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Masao ISHIKAWA Hiroyuki TAGAWA*
Faculty of Education, University of the Ryukyus Faculty of Education, Wakayama University
Nishihara, Okinawa, Japan Sakaedani, Wakayama, Japan
ishikawa@edu.u-ryukyu.ac. jp tagawa@mnath.edu.wakayama-u.ac. jp

1 Introduction

In [5] Robert A. Proctor defined d-complete posets, which include shapes, shifted shapes and
trees, by certain local structural conditions and showed that arbitrary connected d-complete poset is
decomposed into a slant sum of irreducible ones. He also classified 15 exhaustive classes of irreducible
d-complete components and described all of the members of each class. In this article we define 6
types of posets called basic leaf posets which generalize the irreducible d-complete posets. By using
an operation of posets called joint sums, which is a slightly generalization of slant sums, we define
general leaf posets which include all d-complete posets.

Dale Peterson and Proctor [9] and Kento Nakada [4] proved that the multivariable generating
function of P-partitions for any d-complete poset P has nice product formula independently. The
purpose of this article is to define multivariate hook length property as a muiltivariate analogue of
hook length property and to show that any leaf poset has multivariate hook length property which
is an extension of their result.

Throughout this article, let Z, N and Z- denote the set of integers, non-negative integers and
positive integers, respectively. For a set S, we denote the cardinality of S by |S|. From now on, P
is a partially ordered set (poset) and is assumed to be finite. If z,y € P, then we say z is covered
by y (or y covers z) if x < y and no z € P satisfies z < z < y. When z is covered by y, we denote
z <y. A chain of length m is a totally ordered set with m elements, we denote a chain of length m
by ¢;n- A tree T is a finite connected poset with a maximum element such that every element except
the maximum element is covered by exactly one element.

Let P and Q be posets such that P is non-adjacent to @, i.e. P shares no element with @ and
there is no order relation between the elements of P and the elements of (). Set the three conditions
for elements z,y of P U Q as follows: (i) z,y € Pand z <y in P, (ii) z,y € @ and = <y in Q, (iii)
z € Pand y€ Q. Set R, and Ry to be PU(Q as a set, and we define the order relation z <y in Ry
(resp. Ry) if «,y satisfies the above conditions (i) or (ii) (resp. (i),(ii) or (iii)). We use P + Q (resp.
P @ Q) to denote this new poset Ry (resp. Rz), and call it the direct sum of P and @Q (resp. the
ordinal sum of P and Q).

A P-partition is an order reversing map from P to the set of non-negative integers N, i.e. a P-
partition ¢ satisfies that ¢(x) > ¢(y) if x < y in P, and we denote the set of all P-partitions by
&/ (P). We write

F(Piq):= Y g¥=er?®),
pEH (P)

whieh called the one variable generating function of P-partitions. We-say that P has hook length
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property if there exists a map h from P to Z satisfying

1
F(P;q):Hﬁh(T)' (1)
z€EP

If P has hook length property, then h(z) is called the hook length of z, and h is called a hook length
function of P. A hook length poset is a poset which has hook length property. Note that the order
in the above definition of hook length posets is the dual of the order in the original definition by
B. Sagan in [11]. In this article, for a hook length poset P, let hp be a hook length function of
P, ie. hp is a map from P to Zs satisfying the equality (1). Any tree T is known to be a hook
length poset with the hook length h(x) defined by h(z) = {y € T;y < z}|. It is easy to see that the
direct sum of hook length posets is also a hook length poset. More general, Peterson and Proctor [8]
proved that any d-complete poset is a hook length poset. As an multivariate analogue of their result,
Peterson-Proctor [9] and Nakada [4] obtained the following.

Theorem 1.1 (Peterson and Proctor [9], Nakada [4]). Let P be a d-complete poset, T be the
top tree of P and let ¢ be a d-complete coloring, i.e. ¢ is a map from P to {1,2,...,|T|} satisfying
the following three conditions: (i) If  and y are incomparable, then c(z) # c(y), (ii) If [z,y] is a
chain, then all ¢(z) (2 € [x,y]) are distinct, (iii) If [z, y] is a di-interval, then c(z) = c(y), where [z, 3]
is the interval between z and y, i.e. [z,y] = {# € P;z < z < y}. We define a map H from P to the
set of the monomials of elements ¢;, ¢z, ..., g7 as follows:

H(z) H(a)H(b)H(y)™! if [y, 7] is a dy-interval and a, b are incomparable in [y, z],
z) =
Hygz Ac(y) otherwise.

