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A Calculable Model for a Cavity and an Atomic Beam

H. TAMURA
Institute of Science and Engineering
' and
Graduate School of Natural Science and Technology
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ABSTRACT

We consider a simple model for the physical system consists of a cavity
and a beam of atoms which pass the cavity successively.

The Hamiltonian contains time-dependent (piecewise constant) term de-
scribing interaction between the cavity and the atom in the beam which is
passing the cavity at the prescribed moment. We deal with the model in
which the radiation field inside the cavity and each atoms of the beam is
modeled by simple harmonic oscillators. :

We calculate the time evolution of the density matrix of the system and
the asymptotic behavior of the cavity, both in the Hamiltonian dynamics and
the Markovian dynamics of Kossakowski-Lindblad-Davies type. We also dis-
cuss the entropies and evolution of the reduced density matrix for subsystems
near the cavity.

This talk is based on the joint work with Prof. V.A. Zagrebnov. The de-
tailed description of the subject will be given in the forth coming paper.[TZ]
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1 The Model

Let a,a* be the annihilation and the creation operators living in the one
mode Fock space £

[a,a*] =1, [a,a]=0, [a",a*]=0.
F = Fen
ZFs = algebraic span of {Q,a*Q,---,a™*Q,---}.

Let %4, (n=0,1,--- ,N) be copies of & for a arbitrary but finite N € N.
On the Hilbert space tensor product

N
# = Q) H,

n=0
we define the operators
bh=a®1® -1, bh=0"®1®---®1,
h=18a®1® --®1, bH=10aR®18 --®1,
bh=101Ra®1®---®1, b=11Rd*®1I®---®1,
and so on. The operatdrs b, b5 (7=0,1,2,---, N) satisfy CCR

[bi, b] = b1, [bi, bs] = [b7, b5] = 0.

Remark : We regard 7% as the state space for the photon inside the cavity
and 5%, (n = 1,2,---) for internal states of atoms. So, bg, by are creation and
annihilation operators of photon and b}, b; are raising and lowering operator
of the level of the j-th atom.

Remark : We consider the case N < oo , for simplicity.
Let H, be the self-adjoint Hamiltonian in 5% defined by

N
H, = Ebjbo+ €Y bpbi +nbbn + nbibo,  (n=1,2,---,N)
k=1

where F > 0 is the photon energy, ¢ > 0 the energy level spacing of the
atoms and 7 > 0 the interaction between the photon and atoms. We assume
that 7 is small enough so that H, is bounded below. (We understand that
all operators like H, are taken to be closed.) We regard that H, is the
Hamiltonian during the time interval [(n — 1)7,n7) when the n-th atom is
passing inside the cavity.
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2 Hamiltonian Dynamics

In this section, we consider the time evolution of the system governed by the
time dependent (piecewise constant) Hamiltonian:

The commutation relations
[Hy, bo] = —Ebo — nby,  [Hn, bj] = —ebj — §;ambo,

[Hn, b3) = Eb +nby, [Hn, b;] = eb} + dunby
hold for j = 1,--- , N and yield the following lemma.

Lemma 2.0.1 For j=0,1,2,---,N andn=1,2,--- ,N,

N ‘ N
—irH. iTH —irH, i H, TIT N L*
e Tinhe i = E (Un)jkbe, €77 "b;‘-e” "= E (Un) by,
k=0 k=0
N N
iTHpny _—itH, _ * iTHppx —~iTHp _ *
e bje Thn — E (Un)jkbka e’ bje = E (U;:)jkbk
k=0 ' k=0

hold. Here U, and V, are (N + 1) X (N + 1) matrices given by U, = eV,
and

92 Oko + gW Opp, (=0)
(Vn)jk = ——g’tf) 5k0 + gz 5kn (] = TL)
d; (otherwise)
with
g= eiT(E—e)/Q’ w = 2in sinr\/(E —€)? + 72
V(E — €2+ 4n? 4

— )2 (E — AV
Z = Cos 'r\/u + 1%+ (B~ o) sinfr\ﬂE ) +n2
1 VE = + 4



Note that |22 + |w|?> = 1 and that

(5 %)

is a unitary matrix. And so are V,,’s and U,,’s.

e.g.
{ gz gw 00 0 \
-gw gz 0 0 0 ---
0 0 100
Up = €™V, = €™ 0 0 010
0 0 0 01
\ )

