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1 Introduction

This is a survey paper which was presented by the author in the RIMS at Kyoto University. This paper
contains several recent results which obtained by the author. Let us mention on the motivations of our study
related to the theory of manifolds and that of C*-rings.

Let M, N be C*®-manifolds and f : N = M a C®-map. Write an R-algebra C>®°(M) as a set of C™-
functions on M, and a homomorphism f* : C®°(M) — C*®(N) defined as f*(h) :=ho f.

We can regard a vector field V : N — TM along f as an R-derivation V : C®°(M) — C®(N) by f* i.e.
V is an R-linear map such that

V(hihe) = f*(h1) - V(h2) + f*(hg) - V(1) for any hy, hy € C°(M).

Note that in this case, V turns to be a C*-derivation, i.e. V satisfies that

!
0
V(go(ha,..., ) = z:;f(b—a‘;i ° (hl,...,h,)) V(hs)
forany l €N, hy,...,hy € C®°(M),and g € C*(RY).

C*® (M) is a kind of “C*°-ring” with the property: for any I € N and g € C®(R!), there exists an
operation @, : C®(M)! — C®(M) defined as ®4(h1,..., k) := go (h1,...,h). For C®-rings €,D and
a homomorphism ¢ : € = © of C*®-rings, when does an R-derivation v : € — D over ¢ become a C*°-
derivation?

C*-ringed spaces are sheaves with C*°-rings. There exists a functor Spec : C*°Rings®® — LC*RS such
that C°°-manifolds are regarded as “C*-schemes” M = Spec(C*®(M)). We can regard a C°°-manifold M
as a “space” associated with C®°(M) and a vector field over M as a derivation C*®(M) — C*(M) by the
functor Spec.

Then, what should we regard as a vector field on C*°-scheme? To define and study of singular points and
vector fields on C'*®-schemes, we study properties of derivations V : € — € of C*®-rings.

At §2, we refer to C°-rings. First, we illustrate the definition of C*°-rings and the examples of C*°-rings,
like the set C°°(M) of the smooth functions on a smooth manifold M. Second, we illustrate the definition of
R-derivations, C*°-derivations on C°°-rings, cotangent module and the example of derivations on C°°(M).
Moreover, we define k-jet projection on C*°-rings and k-jet determined C oo-rings to find out the relation of
derivations on C*°-rings.

At §3, we refer to the theorem of the condition that any R-derivation becomes C*-derivaiton. First, we
illustrate the necessary and sufficient condition that any R-derivation becomes C*°-derivaiton. To illustrate
the condition, we use a free C°°-module generated by d(c) and its two submodules related to derivations.
Second, we illustrate the theorem of this survey. Moreover, we illustrate the example of derivations on k-jet
determined C*°-rings and the example of C*°-rings which have R-derivations which is not C*°-derivation.
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2 Differentiable rings and their derivations

First, we refer to the definition of C*-rings from [4] and [2].

Definition 2.1 (E. J. Dubuc, c.f. D. Joyce) 1. A C®-ring (differentiable ring) is a set € which
satisfies that: for any l € {0} UN and any C®-map f : R! - R, there ezists an operation Oy : (A

such that
e for any k € {0} UN, any C™-maps g :R¥ 5 Rand f; : R RGE=1,--,k),
Q,(®5,(c1,.va)s-- -, Prlers. ., a)) = Pgo(sy,. )€y 1)
foranyci,--- ,cq € € and,
o for all projections m;(x1,..., 7)) =zt =1,---,1),

&, (c1,...,a) =c¢ foranycy,--- ,c; €L

2. Let € and D be C®-rings. A morphism between C™-rings is a map ¢ : € = D such that

¢(@s(cty---rn)) = g (g(cr), - .., d(cn))
foranyneN, f € C°R") and c1,...,cn € €.

3. We will write C*®° Rings for the category of C*°-rings.

Any C*-ring € has a structure of the commutative R-algebra. Define addtion on € by ¢+ ¢ :=
Dz yyrzty(c, ). Define multiplication on € by ¢ - ¢ := Pz y)azy(c,¢’). Define scalar multiplication by
A€ R by Ac:= &, 52z(c). Define elements 0 and 1 in € by O¢ := $po(0) and le¢ := $p.,1(0).

