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Abstract
In this paper we prove a fixed point theorem and mean convergence theorems
of Baillon’s type for widely more generalized hybrid non-self mappings in a Hilbert
space. Moreover we give some examples of widely more generalized hybrid non-self
mapping.

1 Introduction

Let H be a real Hilbert space and let C be a non-empty subset of H. In 2010, Kocourek,
Takahashi and Yao [14] defined a class of nonlinear mappings in a Hilbert space. A mapping
T from C into H is said to be generalized hybrid if there exist real numbers a and 3 such
that

a||Tz — Ty|* + (1 - a)llz - Ty||* < BTz — y|* + (1 - B) Iz - ||’

for any z,y € C. We call such a mapping an (e, 3)-generalized hybrid mapping. We
observe that the class of the mappings covers the classes of well-known mappings. For
example, an (o, 3)-generalized hybrid mapping is nonexpansive [19] for a = 1 and 8 = 0,
that is, ||Tx — Ty|| < ||z — y|| for any z,y € C. It is nonspreading [16] for & = 2 and
B =1, that is, 2||Tz — Ty||* < ||[Tz — y||* + || Ty — z||? for any x,y € C. It is also hybrid
[20] for & = § and B = 1, that is, 3(|Tz — Ty < ||lz — || + [Tz — y||* + ||Ty — || for
any z,y € C. They proved fixed point theorems for such mappings; see also Kohsaka and
Takahashi [15] and Iemoto and Takahashi [9]. Moreover they defined a more broad class of
nonlinear mappings than the class of generalized hybrid mappings. A mapping T from C
into H is said to be super hybrid if there exist real numbers «, 3 and +y such that

al|Tz — Tyl + (1 — a + )|z — Tyl

<B+B-aITs—y|> +(1- 8- (B—a—1)y)|z -yl
+(a = B)yllz — Tzl + vlly — Tyl?



for any z,y € C. A generalized hybrid mapping with a fixed point is quasinonexpansive.
However, a super hybrid mapping is not quasi-nonexpansive generally even if it has a fixed
point. Very recently, the authors [11] also defined a class of nonlinear mappings in a Hilbert
space which covers the class of contractive mappings and the class of generalized hybrid
mappings defined by Kocourek, Takahashi and Yao [14]. A mapping T from C into H is
said to be widely generalized hybrid if there exist real numbers a, 3,7, , € and ¢ such that

a||Tz — Ty|* + Bllz — Ty||* + y| Tz — y||* + él|z — y||?
+max{elz — Tz|* ¢|ly — Ty||*} <0

for any z,y € C. Moreover the authors [12] defined a class of nonlinear mappings in a
Hilbert space which covers the class of super hybrid mappings and the class of widely
generalized hybrid mappings. A mapping T from C into H is said to be widely more
generalized hybrid if there exist real numbers «, 3,7, 6, ¢, and 7 such that

al|Tz = Ty|* + Bllz — Tyll® + YTz - y|* + dllz — y]|?
t+ellz — Tx|* + Clly = Tyl* + nll(z - Tz) — (y = Ty)|* < 0

for any z,y € C. Then we prove fixed point theorems for such new mappings in a Hilbert
space. Moreover we prove nonlinear ergodic theorems of Baillon’s type in a Hilbert space.
It seems that the results are new and useful. For example, using our fixed point theo-
rems, we can directly prove Browder and Petryshyn’s fixed point theorem [5] for strictly
pseudocontractive mappings and Kocourek, Takahashi and Yao’s fixed point theorem [14]
for super hybrid mappings. On the other hand, Hojo, Takahashi and Yao [8] defined a
more broad class of nonlinear mappings than the class of generalized hybrid mappings. A
mapping T from C into H is said to be extended hybrid if there exist real numbers a, 3
and +y such that

a1+ )Tz - Tyl* + 1 - a1 + 7))|lz — Tyl
< B+ay)|Te—ylP + (1 - (B+ o))z -yl
—(a— B)yllz — Tz|? = ~lly — Tyl)?

for any z,y € C. Moreover they proved a fixed point theorem for generalized hybrid
non-self mappings by using the extended hybrid mapping.