Then, we have

. 1
> =1 =5

pEA (P)z€EP z€P

This paper is organized as follows. In Section 2, we define 6 types of posets called basic leaf posets,
which is an extension of the irreducible d-complete posets, and define general leaf posets includes all
d-complete posets by using an operation called joint sums. In Section 3, we define multivariate hook
length property and multivariable hook length posets as an extension of hook length property and
hook length posets, and show that any basic leaf poset has multivariate hook length property. In
Section 4, we describe four kinds of methods in order to make a new multivariable hook length poset
(or a new hook length poset) from known multivariable hook length posets (or hook length posets)
and to show that any leaf poset is a multivariable hook length poset which is a generalization of
Theorem 1.1. In addition, we define extended leaf posets and multivariable extended leaf posets by
using these four kinds of methods. Also, by using a list of hook length posets described in Proctor’s
web page (1], we check whether there exists a hook length poset which is not extended leaf poset. In
the last section, we introduce a new class of multivariable hook length posets.

Note that, by the restriction of the number of pages, we define basic leaf posets by using diagrams
and omit all the proofs in this article. In [2], we described the detailed definition of basic leaf posets
and in our future paper [3], we will give all the proofs.

2 Leaf posets

In this section, we define leaf posets and describe our previous result. Before the definition of
general leaf posets, we will define 6 types of basic leaf posets, i.e. ginkgoes, bamboos, ivies, wisterias,
firs, chrysanthemums, which generalize 15 classes of irreducible d-complete posets.
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Definition 2.1 (Basic leaf posets).

69

(i) Let m > 2 be an integer, and let a = (a1,aq,...,0mn)
and B = (1,52, ..., Pm) be strictly decreasing sequences of non-negative integers of length m.
Let v be a non-negative integer. Then, a ginkgo G(e, 3,7) is a poset defined by Diagram 1.
In order to see this diagram as a Hasse diagram, 45 clockwise rotations of this diagram are

} B+ , . oy .
*—oe . 0—o °
4 g . [7) '
—e .. —+ ] 4
[o7) | 5 r [ X}
(¢ y [
. o3 Y vz s
S
e v
ﬂ1fﬁ2iﬁa§ﬁn{5 B i
Y
Gla, B,7) == te B(e, 8,9,4,v) := 4
J» )
Diagram 1: Ginkgo and Bamboo
required.

(ii) Let m > 2 be an integer, and let a = (a1,02,...,0m), B = (61,82, Bm-1), ¥ = (1,72)
be strictly decreasing sequences of non-negative integers. Let § be a non-negative integer. Fix
v =1 or 2. Then, a bamboo B(a, 3,4, d,v) is a poset defined by Diagram 1.

(iii) Let @ = (o, 2,0a3), B = (61,82, 33, 84,05) and v = (71,72) be strictly decreasing sequences

of non-negative integers. Let § be a non-negative integer. Fix v

I(a, B,7,8,v) is a poset defined by Diagram 2.

1 or 2. Then, an ivy
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Diagram 2: Ivy and Wisteria

(iv) Let m > 2 be a positive integer, and let & = (o, aa,...,am), B = (B1,82) and v = (71,72)
be strictly decreasing sequences of non-negative integers. Let § be a non-negative integer. Fix
v=1or 2. Then, a wisteria W(e, 8,4, d,v) is a poset defined by Diagram 2. In the diagram,
B and v appear alternatively in the place under the left and c, equals c,, +5 (resp. cg,4s) if m
is even (resp. m is odd).
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(v) Let m > 3 be a positive integer, let a = (a1, 02,03), 8 = (B1,82,-..,0m-1) and ¥ = (11,72)
be strictly decreasing sequences of non-negative integers. Let J be a non-negative integer. Fix
positive integers s, t which satisfy 1 < s <t < 3. Let v € {s,t} if m is even, or let v € {1,2}
if m is odd. Then, a fir F(a,3,7,9,s,t,v) is a poset defined by Diagram 3. In the diagram, v

jl + ] (231
—o - 0—¢ ‘s ~
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[ ]
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Diagram 3: Fir and Chrysanthemum

and (a,, ;) appear alternatively in the place upper the right and c. equals ¢4, +s (resp. cy,+5)
if m is even (resp. m is odd).