Example 2.1 1. Suppose that M is a C*°-manifold.
(a) The set C*°(M) has a structure of C*®-ring by (c1,...,¢n) v fo(c1,...,¢n).
(b) Let I C C*®(M) be an ideal of an R-algebra. We can define a quotient R-algebra C*(M)/I.
For any natural number | € N and a C®-map f € C®(R}),
J@i+y,.. o+ - f(@1,...,2) = Zé=1 y:9i(z,y) by Hadamard’s lemma.

Then fo(ci+i1,.-1Cntin) — fO(Cl, .. Cn) =D peqtk Gk 0 (Cly-r Cnylly.--,in)
for any c1,...,cn € € and iy,...,1, € I. Therefore the R-algebra C°(M)/I has a structure of

C*®-ring.
(c) The set (7,‘,’°(M)/m,g’c+1 of k-jet functions on a point p € M has a structure of C*-ring.

2. The set of real numbers R has a structure of C®-ring by (r1,...,7a) = f{r1,...,mn).
Second, we refer to the definition of two derivations on C'*°-rings as followings.
Definition 2.2 (R. Hartshorne, D. Joyce) Let € be a C*®-ring and MM be a €-module.
1. An R-derivation is an R-linear map d: € — M such that
d(cica) = c2 - d(c1) + 1 - d(c) for any c1,c2 € €.

2. A C*®-derivation is an R-linear map d : € — M such that

n

d(®f(cs,. - n)) = Z@%(cl,...,cn)) ~d(es)

i=1

foranyneN, f e C®(R™) and c1,...,¢cn € €.
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By definition, we have that any C*-derivation is an R-derivation.

Definition 2.3 (R. Hartshorne, D. Joyce) Let € be a C®-ring , M €-module and d : € — M R-
derivation(resp. C*°-derivation). We call a pair (9, d) an R-cotangent module (resp. a C*°-cotangent
module) for € if (M, d) satisfies that

for any R-deriation (resp. C*°-derivation) d' : € — M’
there exists a unique morphism ¢ : M — 9’ of €-modules such that ¢ o d = d.

We write (Qer,der) (resp. (Qe,co,de,c)) for the R-cotangent module (resp. the C*°-cotangent module)
for €.
For the uniqueness of cotangent modules, there exists a unique morphism Qg : Q¢ — (o of €-modules
with a following property:
dQO¢EQ¢Od¢:€——> Q@

Example 2.2 For a C*®-manifold M and C®(M), Qgeo(aryr and Qoo (ar),co0 aTE isomorphic to the set
T(T*M) of C*-sections to the cotangent bundle T*M on M.

Example 2.3 Let M be a C°-manifold.

1. For any f € C®(M), define a smooth function df € T(T*M) as df(v) := v(f) for any x € M and
v € T,M. Define R-mapping d : C®(M) — T(T*M) as d(f) := df. This R-mapping d is the C*-
derivation.

2. LetV : M —» TM be a C®-vector field of M. For any f € C®(M), define a smooth function
V(f) € C®(M) as (V(f))(z) := Va(f). We can regard V : C=(M) — C*®(M) as the R-derivation.
This R-derivation is also C*-derivation.

We define k-jet projections on C°-rings and k-jet determined C*°-rings. To define them, first, we illustrate
the definition of R-points of C®-rings and localizations of C'*°-rings.

Definition 2.4 (D. Joyce) Let € be a C*®-ring.

1. An R-point of € is a homomorphism p: € 5 R of C*-rings.
The set of R-points p: € — R is a base space of the C*°-scheme SpecC.

2. Suppose that the morphism p : € — R is an R-point. The localization €, always exists with the unique
mazimal ideal my, C €,(€,/mp=R), i.e. there exists a unique C*®-ring €, and its unique ideal my
which satisfy

o there ezists a morphism m, : € — €, such that my(s) is invertible for any s € p~1(R\{0}),

o for any morphism m, : € — €' such that mp(s) is invertible for any s € p~L(R\{0}), there
exists a unique ¢ : €, — € with 1, = ¢ om, and

e C,/my is isomorphic to R.

3. For any nonnegative number k € {0} UN U {oo}, define natural projections as
JE €= €y /myR T,

7= (Fpesr: €= J[ €/mith
p:C—oR

(If k = o0, we write mp**t 1= m,™ 1= Ngenm,” ).