(gz 0 gw 00 \

0 1 0 00 ---
—gw 0 gz 0 0
Uy=e"Vo=¢e"™| 0 0 0 10
| 0 0 0 01

2.1 Time evolution of Product states

For y € C,
w(y) = elatva’)

denotes the Weyl operator over #. We consider the Weyl algebra &/ (%)
over # generated by {w(y)}yec and the algebra &7 (H°) over S which is

generated by
W) =QuG), (¢ ={G%Hs): @)
k=0

Using sesquilinear form notation

N N
€0y => Gbiy  (B,Q) =D ¢b5,
j=0 7=0
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W (¢) can be written as

W(¢) = expli((¢, b) + (b, )]

Let pr be a normalized self-adjoint non-negative trace class operator on
F for k =0,1,2,--- ,N. It can be regarded as a state on &/(.%). We use
the notation

Ci(y) = Tre[w(y)ox].

Similarly, we consider the operator

p= Pk

1®-

as a state on &/ (J%):
wp(W(C)) = Troe[W(¢) H C(Gr)-

Let us consider the time evolution of p by H(t) (0<t < N7):
p(NT) = e—’i’THN . e—iTH1p6iTH1 . eiTHN'

Lemma 2.1.1
wpvr) (W (Q)) = wp(W(Uy - - - Un()) H Ci((Ur--- UnC)i)

holds, where

N
(Ur---UnC)o = €"((92)V¢o + Zgw(gz)j—lfj)
=1

and
o N y )
(Ur-- - UnQ = €V~ g(92)N *Go+ 92 — Y g*lwl*(92) 7))
. j=k+1

for k> 0.
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2.2 The product Gibbs state

For the product Gibbs density matrix p = ®sz0 Pk with
po=e"*"Z(Bo), pi=e""Z(B) (j=1,---,N), (2.2)

where 3, 8, > 0 and Z(B8) = (1 — e )", we have

Lemma 2.2.1 The state corresponding to the density matriz (2.4) satisfies

_I(ol2(1+e“’°_1+e“’)_<§,<>1+€“’]
2 \1—¢e P 1—¢h 2 1—¢h

wp(W(C)) = Tee[W()o] = exp |

and
S(p) = ~Trelplog p] = Ns(B) + s(Bo),

where s(8) := B(e? —1)71 —log(l — e7P).

The time evolution of the density matrix

p(NT) — e—’iTHNe—iTHN_l . e-iTHlpe‘iTHl . eiTHI.V,

satisfies the following properties:

Lemma 2.2.2
wonny(W(C)) = wp(W(Uy - - Un()) =
|(Uy---UnC)ol? /1 +e P 14e P (¢, ()1+eP
exp[— 2 (1—e—ﬁo~1_e_g>_ 5 1—6—5]’

and

S(p(NT)) = Ns(8) + s(Bo) = S(p).
The relative entropy of p(N7) w.r.t. p is:
Lemma 2.2.3 | _
S(p(NT)|p) = =Tr[p(NT)(log p(NT) — log p)] = —Tr[p(log p — log p(—NT))]
_ (B—P )
=@ n@on L)

Remark The relative entropy is non-positive generally. In this case, it
decreases monotonically as N — 0o and converges to the limit:

_(Bo = B)(e* — €°)
(ePo —1)(ef —1)

dim S(o(NT)|p)-=
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2.3 Subsystems

In this section, we devide the system into 2 subsystems. At time t = k7, the
objects are ordered as follows:

the first atom, - - - , the k-th atom, the cavity, the & + 1-th atom,--- ,the N-th atom.

We regard the cavity and the n atoms ahead the cavity as the subsystem:

H = Q)
where
n k—n N
S BQR A, H-QAQ B 7
=1 =1 j=n+1
We want to re-number the atoms in the subsystem
For take
/ 90 «—0 th
0, 0 «—1-th
2
o= [eC™, .
) 0 — k—n-th
0, | —k—n+1-th
On

Gn-‘l —k—n+2-th

=1 . e CVH!

