a,b): = {h| his increasing on (a,b), the range is (0, 00)
h~l € P(0,00)}.
P:la,b): = {h| h is increasing on [a,b), the range is [0, oc)
™' € P(0,00)}.
If —o0 < a,

P '[a,b) = P '(a,b).

Example 1.2 ¢" € P;[0,00) forr > 1.
et € P71(~o00,00).

tlogt € P7'(1,00) = P;[1,00)

Definition 1.3 ([8, 9]) Let h(t) and k(t) be non-decreasing functions on
I, and, further, suppose k(t) is increasing. Then h is said to be majorized
by k, in symbol

h=<k onl

if the composite h o k™! of h and k™! belongs to P(k(I)).
This definition is equivalent with
o(A),0(B) C I, k(A) < k(B) = h(A) < h(B).

Example 1.3 f(t) Xton I < f € P(I).
t < et on (—oo,00).

u(t)® < u(t)? on I if 0 < u(t) is increasing on I and 0 < o < f3.

Lemma 1.1 Product Lemma

Let I = [a,b) or I = (a,b) with —oco < a < b < o0, and let h, g be non-
negative functions defined on I. Suppose the product hg is increasing,
(hg)(a+0) =0 and (hg)(b — 0) = co. Then

g=hgonl < h=<hgon I.



Moreover for every 11, 1 in P[0, 00)
9 = hgonI=>11(h)yp2(g) X hgon I.
We remark that the hypothesis

g(t) 2 h(t)g(t)

is not necessarily valid even if h, g € P[0, 00); for instance, t}/2, t+1 €
P+[O, OO), but
t1/24 £ 12t + 1).

Indeed, by putting t}/? = s, it is equivalent to
s £ s(s”+1),
which was shown in Example 2.1 of [6].
Theorem 1.2 Product theorem /8, 9/For every right open interval I,
PA(1)-P7(I) C PI(I), LP.(D)-P7(I) c PI(D).

Further, let g;(t) € LP (/) for 1 < i < m and h;(t) € PIY(I) for
1 < j < n. Then for every v, ¢; € P[0, 00)

[Twito) [T 65(hs) = [To: [T 1y € PZ(D).

Definition 1.4 A real function g(t) is called an operator convez function
on [ if

g9(sA+ (1 —s)B) < s9(A) + (1 - s)g(B)
for every 0 < s < 1 and for every pair of bounded selfadjoint operators

A and B whose spectra are both in I.

Proposition 1.3 Let fi(t) € P.(0,00) fori=1,2,---. Then there are

operator convex functions h;(t) > 0 on 0 < t < oo satisfying

tfl(t)fz(t) s fn<t) = (hn 0-+-0 ]’LQ e} hl)(t) (0 <t< OO)

for every n.
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2 Operator Inequality

There is a function 7 in P (I) N P;(I) except for I = (—o0, 00);

for instance,

o n(t)=tif I =(0,00),

e nN(t)=t—aif I =(a,00),

o n(t) =2 if I = (a,b) with —oo < a < b < o0,

o n(t) = g if I =(—o00,b).
Theorem 2.1 General operator inequality Let I be a right open
interval, and let f € P (I) and g(t) € LP_(I). Put k(t) = f(t)g(t). Let

h(t) be increasing function on I such that f(¢)h(t) € P7*(I). Then the
following holds.

(i) If I # (—o0o,00) and n € P, (I) N P'(I), then the function ¢ on
(0, 00) defined by

B(k(1)h(1)) = k(t)ﬂ—(% (tel) o

belongs to P, (0,0).

(ii) If I = (—o0,00) and f(t) = 1, then the function ¢ on (0, c0) defined
by
¢(k(Dh(1)) = k(t) (tel) (2)

belongs to P,.(0,0).
(ili) Let ¢ be a function given in (i) or (ii). Then for every ¢ € P (0, c0)

such that
¢ =X¢ (0,00),
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A < C < B implies
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Corollary 2.2 Let f;,9; € Pi[a,00) for 1 <i<m, 1 <j<n,and put

k(t) = (t—a)°fi()™ - fru(t)™ and k() = (£ —a)P0g1(t)P* - - - gn(t)P~ for
r5,p; > 0. Suppose pg+ 19 > 1. If a < A < C < B, for o such that

min(1, pg) + 7o (p:

. Po Pn)

O<a<L

Nl

(E(C)3h(B)K(C)%)™ > (E(C)Th(C)K(C)F)* = (k(C)Zh(A)k(C)?)*.

Corollary 2.3 Let h € LP_.[0,00) and g € LP_[0,00), and put k(t) =
tg(t). Suppose 0 < A < C < B and A is invertible. Then

N2

log(k(C)3R(B)k(C)?) > log(k(C)2R(C)K(C)?) > log(k(C)2h(A)k(C)?).

In particular, for every r > 1 and p > 0
log(C2ePPC3) > log(C2eP°C?) > log(C7ePACH).

Example 2.1 Let k(t) € LP.[0,1). Suppose 0 < A< (C <B<1and
1 — B is invertible. Then for p > 1 and for 0 < o < %,

N

(KC)} (B - B )PR(C):) 2 (k<c>%<o< — C))PE(C)
> (k(C)}(A(1 - K(C)F)".

(I

3 Operator Mean

From now on we assume A, B > 0 and A is invertible if A~ appears.
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Lemma 3.1 (i) If A~'#B < 1, then for every operator convex function
h(t) > 0 on [0, 00) with A(0) = 0,

1> A™'%#B > h(A)"'#h(B).

Moreover, for fi(t) € P.[0,00) (1 = 1,2,---) put ko(t) = 1, kn(t) =
fi(t) - fn(t); then

(Akn_1(A)) ' #Bkn_1(B) > (Akn(A))'#Bk,(B) (n=1,2,--).
(ii) If A='#B > 1, then the reverse assertion holds.

Theorem 3.2 (i) If A7'#B < 1, then for a > 1 and for k() €
LP., [0, 00)
Ah(A)'#Bh(B) < 1

Moreover, A~*h(A)~*#B*h(B)" is non-increasing for 1 < s < 00

and for 0 <t < oo.

(ii) If A~'#B > 1, the reverse assertion holds.
Example 3.1 (i) f A7'#B <1,thenfors>1,¢>0
A—se—tA#BsetB <1.

Moreover, A~%e~t44 B%etB is non-increasing for 1 < s < oo and for

0<t< o0

(ii) If A~'#B > 1, the reverse assertion holds.
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