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Stationary problem of a simple chemotaxis-growth
model*
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1 Introduction

Mathematical model for pattern dynamics of aggregating region of biological individuals pos-
sessing the chemotaxis was proposed in [3], [19], [21], [25] as follows:

us = DV {Vu — auVx(v)} + f(u), (z,t) €2 xRy,

vy = dAv +u—v, (z,t) € A xRy, (1)
u(+,0)=up >0, v(-,0)=v92>0, =z €1,
u(z, t) =0, v,(z, t) =0, (z,t) €092 xRy,

where D, d and « are positive constants and 2 C RV (N < 3) denotes a bounded domain with
smooth boundary 9. The sensitive function x(v) satisfies x'(v) > 0 for 0 < v. In this paper,
we treat the logistic growth term f(u) given by

fu) = u(l —u).

For this model, several spatio-temporal patterns due to the Tiiring and Hopf instability induced
the chemotaxis have been investigated by many people ( [2], [13], [14], [26], [31] ). Specifically,
this model exhibits that there are many static and dynamic patterns in virtue of the balance
between three effects, chemotaxis, diffusion and growth. In the critical case, as chemotaxis effect
is very strong, static and chaotic spots patterns is introduced in [2], [10], [26] as N = 1,2. It is
one of the features which the system of Keller-Segel type [12] exhibits. On the other hand, Yagi
et al. [2] show that the existence of the global solutions of (1) and the exponential attractor,
which dimension is growing as o — co. This result implies that the dynamics induced from (1)
becomes more complex under this situation.
Here, we only study the stationary problem of (1) as follows:

DV {Vu—-auVx()}+ f(u) =0, z€Q,

dAv+u—v =0, e, @)
UZO,’UZO, xEQ
u(z) = v,(z) =0, z € 9N.

For suitable values of parameters D, a and d, the existence and nonexistence of the stationary
solution are studied in [6], [13], [14], [31). Therefore, our goal is to obtain all solutions of (2).
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Recently, the global structure of the stationary solution bifurcated from the constant solution
for one dimensional domain is shown by Gai et al. [7]. On the other hand, there are static
and moving spots patterns by several numerical simulations ( [2], [10] ) in the case which the
chemotaxis effect is very strong, that is, a > 1. Another motivation is to show the existence of
the spiky solution which corresponds to a concentrative pattern. To do so, we first treat the case
o — 0o. Then, the solution of (2) converges to each one of two constant solutions (0,0), (1,1)
with respect to suitable norm ([7], [14]). Therefore, the solution set of (2) is not so complex
in the stationary problem as o is very large. If there exists a sequence of the.solutions which
converges to (0, 0), these solution has several peak points because of mingu < 1 < maxgu (
see [7], [14]). We think that these sequence corresponds to the spots pattern obtained by the
numerical simulations, but the existence is not proved.

On the other hand, we consider the case when one of the diffusion coefficients and chemotaxis
intensity are both large. We treated the same situation for the other model and obtain several
results about the stationary problem ( [15], [16], [17]).. Our interest is to show the global structure
of the stationary solution of (2) depending on the parameter a as D — oo. Then, we formally
obtain the limiting system as follows:

V{Vu - auVx(v)} =0, =z€Q,

dAv+u—v=0, z €, 3)
u>0, v2>0, Tz €N,
w(z) = v,(z) =0, z € 99

and
f f(u) da = 0. @)
Q

Since (3) becomes the stationary problem of Keller-Segel type system, there are many results
of the solutions of this system ( e. g. [4], [11], [20], [27], [29]).

The organization of this paper is as follows: In Section 2, it is proved that there exists a
sequence of the solutions of (2) which converge to the solution of (3), (4) as D — oo. For
2 = (0, 1), we show the global structure of solutions of (3), (4) depending on the the parameters
d, a in Section 3. In these two sections, we treat the simple sensitive function x(v) = v. In
Section 4, we similarly consider the existence of the solution of (3), (4) with x(v) = logv.

2 Convergence theorem for stationary solutions as N =2, 3

In this section, we consider the convergence property for solutions of (2) with x(v) = v as D
tends to co. First we will show the universal bound for the solutions of (2) with respect to D
and d. Using f(u) = u(1 — u) and applying the elliptic regularity theory to (2), we can easily
prove

Lemma 2.1 There is a constant C depending on 0Q such that
llullzr = llullz < (€| (5)
and

C
ol < 19, llollae < —llullze. (6)

Lemma 2.2 For any positive constant A, there ezists a positive constant C independent of D, d
such that for any A <d,D
lullwzs@) < C, llvlwae@ < C (7

for any positive solutions (u,v) of (2).