(vi) Let @ = (a1,a2,a3), B = (61,P2,03,8s) and ¥ = (71,72) be strictly decreasing sequences
of non-negative integers. Let § be a non-negative integer. Fix v = 1,2,3 or 4. Then, a

chrysanthemum C(e, 3,4, 0, v) is a poset defined by Diagram 3.

Next, we explain how to compose a general leaf poset from the basic ones. An operation called
slant sum which combines two posets in order to generate a new poset was introduced by Proctor.
Here we slightly generalize the definition, and call it a joint sum to distinguish from the slant sum.

Definition 2.2 (Joint sums). Let P be a finite poset and let y1,¥2,...,y, be any elements of P.
Let Q be a finite poset which is non-adjacent to P. Let z1,z2, - ,Zm be all the maximal elements
of Q. Set R to be PUQ as a set, and make it a partially ordered set by inserting the additional
covering relations z; < y;, where 1 < i < m and 1 < j < r, besides the order relations among the
elements of P or Q. We use P¥-¥2---¥-\Q to denote this new poset R, and call it the joint sum of P

with Q at y1,Y2y - Yr-

For example, let P and Q be finite posets defined by the following diagrams:

P=¢ :yl vy » @ = : .

Then, we obtain the joint sum of P with Q at y; and the joint sum of P with Q at y;,y2 as follows:

pyr \Q = , pyr:y2 \Q —



In the above diagrams, the thick lines are the additional covering relations.

An order ideal of a poset P is a subset I of P such that if z € I and y < z, then y € I. The order
ideal (z) = {y € P|y < z} is the principal order ideal generated by z.

We define one more notation. Let P and @ be finite posets and z be an element of P, and let
Y1,Y2,-.,Yr be all elements of P which covers z. Then we denote a poset (P — (z))¥1:¥2¥\Q by
P(z,Q). For example, if P;, Q1, P, and Q, are posets defined by

j , Q1= : i =
then, we have
Pi(z1,@Q1) = i 1(z1, (T1)) O# P, Py(z2,Q2) = %

and Pa(z2, (x2)) = Po.

Definition 2.3 (Joint elements and Joint pairs). Let P be a poset and z be an element of P.
If z is not a maximal element of P, (x) is a chain and P is equal to P(z, (z)), i.e. removing () from
P and making the joint sum of P — (z) with (z) at y1,¥2,...,¥r, which are all elements covers x,
recovers P, then we say that z is a joint element of P. Also if x is a joint element and z is covered
by only one element y, then we call a pair (z,y) a joint pair of P.

For example, in the following diagram, z1,z2,y2,%3,%4,%5,%¢ are joint elements and (z1,y1),
(2,92), (¥3,¥3), (€4,Y4), (x5,24), (6, 25) are all the joint pairs of P.

4
Yy 3 a4
e Y X3 L5
P= T Z6

Now we are in position to define the notion of general leaf posets as follows.

Definition 2.4. First we inductively define k-level leaf posets for a positive integer k. A poset P
is said to be a 1-level leaf poset if it is a basic leaf poset, a tree, or obtained as a direct sum of
several basic leaf posets and trees. Let LP; denote the set of 1-level leaf posets. For k > 2, let Q be
a (k — 1)-level leaf poset and (z,y) is a joint pair of @ and let P; be a 1-level leaf poset such that
|P1| = |[(x)|. If a poset P satisfies P = Q(z, P;), then we say that P is a k-level leaf poset. Let LPy
denote the set of k-level leaf posets, and put LP := (J, -, LPx. We call an element of LP a leaf poset.

Note that a poset can be k-level leaf poset for several k, i.e. there exist some i # j such that

LP; NLP; # 0. For example, the poset defined by is not a 1-level leaf poset, but it
belongs to both LP4 and LPs.

By the definition of irreducible d-complete posets and basic leaf posets, we can realize each irre-
ducible d-complete poset as a basic leaf poset. The important fact is that the notion of “slant sum”
defined in [5] is included in that of “joint sum”. Hence, by the definition of general leaf posets and
d-complete posets, we can say that any d-complete poset is a leaf poset. Our previous result is the
following (cf. [2]), which is obtained as a corollary of our main result in this article.
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Theorem 2.5. Any leaf poset is a hook length poset.

As a corollary of this theorem, we can also obtain the following.

Corollary 2.6 (Peterson and Proctor [8]). Any d-complete poset is a hook length poset.

3 Multivariate hook length property

In this section, as a multivariate analogue of hook length property, we define multivariate hook
length property and multivariable hook length posets. Also, we show that any basic leaf poset has
multivariate hook length property.