0 | —k—1-th
91 é—k—th
0 — k+1-th

\O «— N -th
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to get

N
0obs + Bobo + Z (03851 + Oib—yr) = Y (b5 + ¢

j=1 3=0

And consider the Weil operator on J%;

Wi(6) = exp [i(6obf + fobo + Z (030541 + 0 b,HH))]

7j=1

= expli (90b0+00b0+z +6;5))],

7j=1

where, bo = bo,l;j = br—j41- (We: used abused notations: e.g., by is not an
operator in J% but in S, while by in %, etc. )
For the density matrix p, let p; be the reduced density matrix of the
sub-system i.e.,
ps = Troep.

T

(2.3)

Then, we get
wp, (Ws(0)) = w,(W (¢p))- |
Now let us consider time evolution. The time evoluted density p(k7) of
the initial Gibbs state

N
p=exp [ — Boblbo — B> _b3b;]/(Z(Bo)Z(B)™), (2.4)

j=1
has the reduced density matrix given by

Lemma 2.3.1
Wotkr)s (Ws(0)) = wokr) (W (Cp))

[(Ur -+ UiCo)ol? (1 +ePo 1+ e‘ﬁ) _{(6,0)1+ e‘ﬁ]
2 l—e B 1—eF 2 1—ehB)

=exp[—-

Now consider the limit k — oco(N — o0) with n fixed. We get



Proposition 2.3.2 p(kT), converge to p!® and

lim S(o(kr).) = S(6),
where .
p®) = exp [ — Bbbo — B _ biy_jpabn—i11] /Z(B)™F.
j=1
Remark The local entropy decreases or increases accordong to 8 > [y or
8 < Bo, respectively.

2.4 A scaling limit for product states

‘Here, we mention an asymptotic behavior of the state of the cavity under
the influence of the beam where the state for the atoms is product of general

type.
- We assume that
(1) pP1= P2 =" = PN,

(2) Trlaps] = Trla’p1] = Trla*p1] = Trla™pu] = 0
(3) Trl(aa)?p] < oo.

Proposition 2.4.1 Under the limit 7 — 0 and N — 0o subject to 72N — oo
and 7N — 0 (e.g., 7 = O(N7%4)),

lim wp(nr), (w(6)) = im wynry (W(G)) = ¢~ Trl(a"a+aa")p1]|6]/2

holds for § € CO+1,

3 Markovian Evolution

‘We consider here the evolution of the system under the Kossakowski-Lindblad-
Davies equation, which yields a behavior the system in a large reservoir:

Bip(t) = Lo (8)(p(t)) , p = p(t)],_, € ©1(SF),

where
Lo(®)(p(0)) := —ilH (), p(t)] + - bo p(t) b5 — Z{tibo, p(8)}

a1 b p(t) bo — Z-{bobs, p(1)}- (3.1)
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To satisfy the complete positivity-preserving the parameters of non-Hamiltonian
part of dynamics must satisfy inequality o+ > 0. We also impose condition
o4 < o_ for the boundedness of expectations in the state, see [NVZ].

We introduce the family {7} }o<y<: Of trace-preserving and complete-
positive evolution mappings:

T p = po(t) = Tio(p(0)) with T =T7 T3, (0<t'<t).  (3.2)

As in the Hamiltonian evolution, we consider tuned repeated interactions,
when the Hamiltonian part of dynamics is piecewise constant. Then for
t € [(k — 1)1, k7), the generator has the form:

Laalplt)) = ~i[Hi p(t)] + 0 bo p(0) b ~ &= {b3bo. o(1)}
+ 04 55 p(t) bo — - {bob, p()} (k> 1). (3.3)

The solution of the corresponding Cauchy problem

dup(t) = Lo(t)(p(t)) , P(t)],_g = Po ® Q) P, (3-4)

has a form:
p(NT) = T§, 5(p(0)) = €20 ... e7Eozemon (p(0)).
Let us use the notation:
Ty =T, oy = €500, (35)

And we consider evolution of the Weyl operators, which is dual to the evo-
lution of states

Troe (TR o(P)W (Q)] = Traelp TR o(W(Q))]- (3.6)
Note that
TK]T,O — eTLa,N . e'rL,,,ze‘rLal

and its dual evolution

b el (3.7)



3.1 Evolution of Open System

First we establish a formula for the one-step mappings in (3.7) of the Weyl
operators.