Proof. Integrating the first equation of (2) and using the boundary conditions, we have
1 1 «
/ IVul* < = {llullzs + l[ull7=} +a/ uVuVo < = {|lullpr + lulZ2} + —/ VulVu.  (8)
Q D Q D 2 Ja

It follows from the Gagliardo-Nirenberg inequality ( see [1] ) that

1 1 K X 3-X
2 - 2A :_‘_/ 2 _ <_/ 3<_ 2 2
[veevo== [wav=—2 [wrw-uw<g [ o< G, ©)

By Young’s inequality, we obtain

2(6—N)

1 1 1 =
Sl < = (Il + ul3s} + luls + Cllul 2 . (10)

Then it holds that for N < 4,
2 1 9 2(6—N
ol <2 (5+€) (ol + s + ol i ). (1)

Therefore, v € L%(Q) and v € W16(Q). By using v € W?6(Q) ¢ C*(Q) and the elliptic
regularity theory, we obtain u € H?(Q) C W'¢(Q) N C°(Q) and u € W28(Q) C C*(Q2). 1

Theorem 2.3 For any positive sequence {Dp} with limp,_y0o Dy = 00, let (un, vn) be any se-
quence of solutions of (2) with D = D,. Then there exists a solution (Uso, Voo) Of (3), (4)
lim (un, Un) = (Uoo, Vo) in C(Q) x C(Q) (12)

n—roQ

passing to a subsequence.

Proof. It follows from Lemma 2.2 that {(un, vn)} is uniformly bounded in W2(Q) x W*5(Q2)
with respect to D,. By using Sobolev’s theorem, we note W2%(Q) c C'(Q) with compact
embedding ( see [8] ). Then we find a subsequence {(un/, vn/)} and (ueo, Vo) € W26(Q) x
W26(Q) such that
Hm (up/, vpr) = (Uoos Voo) (13)
n'—00

weakly in W26(Q2) x W2(Q) and strongly in C*(Q) x C*(Q). The weak forms of (2) with D,
can be expressed by

/ (Vi — aty Vo) Vip d = o / Fluw)p d,
D Jo

¥ (14)
d| Vu,Vedr= /(un/ — v ) dz
Q Q
for any ¢ € H(Q). By virtue of (13), letting n’ — oo in (14) gives the fact that (ueo, Vo) is
a weak solution of (3). It follows from the elliptic regularity theory that (uc, veo) becomes a
classical solution of (3). Furthermore, integrating the first equation of (2) with D,, one can see

/ fup) dz = 0. (15)
Q

Owing to (13), the Lebesgue dominated convergence theorem enables us to let n’ — oo in (15)
to obtain (4) with (u, v) = (Uc, Veo). Therefore, we know that (uc,vso) is a solution of the
shadow system (3), (4). 1
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3 Global bifurcation structure of solutions of (3), (4) as N =1

First, we remark from (3) that « is represented by u = Ee®’ for any positive constant E. Then
(3), (4) are rewritten as

v(z) > 0, z €(0,1), (16)

dvge + 9g(v, E) =0, z€(0,1),
{ vz(0) = v5(1) =0,

and .
/ F(Ee™) dz =0, (17)
0

where g(v, E) = Ee® — v.

Although the global structure of solutions of (16) for a parameter d is already known, we
need some estimates to solve the integral constraint (17). Here, we only treat a monotone
increasing solution v(z, d, E) of (16), (17) because all oscillating and reflecting solution can be
constructed by connecting rescaling parts of monotone solutions.

By using the bifurcation theory, the solutions of (16) is obtained as one bifurcated from the
large constant solution v*(E) at the bifurcation point d = d*(E) = (aw*(E) — 1)/7% (e. g., [5],
[27], [28], [30]).