Let P be a finite poset, 2 be a set of variables and let 2 be the set of all monomials of elements
of 2. In this article, we set 2 = {p;,qi,7i;¢ € Z}. Moreover, let w be a map from P to 2 which is
called a weight of P. For a P-partition ¢ € &/(P), we write

w? = H w(z)?®), F(P;w):= Z w?,

z€P pEH(P)

which called the multivariable generating function of P-partitions. For example, let P be a chain of
length 2 with the maximum element zg and the minimum element z;, and let w be a weight of P
defined by w(z1) = g, and w(zp) = go. For a P-partition ¢ defined by ¢(x1) = b and ¢(z¢) = a, we
obtain that w¥ = g¢¢b. Hence, we have

ab 1
F(Pw)= 3 w’= 3 "0"?_(1—%)(1—‘1041)'

e (P) 0<a<b

Definition 3.1 (multivariate hook length property). Let P be a finite poset and w be a weight
of P, i.e. wis a map from P to 2. We say that P (or (P,w)) has multivariate hook length property
if there exists a map H from P to 2 satisfying

F(P;w) = H ﬁj, (2)

z€EP

where |[H(P)| > 2if |P| > 2. If (P,w) has multivariate hook length property, then H is called a hook
function of (P, w). A multivariable hook length poset is a poset which has multivariate hook length
property. For a multivariable hook length poset (P,w), let Hp,, be a hook function of (P,w), i.e.
Hp,, is a map from P to 9 satisfying the equality (2).

By the definition of multivariable hook length posets, it is easy to see that a multivariable hook
length poset is a hook length poset.

Let’s see some examples. By our previous example, a chain of length 2 is a multivariable hook
length poset. In general, for a tree T, if a weight w of T satisfies that |w(T)| > 2, then (T, w) is a
multivariable hook length poset with the hook function H defined to be H(z) = [[ ., w(y). Let P
be a ds-interval and we define a weight w of P by

do
vl o
G0

where the labeling means the image of the corresponding element by w. Then, we can calculate that

1

F(Piw) = (1 — goq192)(1 — 90g1)(1 — gog2)(1 — go)’




hence (P,w) is a multivariable hook length poset. Let P be a ginkgo G((2,1),(2,1),1) and we define
a weight w of P and a map H from P to 2 as follows:

11222334556 123456 12345 1234

12356, 1235, 123

1
1256 125 1

H= 1 ’

where in the definition of H we put kikz ... km = qk, Gk, - - - Q.- Then, H is a hook function of (P,w)
and hence (P, w) is a multivariable hook length poset.

In general, we can obtain the following.

Proposition 3.2. Any basic leaf poset is a multivariable hook length poset.

Here, we will describe the sketch of the proof of this proposition in the case that P is a ginkgo. Before
the calculation of the multivariable generating function of P-partitions, we prepare two notations.
For a sequence of variables u = (..., u_1,ug,u1,...) and integers a and b, we write

b b
ul@® = Hui, (@, b)y! = H(l — D),
1=a =a
Also, we write p :== (...,p-1,P0,P1,---), Q= (--.,4-1,90,q1,--.) and r := (..., 7_1,70,T1,...).
Sketch of the proof: Let m > 2 be an integer, v be a non-negative integer, and let o =
(on,0a2,...,am) and B = (61, B2, - - -, Bm) be strictly decreasing sequences of non-negative integers of
length m. Let P be a ginkgo G(a,3,7) and let w be a weight of P defined by Diagram 4. Then,

Ty Ty=1 T T 0 g2 43 Q44
o' oo 12 -

-9

Py 9ol 9u 92 93

P2l Py Y qil 921 |
99 : :
ps3l P2l Pi Yo 9

“'QOF‘ T )
p4) D3l P2} Pi Y
w =

e @ T1

3

all ¢y =

e

®

Diagram 4: Weight of G(a, 3,7)

by using lattice path method, the multivariable generating function of P-partitions is calculated as
follows:

[Ticicjcm(l — glethed)(1 - plfsthAd)
(1, I (1 = eOV) T (1, i) ! (1, Bi)p!

x Z (x(IM) =215, (o)) | gOeam) Mg, (p(LA) | p(hBm)y
A=(T sy T —1,---, 1) EP

where & is the set of the partitions and sx(y1,¥2,.--,Ym) is the Schur function, and we put V =
(r@M)ym=1 1™ q(©2)p(A). By an extension of Cauchy identity:

