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Spaces of equivariant maps to toric varieties
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Abstract

The main purpose of this note is to announce the recent result in [13] concerning
the homotopy type of spaces of algebraic maps from a real projective space to a
compact smooth real toric variety. This note is also based on the joint work with
Andrzej Kozlowski and Masahiro Ohno (8].

Toric varieties.  An irreducible normal algebraic variety X (over C) is called a toric
variety if it has an algebraic action of the complex algebraic torus Tz = (C*)", such that
the orbit T - * of some point * € X is dense in X and isomorphic to Tg.

A strong convex rational polyhedral cone o in R™ is a subset of R™ of the form o =
{331 aknglax > 0}, such that the set {ny};_, C Z"™ does not contain any line.

A finite collection ¥ of strongly convex rational polyhedral cones in R™ is called a fan if
every face of element of ¥ is belongs to ¥ and the intersection of any two elements of ¥ is
a face of each other. It is well-known that a toric variety X is completely characterized up
to isomorphism by the fan ¥. We denote by Xy the corresponding toric variety associated
to . A cone o in R” is called smooth (reps. simplicial) if it is generated by a subset of a
basis of Z" (resp. a subset of a basis of R™). A fan ¥ is called complete if | J, .50 = R™. It
is known that Xy is compact iff ¥ is complete, and that Xy is smooth iff every o € ¥ is
smooth [4, Theorem 1.3.12]. It is also known that 71 (Xyz) is isomorphic to the quotient of
Z™ by the subgroup generated by |J, 50 N Z". [4, Theorem 12.1.10]. In particular, Xy is
simply connected if it is compact.

Real toric varieties. For a fan ¥, let Xy denote the subspace of X5 consisting
of all real points of Xy. Alternatively the space Xy g is given by replacing the complex
numbers C by the real numbers R everywhere in the given definitions of a toric variety Xy
(18, Def. 6.1], and it is called a real toric variety. Note that Xzr with the intersection
Xer=XgN RP" when Xy, is a toric variety embedded in CPV.

Homogenous coordinates of X5 k. We shall use the symbols {z}7_; to denote
variables of polynomials, and we assume that K = R or C. For polynomials fi,---, fs €



Klz1,- -+, 2], let Vk(f1, -, fs) denote the affine variety
(1.1) Vk(f1,- . fs) ={x € K" | fe(z) =0 for each 1 < k < s}.

Let (1) = {p1, -+, pr} denote the set of all one dimensional cones in a fan ¥, and let
ny € Z" denote the generator of p, NZ™ such that px NZ™ = Zx - ny (called the primitive
element of pi) for each 1 < k < r. Define the affine variety Zs x C K™ by

(1.2) Zsx = V(|0 € £),

where z° denotes the monomial 2% = [Lick<rngo 2 € Zlz1,- -+ , 2] Let Tg = (K*)™ and
define the subgroup Gx x C Tk by

(1.3) Cox = {(m,-- ) € Tg | [ ™™ =1forallm e 2},

k=1

It is known that that there is an isomorphism X5k = (K" \ Zgx)//Gsk for K = C if the
set {ny,--- ,n,} spans R", where the group Gy acts on the complement K"\ Zs x by the
coordinate-wise multiplications and the space (K" \ Zsk)//Gxk denotes its orbit space.

It is known that Gy acts freely on the complement K™ \ Zgk if ¥ is smooth and
K = C. In this case, for K = C there are isomorphisms

(1.4) XZ,IK = (KT \ ZZ’K)/GS’K and GE,]K = TTK—n.

Note that (1.4) also holds for K = R if £ is smooth and complete [19, Lemma 7.3].

We say that a set of primitive elements {n;,,--- ,n; } is primitive if they do not lie in
any cone in X but every proper subset does. It is known that

(15) ZZ,]K = U VK(Zila e ,Zik).

{niy, 0y, }+ primitive
So Zsk is a closed variety with real dimension (r — 7y;,) dimg K, where we set

(1.6) Tmin = Min {k €Zsy | {1y, - ,m;}is primitive}.