Theorem 3.1 For any E € (0, 1/ae) and d € (0, d*(E)), there ezxists a nonconstant solution
v(z, d, E) of (16) which satisfies v.(E) < v(z, d, E), v*(E) < maxgep, 1v(z, d, E) and there
is n(E) > v*(E) such that

v«(E) compact uniformly in [0, 1),

limg,ov(z, d, E) = {
nE) =z=1, (18)

limg_,4(gy v(z, d, E)=v*(E) uniformly in [0,1]

n(E)
where / g(v, E)dv=0.
v (E)

Our goal is to derive the global structure of solutions of (16) satisfying the integral constraint
(17) for two parameters d, E.

Theorem 3.2 [32] For any E € (0, e~ %), (16), (17) admits at least one nonconstant solution
v(z, d, E) for somed = d(F) € (0, d*(E)). Moreover, there exists a sequence {v(-, dn, Epn)},
of solutions of (16), (17) such that

nl_ig.lo(dm En) = (Oa 0) (19)

and
0 compact uniformly in [0, 1),
co x=1.

Jim o(e, dny B) = { (20)

(i) If 0 < a < 1, there is no nonconstant solution of (16), (17) for E € (e~*, o0). Moreover,
in a neighborhood of the singular limit (d, E) = (0, e~%), all nonconstant solution of (16), (17)
can be ezpressed by a local curve {(v(:, d, E(d)) | 0 < d < &1}, where E(d) is a smooth function
and 61 is some small number.

(it) If o > 1, in a neighborhood of the bifurcation point (d, E) = (d*(e™%), e~%), all noncon-
stant solution of (16), (17) can be expressed by a local curve {(v(-, d, E(d)) |0 < d*(e™®*)—d <
82}, where E(d) is a smooth functions and 8, is some small number.



Sketch of Proof: In order to prove the theorem, let T be a domain defined by T :=
{(E, d) |0 < E < 1/ae, 0 < d < d*(E)}. By using Theorem 2.7 in [30], one can verify that
the bifurcation at d = d*(E) is subcritical with respect to d because that g(v, F) is an A-B-
function. Therefore there is no nonconstant solution of (16) for (E, d) € R \ T from Theorem
3.1

To obtain solutions of (16) satisfying the integral constraint (17), we may only consider for
(B, d) € T. Setting

®(d,E) = /01 f(Ee*) dz = /01 Ee*(1 — Ee™) dx

for the solution v(z, d, E) of (16), we will obtain solutions of (16) satisfying ®(d, E) = 0.

First we consider the value of ®(d, E) on the boundary of the domain T except E = 0.
Since limy_,q+(g) v(, d, E) = v*(E) in C°([0,1]), we can define ®*(E) := limy_,4+(z) 2(d, E) =
f(Ee>"(E)). Moreover, it follows from Theorem 3.1 and Lebesgue convergence theorem that

®,(E) = lim &(d, E) = f(Ee(E)), (21)

Therefore, we will show the signs of 1— Ee®*(E) and 1— Ee®?"(E) because of f(u) = u(l—u)
and u = EFe®?.

To do so, we introduce two functions W, (E), U*(E) by U.(E) = Ee**(E) and ¥*(E) =
Ee*" (), Then we can prove that ¥, (E) and ¥*(E) are monotone increasing and decreasing
for E € (0, 1/ae) such that ¥,(1/ae) = ¥*(1/ae) = 1/a, ¥,(0) =0 and limg_,o ¥*(E) = oco.

First, we assume a < 1. Since U4(E) < 1/a for E € (0, 1/ae), there is only E, € (0,1/ce)
such that ¥,(E,) — 1 = E,e®*(E) — 1 = 0. Therefore, we have v,(E,) = 1 and E, = e™®
because of g(vy(E,), E) = E,e®*(E) —y (E,) = 0. Moreover, it holds that 0 < U,(E) < 1 for
E e (0, e®) and U (E) > 1 for E € (e7%, 1/ae).

Since ®(d*(E), E) < 0 for any 0 < E < 1/ae and limg_,0 ®(d, E) = ¥.(E)(1 - V.(E)) >0
for any 0 < E < e® < 1/ae, there exist solutions of (16), (17) with some 0 < d(E) < d*(E) for
any 0 < E < e~* by the intermediate value theorem.

Moreover, since limg_, g, 3%<I>*(E) = —E,e?* < 0 ( see [18] ), it holds that there exists an
unique solution v(z, d(E), E) in the neighborhood of (E, d) = (Ex, 0) with respect to d by
the implicit function theorem.