1-IT2, mys
w)‘m.S)\(l'l,mz, LR ,mm)s,\(yl,yg, cr ;ym) = (1 _ me zl:;ll)_ﬁfnz - (1 _ xy)5
=1 ~tJ? i,7=1 (2=

F(Pyw) =

A=(A1yesAm)EP
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we can obtain that
(1- q(aj+1,ai))(1 p(ﬂj+1,ﬁi))

F(P ’LU) — Hl<z<]<m
’ (L )e™ 1 TT (1L, i) (1, Bi)p! TSy (1= r@OV) [T, (1~ qOes) ptar(1)

Hence, ginkgo is a multivariable hook length poset. By almost same method, we can show that other
basic leaf posets are also multivariable hook length posets. O

As a corollary of Proposition 3.2, we can easily see the following.

Lemma 3.3. Let P be a basic leaf poset or a tree with |P| > 2. There exists a weight w of P
satisfying the following two conditions. (i) If z is a joint element of P, then w(z) = w(y) for any
element y of (x). (ii) (P,w) is a multivariable hook length poset.

4 How to make a new multivariable hook length poset

In this section we will explain four kinds of methods in order to make a new multivariable hook
length poset (or a hook length poset) from known multivariable hook length posets (or hook length
posets) and we define extended leaf posets and multivariable extended leaf posets by using our
methods.

Let f be a map from a set A to a set C and g be a map from a set B to C. If A is non-adjacent to
B, then, we define a map f+g from AUB to C by (f +g)(z) := f(z) if z € A and (f + g)(z) = g(z)
ifx € B.

We can obtain three kinds of methods as follows:

Proposition 4.1. Let P and @ be finite posets which are mutually non-adjacent, and let wp (resp.
wg) be a weight of P (resp. Q).

(i) We have
F(P+Q,wp +wg) = F(P;wp)F(Q; wg).

In particular, (P,wp) and (Q, wg) are multivariable hook length posets, then (P+Q, wp +wg)

is a multivariable hook length poset.
(ii) Let @ be a chain. Then, we have

F(P;wp)

HyeQ(l - HzEP 'UJP(Z) HzGQ,zSy ’UJQ(Z)) .
In particular, (P,wp) is a multivariable hook length poset if and only if (P ® Q,wp +wg) is a

multivariable hook length poset and the monomial ], p wp(2)[1,cq,.<, wq(?) is an element
of HpgQ,wp+uwe (P ® Q) for any element y of Q.

(iii) Let Q and R be posets satisfying “Q = Q and R = 0" or “Q = Q@R and R is a chain”. Let
be a joint element of P satisfying |(x)| = |Q| and [[, ¢, wp(2) = [],cg wq(2). We denote the
weight wp|p_(zy +wqlg by Wp(y,5)- Then, we have

F(PoQ;wp +wq) =

F(P(x,Q)wp(,,g)) = F(P;wp)F(Q;wq) [T (1 = [Twr@)[[(1 - [T wo(2) [ wa(2)).

ye(x) 2<y YER 20 z€R,2<y

In particular, if (P,wp) and (Q,wq) are multivariable hook length posets and all [, ., wp(2)
(y € (z)) and all [], 5 wq(2) [I,<p,.<, wQ(2) (y € R) are elements of Hp,y, (P) U HQ,we(Q),
then (P(z,Q), »Wp(z,@)) is a multivariable hook length poset. Also, if (P(z, Q),wp(m &) and
(Q, wq) are multivariable hook length posets and [] .o (1 — H(Quwe)(y)) divides

II O-Heeoruwmo®) 110 - wr@) [0~ ]]we) [ wel2)

yEP(z,Q) y€(x) 2<y yER 2€0 2€R,z<y



then (P,wp) is a multivariable hook length poset.