Spaces of continuous maps. For connected spaces X and Y, let Map(X,Y) be the
space of all continuous maps f : X — Y and Map*(X,Y) the corresponding subspace of
all based continuous maps. If m > 2 and g € Map*(RP™ !, X), let F(RP™, X;g) denote
the subspace of Map*(RP™, X) given by

(1.7) F(RP™, X;g) = {f € Map*(RP™, X) : f|RP™" = g},

where we identify RP™~! ¢ RP™ by putting z,, = 0. It is known that there is a homotopy
equivalence F(RP™ X; g) ~ Q™X if it is not an empty set.

29



30

Assumptions. From now on, we assume that the following two conditions are satisfied:

(1.7.1) Let ¥ be a complete smooth fan in R", £(1) = {p1,---,p,} be the set of all one-
dimension cones in ¥, and all primitive elements {ny, - - ,n,} of the fan ¥ spans R",
where n;, € Z™ denotes the primitive element of p; for 1 < k < 7.

(1.7.2) Let D = (dy,- -+ ,d,) be an r-tuple of positive integers such that ), _, dxny = 0.

Then we can identify Xzpx = (K" \ Zsx)/Gscx and we denote by [a1,--- ,a,] the corre-
sponding element of Xz for each (a1, - ,a,) € K"\ Zgk.

Spaces of polynomials representing algebraic maps. Let %Ff:m C Klzo, .. 2m
denote the K-vector subspace consisting of all homogeneous polynomials of degree d. Let
Ap(m) denote the space A(m) =HE  xHK x-..xHE  andlet A 5(m) C Af(m)
denote the subspace

(18) A%,E = {(fl" t )fT‘) € A%(m) ‘ F(a:) ¢ ZE,IK for any x € Rm+1 \ {0}})
where we set F(z) = (fi(z), -, fr(x)).

Because (1,1,---,1) € K™\ Zgk, we choose 2o = [1,---,1] € Xz as the base-point
of Xs k. Define the subspace Ap(m, Xz) C A z(m) by

(19)  Ap(m,Xsk) = {(f1,---, fr) € Apz(m)| (fi(er), -, fr(er)) = (1,1,---, D},

where e; = (1,0,---,0) € R™, and let us choose [e;] = [1:0:---: 0] as the base-point
of RP™. Define the natural map jp g : A 5(m) — Map(RP™, X5 k) by

(1'10) jID,]K(fh' e ’fr)([mD = [fl(m)’ ot ,f,-(:l})] forz = (mO’ T ’:Em) e R™ \ {0}

Since the space A% () is connected, the image of jj, x lies in a connected component of
Map(RP™, Xs k), which is denoted by Map,(RP™, Xz k). This gives the natural map

(1.11) ok : Abs(m) = Mapp(RP™, Xzx).

Note that jpg(f1, -, fr) € Map*(RP™, X5 k) if (f1,-- , fr) € A¥(m, X5). Hence, if we
set Map} (RP™, Xz k) = Map*(RP™, Xz x) "Mapp(RP™, Xz k), we have the natural map

(1.12) iD,]K = jb)KIAD(m,XE)K) : AD(m,Xz’K) — Mapb(RPm,Xz,K).

Suppose that m > 2 and let us choose a fixed element (g1, ,g-) € Ap(m — 1, Xz k).
For each 1 < k < r, let B® = {gr + 2zmh : h € H?fk_l,m}. Then define the subspace
Ap(m, Xz x; 9) C Ap(m, Xsx) by

(113) AD(m, XE,]K;g) = AD(TTL,XE,K) N (le_g X Bg( X o X BE()



It is easy to see that ipx(fi, -, fr)RP™ ! =g if (fi, -, fr) € Ap(m, Xzk;g), where g
denotes the map in Map}(RP™ ) X5 k) given by

(1.14)  g(wo: - : 2m1]) = [g1(®), -+, g9:(2)] for @ = (20, ,Tm-1) € R™\ {0}
Then, one can define the map ipx : Ap(m, Xzk;g) = F(RP™, Xsk;9) ~ Q" Xz by
(1.15) 7;3),11( = ’L'D,KIAD(TTL, XZ,]K; g) : AD(m, X‘ZJ,]K; g) g F(Rpm,ngK; g) ~ QmX)le.