In this paper, using an idea of [8], we prove a fixed point theorem for widely more
generalized hybrid non-self mappings in Hilbert spaces. Moreover we prove mean conver-
gence theorems of Baillon’s type for widely more generalized hybrid non-self mappings in
a Hilbert space.

2 Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the set of
real numbers. Let H be a real Hilbert space with inner product (-,-) and norm || - ||. We
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denote the strong convergence and the weak convergence of {z,} to z € H by z, — z and
z, — x, respectively. Let A be a non-empty subset of H. We denote by ¢oA the closure of
the convex hull of A. In a Hilbert space, it is known that

(1 =Xz +2yl? = 1 = Nlzl® + Allyll* = (1 = MAllz - y)* (2.1)
for any z,y € H and for any A € R; see [19]. Moreover in a Hilbert space, we obtain that
2z ~y,z—w) = [lz —wl|* + ly = 2” ~ lle — 2] ~ lly — wlf? (2.2)

for any z,y,z,w € H. Let C be a non-empty subset of H and let T be a mapping from C
into H. We denote by F(T') the set of fixed points of T. A mapping T from C into H with
F(T) # 0 is said to be quasi-nonexpansive if ||z — Ty|| < ||z — y|| for any = € F(T) and
for any y € C. It is well-known that the set F(T') of fixed points of a quasi-nonexpansive
mapping 7T is closed and convex; see Ito and Takahashi [10]. It is not difficult to prove
such a result in a Hilbert space; see, for instace, [22]. Let C be a non-empty closed convex
subset of H and £ € H. Then, we know that there exists a unique nearest point z € C
such that ||z — z|| = infyec ||z — y||. We denote such a correspondence by z = Pgx. The
mapping P is said to be the metric projection from H onto C. It is known that Pg is
nonexpansive and

(z — Poz,Pcxz —u) >0

for any € H and for any u € C; see [19] for more details. For proving a mean convergence
theorem, we also need the following lemma proved by Takahashi and Toyoda [21].

Lemma 2.1. Let C be a non-empty closed convex subset of H. Let Po be the metric
projection from H onto C. Let {un} be a sequence in H. If ||unt1 — ul| < ||un — ul| for any
u € C and for any n € N, then {Pcu,} converges strongly to some uy € C.

Let ¢° be the Banach space of bounded sequences with supremum norm. Let p be
an element of (¢°)* (the dual space of ¢>°). Then, we denote by u(f) the value of p at
f = (z1,z2,73,...) € £°. Sometimes, we denote by u,(z,) the value u(f). A linear
functional p on £* is said to be a mean if u(e) = ||u|| = 1, where e = (1,1,1,...). A mean
u is said to be a Banach limit on £*° if p,(Zn41) = pn(z,). We know that there exists a
Banach limit on ¢*. If 4 is a Banach limit on ¢*°, then for f = (z,,z;,z3,...) € £°,

liminf z,, < p,(z,) < limsup z,,.
n—0o0 n—oo
In particular, if f = (z1, 22, 3,...) € £*° and z, — a € R, then we obtain u(f) = un(z,) =
a. See [18] for the proof of existence of a Banach limit and its other elementary properties.
By means and the Riesz theorem, we have the following result; see [17] and [18].

Lemma 2.2. Let H be a Hilbert space, let {z,} be a bounded sequence in H and let u be
a mean on £>°. Then there ezists a unique point 2o € ¢o{x, | n € N} such that

Hin (ZTn, y) = (20, Y)
foranyy e H.



Kawasaki and Takahashi [12] proved by Lemma 2.2 the following fixed point theorem.

Theorem 2.1. Let H be a real Hilbert space, let C' be a non-empty closed convex subset of
H and let T be an (a,8,7,96,¢€,¢,n)-widely more generalized hybrid mapping from C into
itself which satisfies the following condition (1) or (2):

(1) a+B+7v+6>0,a+v+e+n>0and(+n>0;
2) a+B+7y+d>0,a+B+(+n>0ande+n>0.

Then T has a fized point if and only if there ezists z € C such that {T"z |n=0,1,...} is
bounded. In particular, a fized point of T is unique in the case of a+ B3+ v+ 6 > 0 on the
conditions (1) and (2).

As a direct consequence of Theorem 2.1, we obtain the following.