For example, let P (resp. @) be a dy-interval (resp. ds-interval). And let wp (resp. wg) be a
weight of P (resp. @) and z,y be elements of P defined as follows:

9o, dq, a1, 43, 43, 4

95, 93y

reg2
T 90 4

do q
wp = Qo > WQ=

99

Then, we can see that (z,y) is a joint pair of P and (P,wp),(Q,wg) are multivariable hook length
posets satistying |(z)] = 4 = |Ql, [Lew wr(2) = 01> = Il,equa(2) and {[I,<, wp(u)2 €
()} = {90, 95, %91, %9192} S Hpwp(P). Then, we have

9o, d0, 41, 93, 93, 94
a5 4

do
(P(a:aQ)awPlP—-(:c) + ’LUQ) = 34

and, by Proposition 4.1 (iii), this poset is a multivariable hook length poset. Also, we define posets
Py, P, and their weights wp,, wp, as follows:

q
q0
q1 a
71 2 4qo
(Pl?wPl>: qo ) (P2awP2) =.% 4o

Then, by applying Proposition 4.1 (iii) to the posets (c3+cs4)@c; and ds-interval (resp. Proposition 4.1
(ii) to the above poset (P1,wp,)), then we can see that (Pi,wp,) (resp. (P2, wp,)) is a multivariable
hook length poset. Note that P; is a poset described in Proctor’s web page [10] as a Stanley’s example
that P + Q is a hook length poset but P or @ is not a hook length poset.

Note that for two multivariable hook length posets (P, wp) and (Q, wg) such that P is non-adjacent
to @, we can define a weight w of P + Q satisfying that w(z) # w(y) for any pair of elements (z,y)
in P x @ and (P+ Q,w) is a multivariable hook length poset. Therefore, by Proposition 3.2, Lemma
3.3, Proposition 4.1 and the definition of general leaf posets, we can conclude the following.

Theorem 4.2. Any leaf poset is a multivariable hook length poset.

As a corollary of Proposition 4.1, we can obtain the following.

Corollary 4.3. Let P and @ be finite posets which are mutually non-adjacent.

(i) We have
F(P+Q;q) = F(P;q)F(Q; 9).

In particular, P and @ are hook length posets, then P + @ is a hook length poset.
(ii) Let @ be a chain. Then, we have
: F(Piq
F(PoQ;q) = W(—')le":._'
[ (1 - gP1Fe)

In particular, P is a hook length poset if and only if P @ @ is a hook length poset satisfying
{IPl+41<i<|Q} € hroq(P ® Q).
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(iii) Let Q and R be posets satisfying “Q = Q and R=10" or “Q = Q@ R and R is a chain”. Let ¢
be a joint element of P satisfying |(z)| = |@|- Then, we have
i ] '
F(P(z,Q);q) = F(P;q)F(Q;9) [[(1 - ).
i=1
In particular, if P and @ are hook length posets satisfying {1,2,...,|Q[} € hp(P) U hg(Q),
then P(z, Q) is a hook length poset. Also, if P(zx, Q) and @ are hook length posets and
[Tyeo(l = ghe®) divides epea)( - th(z,Q)(y))HLgll(l —¢'), then P is a hook length
poset.

Note that Corollary 4.3 (i) is well known (cf. [12]).

For example, if P is a dz-interval, @ is a poset removing the minimum element from P and c¢; is a
chain of length 2, then by Corollary 4.3 (ii), P ® c2 and Q @ c are also hook length posets, i.e.

Pdc; = % , Q@Cz—J\

are hook length posets, where the labeling is the hook lengthes of corresponding element. Let Py, Py,
P; and @ be posets defined by

R

andlet Q =Q - {u}. We can easily see that integers 1,2,3,4, where 4 is the cardinality of a poset
Q, appear as hook lengthes of Py, P, and P3. Hence, by Corollary 4.3 (iii), three posets Pi(z1,@Q),
Py(z2,Q) and P3(z3, Q) are hook length posets and their hook lengthes are the following.

121, Q é Py(22,Q % 3(23,Q) = 3: .

Note that the cardinality of the poset Ps( z3,Q) =: Ris 8 and 8 appears as a hook length of R. Hence,
by Corollary 4.3 (ii), we can see that R — {:I:o} is also a hook length poset, where xg is the maximum
element of R. The poset R — {zy} was already described in this article as Stanley’s example.

In order to explain our fourth method, we define one more notation. Let P be a poset, A =
{a1,a2,...,a,} be a subset of P with r elements and m,my,ma, ..., my be positive integers, and let
Ay, As, ..., Ai be subsets of P. We write

A Ay, Az, ... A Ay, ... Ag A
P( ):=(...(pal\c,m)az\cm)...)ar\cm,P( 1, Az k);-_-P( 1 Ak 1)( k),
m my,ma,...,Mg my, ..., Me—1 mg



For example, let P be a dy-interval and let a; (resp. a2) be the maximum element (resp.  the
minimum element) of P, and let b; (resp. b2) be the maximum element (resp. the minimum element)

ai
)

2 P({alaa2}7{bl,b2}) —
of P — {ay,az} as follows: P= lg,. Then, we have 2, 1
Then, we can obtain the following fourth method.