Next, we show the nonexistence of the nonconstant solution of (16), (17) for (E, d) € T and
E € (e, 1/ae). Thanks to Theorem 3.1, we have 1 = v,(e™®) < v«(E) < v(z,d, E) for any
d € (0, d*(Ex)). Therefore, it holds that

1
&(d,F) < E / e @AE) (] _ @B D) gy < 0,
0

Therefore, there is not any point (E,d) € T satisfying ®(d, E) = 0.

Next, we consider the case (ii), that is, & > 1. By using a similar argument as the above,
we show that ®*(E) < 0 for E € (0,e~%) and ®*(E) > 0 for E € (e”%,1/ae). On the other
hand, ®.(E) satisfies ®.(E) > 0 for any E € (0,1/ce). Then the solutions v(z, d(E), E) of
(16), (17) with some 0 < d(E) < d*(E) are obtained for any E € (0,1/ae) by the intermediate
value theorem.

Since imp .-« 25 ®(d*(E), E) = 27*" (™) > 0, there exists an unique solution v(z, d(E), E)

o—

in the neighborhood of (E, d) = (e™%, d*(e™*)) with respect to d from the implicit function
theorem. #
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4 Sensitive function of Keller-Segel type

In this section, we consider the another type of the sensitive function
x(v) = logw.

Then, (2) is rewritten as

0=DV(Vu —auVlogv) + f(u), =ze€Q,

0=dAv+u-—uv, T €,
u>0,v20, zeq, (22)
u, =v, =0, x € 1.
As D — o0, it follows from the first equation of (22) and the boundary conditions that
Vu — ouViogv = 0. (23)
Therefore, u is given by
u = Ev® (24)
with a positive constant E.
Then, (22) is rewritten as
0=dAv + Ev®* — v, z €,
v>0, z€EQ, (25)
W = 0’ T € 9N
with the integral constraint
/ F(Ev) dz =0, (26)
Q
By using v = E%w, we have
0 =dAw + w* — w, T e,
w > 0, T €N, (27)
wl/ - 07 T E 69
with the integral constraint
/ f(E°w®) dz =0 (28)
Q

for 6 =1/(1- a).

Therefore, (27) does not include the parameter E and is studied by many people ( see
subcritical case [9], [22], [24], [33], [34], supercritical [23] ).

Hereafter, we assume

o #1. (29)
It follows from (28) that F is given by

E= (/{; w® d:z://Q w?® da:) 1/6. (30)

Since the constant F is determined by the solution w of (27), we only consider the problem (27).
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Hereafter, we treat the 1-dim. problem corresponding to (25), (28). Let © = (0,1). Then,
this problem is rewritten as

w(z) 2 0, z € (0,1), 1)

0 = dwgy + w* — w, z € (0,1),
wg(0) = wgz(1) =0

and

E= (/olwa dz//olwza d:v)l/a. (32)

Letting w* = 1 and d* = (o —1)/7?, w* and d* are a constant solution of (31) and the bifurcation
point from the constant solution, respectively. By using the bifurcation theory, the following
theorem was proved.

Theorem 4.1 [35] There exists a continuous curve {(w(z,d(s),d(s)) | s € (0,1)} such that
w(z,d(s)) is a solution of (31) with d = d(s) where lims0d(s) = 0,lim,_,; d(s) = d* and

. 0 t uniformly in (0,1
lim,_,o w(m, d(s)) = { @ ;0;’74;@6 U f ) [ ) ( )
’ 33

*

lim, 3 w(z,d(s)) =w* uniformly in [0,1].

W
Here 1 is some constant given by [ (w® —w) dw = 0. Moreover, the continuous function d(s)

0
is monotone increasing for s € [0, 1].
Let ®(s) be given by
1 1
d(s) :/ w® da:// w?® de. (34)
0 0

Then we have

0

0
lim B(s) = $(0) = / W) dz/ /_ WREd wd e =en)=1 @)

Here W (z) is a monotone increasing solution of

{0=WZZ+W - W, —o00 <2 <0, (36)

W,(0) = 0.
From Theorem 4.1 and (32), we have

Theorem 4.2 For any fized o > 1, there erists a continuous function d(s) and solution w(zx,d(s))
of (31) with d = d(s) (0 < d(s) < d*) for 0 < s < 1. Moreover, it holds that

lim B(s) = ®(0)'~, lim F(s) = 1. (37)
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