Theorem 2.2. Let H be a real Hilbert space, let C' be a bounded closed convex subset of
H and let T be an (o, 3,7,9,¢€,(,n)-widely more generalized hybrid mapping from C into
itself which satisfies the following condition (1) or (2):

(1) a+B+v+6>0,a+v+e+n>0andl+n>0;
(2) a+B8+7y+6>0,a+8+C¢+n>0ande+n>0.

Then T has a fized point. In particular, a fized point of T is unique in the case of a+ 3+
¥+ 9 > 0 on the conditions (1) and (2).

3 Fixed point theorem

Let H be a real Hilbert space and let C be a non-empty subset of H. A mapping 7 from
C into H was said to be widely more generalized hybrid if there exist «, 3,7v,d,¢,(,n € R
such that

o|Tz - Ty|* + Bllz — Tyl* + YTz - y|I* + ]z — y|? (3.1)
telle = Tol|* +¢lly — Tyll* + 9ll(z — Tz) — (y = Ty)|I < 0

for any z,y € C; see Introduction. Such a mapping T is said to be («,8,7,6,¢,¢, n)-
widely more generalized hybrid; see [12]. An (e, 8,7, 96,¢,{,n)-widely more generalized
hybrid mapping is generalized hybrid in the sense of Kocourek, Takahashi and Yao [14] if
a+f=-y—d=1and e = =n=0. Moreover it is an extension of widely generalized
hybrid mappings in the sence of Kawasaki and Takahashi [11]. By Theorem 2.2 we prove
a fixed point theorem for widely more generalized hybrid non-self mappings in a Hilbert
space.

Theorem 3.1. Let H be a real Hilbert space, let C be a non-empty bounded closed convex
subset of H and let T be an (a, 3,7, 96, ¢, (,n)-widely more generalized hybrid mapping from
C into H which satisfies the following condition (1) or (2):
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1) a+B8+v+6>0,a+v+e+n>0, and there exists A € R such that X # 1 and
(@+B)A+C+n=0;

2) a+pB+v+86>0,a+L+(+n>0, and there exists X € R such that A # 1 and
(a+y)A+e+n>0.

Suppose that for any x € C, there ezist m € R and y € C such that 0 < (1 —A\)m < 1 and
Tz =z+m(y—z). Then T has a fized point. In particular, a fized point of T is unique
in the case of a + B3+ v+ > 0 on the conditions (1) and (2).

Ezxample 3.1. Let H = R, let C = [O, %], let Tz = (14 2z)cosz — 2z? and let a = 1,
B=v=11,6=-22,e=(=-12and n=1. Then T is an (o, 3,7, d, €, {, n)-widely more
generalized hybrid mapping from C into H, a+8+v+8d=1>0and a+y+e+n=1> 0.

Let A = 3%1’3:) and let m = 1+m. Then0 < (1-A\)m = § < land (a+B8)A+{+n =12 > 0.

Let y = ¢ 4 1¥2)ce2=2) 450 any 2 € C. Then Tz =z + m(y — z) and y € C. Therefore

1+

by Theorem 3.1 T has a unique fixed point.

4 Nonlinear ergodic theorems

In this section, using the technique developed by Takahashi [17], we prove mean con-
vergence theorems of Baillon’s type in a Hilbert space. Before proving the results, we need
the following lemmas.

Lemma 4.1. Let H be a real Hilbert space, let C be a non-empty closed conver subset of
H and let T be an (a, 3,7, 9,¢€,(,n)-widely more generalized hybrid mapping from C into
H which has a fized point and satisfies the condition:

a+y+e+n>0,ora+B+(+n>0.
Then F(T) is closed.

Lemma 4.2. Let H be a real Hilbert space, let C be a non-empty closed conver subset of
H and let T be an (o, 3,7, 06,¢€,(,n)-widely more generalized hybrid mapping from C into
H which has a fized point and satisfies the condition (1) or (2):

(1) a+B+y+6>0anda+vy+e+n>0;
(2) a+pB+yv+6>0anda+B+¢+n>0.
Then F(T) is conver.