Lemma 4.4. Let (P,wp) be a multivariable hook length poset, p1,p2, . .., p, be r elements of wp(P),

and let my, ma, ..., m, be positive integers. We write
p.— p(wr (e wp'{p2d), - wp'({pr})
my,ma,..., My

For 1 <i < r, we denote the cardinality of wpz'({p;}) by n;.

(i) For 1 <i<r,let z( zef,’), ..., 2 be all elements of wp '{pi}). For 1 <i<rand1<j<n,,
let u( “ be an element of P — P satisfying u; ) < z(l) in P, and let w( ) be a weight of (u (z)) If

II “Pw= ] vPe=W) @<i<rl<jk<n),
ye(u?) ye(u)
then for a weight w of P defined by
pV; ifzewp'({m}) (G=1,2,...,r),
w(z) =
wp(z) otherwise,

we have

F(Is;wp+zr:iw§i)) F(P;w) HHF (’)

=1 j=1 i=1j5=1
and (P,wp + 3_ ™ i1 w( )) is a multivariable hook length poset.

(ii) Let w be a weight of P defined to be w(z) := ¢™t! if £ € wp' ({p;}) for some i € {1,2,...,7}
and w(z) := ¢q otherwise. Then, we have

-
F(P;q) = F(P;w) [| Flem; o)™
i=1
and P is a hook length poset.

For example, let P, ay,a,b1,bs be the same ones in our previous example, and let wp be a weight
of P defined by the following.

ai qo
b q
q2
2 qr
P= az, Wp =g

We write a poset P({‘“"”}’{bl’b’}) by R and we define a weight wgr of R by Diagram 5. Then, we

can easﬂy see that (P, wp) is a multivariable hook length poset, {a1,a2} = wp'({go}) and {b1,b2} =
wp'({@1}). Hence, by Lemma 4.4, (R, wg) is a multivariable hook length poset and R is a hook
length poset with hook length function hp defined by Diagram 5.

As a corollary of Proposition 4.1 (iii) and Lemma 4.4 (i), we can also obtain the following.
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Diagram 5: wg and hp

Corollary 4.5. Let (P,wp),(Q,wq) be multivariable hook length posets and z be an element of
P satisfying that |wp'({wp(z)})| = 1. We define a weight w of P by w(z) := wp(2) [[,co wo(2)
and w(y) := wp(y) if y € P — {z}. Then, we have F(PY\Q;wp + wg) = F(P;w)F(Q;wg) and
(P*"\Q,wp + wq) is a multivariable hook length poset.

By using Proposition 3.2, we can see that Theorem 1.1 is correct for irreducible d-complete posets.
Therefore, by Corollary 4.5, we can obtain that Theorem 1.1 is true for all d-complete posets, and
it follows that any d-complete poset P is also a multivariable hook length poset with the weight w,
defined by we(z) = gc(z), where c is a d-complete coloring of P.

Remark 4.6. Let P be a d-complete poset with top tree T', ¢ be a map from P to {1,2,...,|T}}, and
let w, be a weight of P defined by w¢(z) = gc(z). Then, it is not true that (P, w,) is a multivariable
hook length poset if and only if ¢ is a d-complete coloring. For example, let P be a dy-interval, ¢ be
a map from P to {1,2,3,4} and H be a map from P to 9 defined by

01939394 N929394 919233

q19294] 4192

c= e H= Q2

Then, ¢ is not d-complete coloring, but we can see that H is a hook function of (P, w.) and hence
(P, w,) is a multivariable hook length poset.

Now, we are in position to define extended leaf posets and multivariable extended leaf posets.

Definition 4.7 ((Multivariable) extended leaf posets). If P is a leaf poset, we also call P a
0-level extended leaf poset (resp. a O-level multivariable extended leaf poset). For a positive integer
k, we call P a k-level extended leaf poset (resp. a k-level multivariable extended leaf poset) if P is a
(k—1)-level extended leaf poset (resp. a (k—1)-level multivariable extended leaf poset) or P is a hook
length poset (resp. a multivariable hook length poset) made from (k — 1)-level extended leaf posets
(resp. (k — 1)-level multivariable extended leaf posets) by using Corollary 4.3 and Lemma 4.4 (ii)
(resp. Proposition 4.1 and Lemma 4.4 (i)). We call P an extended leaf poset (resp. a multivariable
extended leaf poset) if P is a k-level extended leaf poset (resp. a k-level multivariable extended leaf
poset) for some non-negative integer k. We denote the set of the extended leaf posets (resp. the set
of the multivariable extended leaf posets) by ELP (resp. MELP).