Lemma 3.1.1 Let k,l =0,1,2,...,N andn = 1,2,...,N. Let vector {( =
{G Y, € CN*! be as in (2.1). Then we obtain

T (W(Q)) = eton(W(()) = Q™ (OW (U (£)C) (3.8)

where
Q) = ew| - 3 ZEEE (WG UIO0 - (€))L (69)
Ug(t) = €XD [it(Yn —1 O+ ; - Po)] y (PO)kl = 5k0510- (310)

Remark The main difference between the mapping for o+ = 0 and (3.8),
(3.10) is that the energy parameter (Lemma 2.0.1) has the shift:

0y — 00—

EF — E;, =F—-1

Note that Im(E,) > 0, if 0, < 0o_.
Corollary 3.1.2

T5W (0) = exp[ ~ X2 (W ) .. UR(r) G UT(7) - UR(7) (G, 0)

4(0'+ — 00—
x W(UL(r)...Uk() ©).
Combining the above Corollary and Lemma, we get the following theorem.

Theorem 3.1.3 Let p be the Gibbs density matriz (2.2). Then, we get

Wre

5o W () = exp [ — 2. X7(Nr)0)],

where X (NT) is the (N + 1) x (N + 1) matriz given by

X9(NT) = U (7)* ... U (7)* [(

oy—o0_ l—e P l—efo 1—¢F

oL +o-
0L —0_—

XU (1) ... Uf(1) — I.

or+o_ l+e? l+e P 1+e P
) )R]

185
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3.2 Limit of reduced density for the cavity

Hereafter, we use the notations:
Ul (t) = e®*V?(t) and

g° (t)2° (t) Oko + g° (t)w” (t) b (3=0)
(Ve )5k = § 97 (0)w? (t) ko + 97 (£)27 (= )5kn (G =n)
ik (otherwise)
with
o (4) = git(Ba=e)/2 wo(t) = 2in sin (Bc —€)?® |
(0 = R = (LT

Y (B — — )2
t)=cost\/(—Ef—4—e)+n2+ B, —©) sint\/gE—”—i)———i—n?.

Note the relation 27(t)z7(—t) — w’(¢)? = 1 holds, but 27(—t) # 2°(t) for
o+ # o—.
We consider the system with initial product state

N

p=QQ)p with p=py=--=py, (3.13)
k=0

where pg, p1 are density matrices on & . We assume that p; is gaude invariant.
For fixed p;, we define one step evolution of the cavity state py by

T (po) = ( roP)o, (3.14)

where p is (3.13) and the subscript ( )o in the righthand side represents the
reduced density corresponding to the subsystem consists of the cavity only.
The application of 7 can be expressed explicitly by the use of the expectation
of the Weyl operator:

wrip@(©) = exp [ - LE=25 (1 jgr (7)o |g°<¢)w”(¢)|2)]
i (797 (1)27 (D), (D™ (D (DB)). (3.15)

Then we get:



Proposition 3.2.1 Suppose that
B(8) := [ wo (e ®4177 (7) ++02 () *w (r)0))
k=0

00 ) ‘
= [T Cu(e 47 (7) ¥ 4022 (r)ou (7)6)

k=0 _
is convergent and continuous for all § € C. Then there is a unique state p,

on & (F) which satisfies

(2) T (ps) = ps, (3.16)
(i) Vpo € &(F) : lim T*(po) = pu, (3.17)
(i22) . Jim (TR7,00)s = (TnroP)s) (3.18)

where in the third item, py) is (3.13) with py = p. and the subscript s stands
for the reduced density to the subsystem consists of the cavity and the n atoms
near the cavity, see (2.8).

Moreover p, have the expectation

p ((6)) = exp [ - l'ilQ — (-1 '-gl(;)(;u)oz(:()l)|2)]E (6). (3.19)

4 Summary

As a simple mathematical model for atomic beam passing through a cavity,
we considered a system consists of harmonic oscillators.

We have studied the Hamiltonian evolution of the system by calculating

the éxpectation values of Weyl operators, explicitly. For Gibbs initial states,
we consider a relaxation phenomena of the sub-system arround the cavity.
For initial product states, we saw the convergence to the Gibbsian density
matrix in a certain scaling limit. |

We also studied the Markovian evolution of the model. We gave a formula
for the dual evolution of the Weyl operators, explicitly. For a certain initial
product states, we gave the asysmptotic behavior of the states for subsystems
around the cavity. l

The detailed presentation of the subject and their proofs will be given in
[TZ].
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