Now consider the action of Gsx on the space AT 5(m) given by the coordinate-wise mul-
tiplication and define the space Ap(m, X5 k) by the quotient space

(1.16) Ap(m, Xsg) = A 5(m)/Gx.

It is easy to see that one can define the map jpk : Z,;(m, Xsx) = Map,,(RP™, X5 k) by
(1.17) Jox(lfr, - fi)((zo, - 2e]) = [ful=), -+, fo(z)] for £ € R™H\ {0},

Let diin and Dg(dy, -+ ,d,;m,r) be the positive integer defined by

(1.18) Amin = min{dy, dy, -+ ,d,}, D(dy, -+ ,dr;m) = (Tgm — m — 1)dmmn — 2.

From now on we write (XE,]K, ZZ,IK) G}_,“JK) = (XE, Zz, Gg) ifK=C.

The main results. The main results of this note are stated as follows.

Theorem 1.1 ([13]). Let ¥ be a complete smooth fan in R”, let {dy : 1 < k < r} be
the set of positive integers satisfying the conditions (1.7.1), (1.7.2), and let Xsr be a
smooth compact real toric variety associated to the fan . Then if 1 < m < rpim — 2 and
D= (dy, -+ ,d,) € (Zx1)", the map

ipr : Ap(m, Xz g; 9) = F(RP™, Xsg; g) ~ Q" Xeg
is a homology equivalence through dimension D(dy,--- ,dq;m). O

Theorem 1.2 ([13]). Under the same assumptions as Theorem 1.1, if 1 < m < rpy, — 2
and D = (dy,--- ,d,) € (Z»1)", the maps

i : Ap(m, Xpg) — Mapp(RP™, Xs.g)
iD,]R : AD(m, XE,]R) — Map}‘;(RPm, XE,R)

are homology equivalences through dimension D(dy,--- ,d.;m). O
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Remark 1.3. (i) A map f: X — Y is called a homology equivalence through dimension
Dif f, : Hi(X,Z) = Hy(Y,Z) is an isomorphism for any k < D.

(ii) Let G be a finite group and let f : X — Y be a G-equivariant map between G-
spaces X and Y. Then the map f : X — Y is called a G-equivariant homology equivalence
through dimension D if fH . Hy(XH,Z) =+ Hy(Y¥H,Z) is an isomorphism for any k < D
and any subgroup H C G, where W# = {z € W | g-z = z for any g € H} for a G-space
W and f¥ denotes the restriction map f¥ = f|X%.

(iii) Note that the complex conjugation on C naturally induces the Z/2-action on the
space Xy, and it is easy to see that (Xz)%/? = Xgg. Similarly, it also induces the Z/2-
actions on the space Apc(m, Xx), ZD,C(m, Xs), Ap,c(m, Xs; g). Moreover, if we consider
the space RP™ as a Z/2-space of the trivial action, the Z/2-action Xy also induces the
Z/2-actions on the spaces Map},(RP™, X5), Mapp(RP™, X5), F(RP™, X5; g).

Corollary 1.4 ([8], [13]). Under the same assumptions as- Theorem 1.1, if 2 < m < T —2
and D = (dy,--- ,d) € (Z>1)", the maps

ill),c : 'AD(ma X):, g) — F(RPm,XE’ g) ~ S‘Z’I’n}(E
jD,C . AD(m, X}:) — MapD(RPm’ XE)
ipc : Ap(m, Xz) — Maph(RP™, Xx)

are Z,/2-equivariant homology equivalences through dimension D(dy,- -+ ,dr;m). d
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