Lemma 4.3. Let H be a real Hilbert space, let C be a non-empty closed convex subset of
H and let T be an (a,B,7,0d,¢€,(,n)-widely more generalized hybrid mapping from C into
H which has a fized point and satisfies the condition (1) or (2):

() a+pB+v+6>0,a+y>0ande+n>0;



(2) a+B+7y+5>0,a+8>0and(+n>0.
Then T is quasi-nonezpansive.
Moreover we obtain the following.

Lemma 4.4. Let H be a real Hilbert space, let C be a non-empty closed conver subset of
H and let T be an (o, (3,7, 9,¢,(,n)-widely more generalized hybrid mapping from C into
H which has a fized point and satisfies the condition (1) or (2):

(1)  a+B+v+8 >0, and there ezists A € R such that 0 < (a+y)A+e+n < a+y+e+7;
(2)  a+B4+7+6 >0, and there ezists A € R such that 0 < (a+B)A+¢+n < a+8+C+7.
Then (1 — X\)T + Al is quasi-nonezpansive.

Now we first obtain the following mean convergence theorem for widely more generalized
hybrid mappings in a Hilbert space.

Theorem 4.1. Let H be a real Hilbert space, let C be a non-empty closed conver subset of
H and let T be an (a,B8,7,0d,¢,(,n)-widely more generalized hybrid mapping from C into
H which has a fized point and satisfies the condition (1) or (2):

(1) a+B8+vy+0>0,a+v>0ande+n>0;

2) a+pB+v+6>0,a+8>0and+n>0.
Then for any x € C(T;0) = {z | T"z € C for any n € NU {0}},

n—1
1
Sp = — E T*x
n
k=0

is weakly convergent to a fized point p of T, where P is the metric projection from H onto
F(T) and p = lim,,_,,, PT"x.

Moreover we obtain the following.

Theorem 4.2. Let H be a real Hilbert space, let C' be a non-empty closed convez subset of
H and let T be an (o, (3,7,9d,¢,(,n)-widely more generalized hybrid mapping from C into
H which has a fizxed point and satisfies the condition (1) or (2):

(1)  a+B+v+6 >0, and there exists A € R such that 0 < (a+y)A\+e+7n < a+vy+e+n;
(2)  a+B+v+6 >0, and there ezists A € R such that 0 < (a+B)A+(+n < a+B+(+1.
Then for any x € C(T;X) = {z | (1 = A)T + AI)*z € C for any n € NU {0}},

1 n—1

Sz = ~ > (1= NT + Ak

k=0

is weakly convergent to a fized point p of T, where P is the metric projection from H onto
F(T) and p = lim,_,o, P((1 — \)T + A\)"z.
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Theorem 4.3. Let H be a real Hilbert space, let C' be a non-empty bounded closed convez
subset of H and let T be an (o, 8,7, 9, €, (,n)-widely more generalized hybrid mapping from
C into H which satisfies the following condition (1) or (2):

(1)  a+B+v+6 >0, and there ezists A € R such that 0 < (a+y)A+e+n < a+y+e+n;
(2)  a+B+y+d >0, and there exists A € R such that 0 < (a+B)A+({+n < a+B8+(+n.

Suppose that for any x € C, there exist m € R and y € C such that 0 < (1—A)m <1 and
Tz =z +m(y—z). Then for any z € C,

Soz = ni((l ~NT + M)z

k=0

is weakly convergent to a fized point p of T, where P is the metric projection from H onto
F(T) and p = lim,, o, P((1 = A)T + AI)"z.

Ezample 4.1. Let H = R, let C = [0,%] , let Tz = (1+ 2z)cosz — 2z* and let o = 1,
B=v=11,6 = =22, e = ( = —-12and n = 1. Then T is an (a,8,7,94,¢,{,n)-
widely more generalized hybrid mapping from C into H, a+ f+v+d =1 > 0 and
at+y+e+n=1>0 Let \=2" andm=1+n Then0< (1-A)m =3 <1and

3(1+m)
= _ _ (142z)(cos z—zx)
0<(@+V)A+e+n=1Z <l=a+vy+e+n Lety=z+ ————foranyz € C.

Then Tz = z + m(y — z) and y € C. Therefore by Theorem 4.3 for any =z € C,

n—1
Spz = % > (1= NT + Az
k=0

is weakly convergent to a fixed point p of T', where P is the metric projection from H onto
F(T) and p = lim,, ,o, P((1 = A)T + AI)"z.
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