For example, the following posets are all extended leaf posets.

8 g A9
2 @ 3 3
) 1 b} 2 5 1
4 4 1 4
3 —m ¢3 —c 13 ¢
2 2 2
1 1 1
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Here, the labeling of the above diagram is the hook length of the corresponding element, and P —,,, Q
(resp. P —. Q) means that Q is obtained from P by using Lemma 4.4 (ii) (resp. Corollary 4.3).
Note that we can check that all the above posets are also multivariable extended leaf posets with
weights as follows:

q7
2 0
93
q4
g5
g6

y ’

where {p1,p2,p3} = {44, 95,96}

Remark 4.8. It is easy to see that any multivariable extended leaf poset is an extended leaf poset,
but we cannot find an extended leaf poset which is not a multivariable extended leaf poset yet.

In Proctor’s web page [1], there exists a list of hook length posets with k elements, where k is
from 1 to 9. We checked his list in order to know what hook length poset is not an extended
leaf poset. In order to describe the result of our investigation, we denote the set of the connected
hook length posets with k elements by CHLP, and the set of all d-complete posets by DCP. Then,
by using his list, we can see that U?_,CHLP; C DCP, |CHLPs — DCP| = 3, CHLPs C ELP,
|CHLP, — DCP| = 6, CHLP; C ELP, |CHLPs — DCP| = 51, CHLPg C ELP, |CHLPy — DCP| = 133
and CHLPy — ELP = {R;, R»}, where R; and R, are the following posets.

7 7
6 6
5 4 5 4

R =l z?% Ry =1 3
1> ’

where the labelings are also hook lengthes. Note that we can obtain the hook length poset R; from
R, by using Corollary 4.3, in particular, R, = R1(z,c¢; + c1). Hence, we have one question. What is
a poset R;? At the last part of this article, we give an answer of this question.

5 A new class of multivariable hook length posets

In this section, we introduce a new class of multivariable hook length posets includes a poset R;
which is a hook length poset but not extended leaf poset found in the previous section. From now on,
let m > 2 be an integer, and let @ = (1,2, ...,a,) and B8 = (81,52, - .., Bm) be strictly decreasing
sequences of non-negative integers of length m. We can obtain the following,.

Theorem 5.1. Let é(a,ﬁ) be a poset and let w be a weight of é(a,ﬂ) defined by Diagram 6.
Then, we have
1
(1 =r)™(1 = V) T2 = ripGOV) T (1, a4)g!(1, B)p!
e qeted)(1 = pBHLBN [T (1 - 11 pLBIV)
I (1 = r1q@edp@B)) [TE (1 — (q®ex))=1V) ’

F(G(o, B);w) =

where V = r"ro [T, q©*)p(A)  and (G(a, B),w) is a multivariable hook length poset.

Key equality of the proof of Theorem 5.1 is the following infinite sum of Schur functions.



,_éx__‘._. v v 2 , P2 P Ti do Qi 92 93 _Goy
Pg
&2 ) ! T2 9] a1l g2 %J
P1 1
el , riff pl Pyl 9ol @ 983§

(o)
I;];s- =
@ [oe .
g
i
3
3
.

(0 f):= ﬂliﬁziﬁﬂi‘%{i | P .

Diagram 6: G(e, 8) and w

Lemma 5.2. Let m be a positive integer and u,w be variables. Then, we have

A2m 5, 2m
urmw”? +ls(/\ly/\31--~,/\2m—1)(Xm)S(AZ‘y)‘d-;---;)\Zm)(Ym)s(/\Zm—-luAZm-{—l)(1’z)
A=(A1,A2,..,A2m 1) EP
1

H2=o(1 —uwiz i, @ry) [[imq (1 — 1) HZL]‘=1(1 - Z3Y;)
% Hinil(l — Tz H;cn=1 TkYk) + (u=1) T, Thyk
H:ll(l - yi_lz H;cn=1 TkYk) 1- “H;cn=1 Tryk )’

where X,,, = (z1,%2,-.,Tm) and Y, = (y1,Y2,...,Ym) are sequences of variables.
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