From this example about C*°-manifolds, localizations of C*°-rings by R-points are the generalization of
germ of smooth functions on C*°-manifolds.
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Example 2.4 Let M be a C*®-manifold and p € M. For the R-point e, : C*°(M) — R as e,(f) := f(p), a
localization (C™(M ))e is isomorphic to the set Co°(M) of germs of C*-functions at p. Its unique mazimal

P
ideal is m., = {[f,U], € C5°(M)|f(p) = 0}.
We define k-jet determined C*°-rings and its properties for direct product.

Definition 2.5 (1,I. Moerdijk and G.E. Reyes, 2,3, Yamashita) Let € be a C*®-ring.
Let k € {0} UNU {o0}. € is k-jet determined if j* : € — | | (Y €,/mkt1 is injective. Espencially,
0-jet determined C*®-rings are called point determined C*°-rings.

Example 2.5 Suppose that M is a C*®-manifiold.
1. C*°(M) is a point determined C*-ring.
2. C°(M)/my**1 is not a point determined C*-ring, but a k-jet determined C>-ring.

For two C°-rings € and © with operations ®; : € — € and U5 : D" — D for f € C<(R"), we can
define a direct product € x ®. This product has a structure of C®-ring by Zf : (€ x D)"* — € x D defined as

Ef ((Cl,dl), ey (Cn,dn)) = ((I)f(Cl, e 7Cﬂ), \I’f(dl, RN ,dn)).

Any R-point ¢ : € x D — R, there exists a unique R-point ¢’ : € — R or ¢’ : D — R such that ¢/ omg = ¢
or ¢/ omp = e. Hence, (€ x D), is isomorphic to €. or D, and we have a following property for direct
product of k-jet determined C*°-rings.

Proposition 2.1 (Yamashita) Let € and D be k,l-jet determined C*®-rings and k' := max(k,1).
The direct product € X D is a k’-jet determined C*-ring.

Example 2.6 Let M and M' be m-dimensional C*®-manifolds. Write M UM’ as a disjoint union of C*°-
manifolds M and M’'. C®°(M) and C*®(M’) are point determined C*®-rings.
Furthermore, C®°(M) x C®(M"=C>(M U M') is a point determined C*-ring, too.

Let € be a C*®-ring. For k,l € {0} UNU {oc}(k <), we have the homomorphism
7 Tpenr €o/mp' ™ = Tl .er €o/mp*t? such that 55 = j5! ol for any p: € = R.

If 7* is injective, j* is also injective. Therefore, we have the following proposition.

Proposition 2.2 (Yamashita) Let € be a C®-ring and k,l € {0} UNU {oco}(k < I).
If € is a k-jet determined C™-ring, then € is also l-jet determined.

3 Algebraic viewpoints

From the definitions of R-cotangent modules and C'*°-cotangent modules, we have a following property.

Proposition 3.1 (Yamashita) Let € be a C*®-ring and Fe a free €-module generated by d(c)(c € €).
Define elements

s(c, )=d(C+C) d(c) — d(c)
p(c, A) = d(Ac) — Ad(c)
R(c,c') = d(c- c')—cd(c)~cd(c)

Coo(cla"'vcn;f):

Il

d(@;(cl, . ,Cn)) — ZQ;?;L,(CI" .. ,cn)d(ci)
i=1 '
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for anyn €N, f € C®°(R™) and ¢,c,c1,...,¢n € C.

Define Mer as a C-submodule of Fe which is generated by s(c,c'),plc, A), R(e,c'), and Mec~ as a
¢-submodule of Fe which is generated by s(c,c’),p(c,\),C®(c1,- - -, ¢n; f)-

Mer = Me,co if and only if any R-derivation d: € — M become a C*°-derivation.

Suppose that a C®-ring € is a local C*-ring with a unique maximal ideal m such that mk+l = (. Take
any C®-function f € C*®°(R"). By Hadamard’s lemma, there exists smooth functions
GM,,G1 :R® = R(la| = k+2,5=1,...,n) such that

o aaa
=1+ Y T g S o pGas),
1<|eo|<k+1 ja|=k+2

z — a Qote; .
Hw= - BTG ¥ w-nrel,b)

0<|a)<k ' Jaf=k+1

For any R-derivation d : € — 91, we have >, qb(tI)Bq; (c1y---rcn))d(ci) = d(®f(ct,. - -, ¢n)) from mktl =0

for k € {0} UN or m® = N m**1 = 0. Therefore, we have a following theorem from k-jet determined
C®-rings for k € {0} UNU {co}.

Theorem 3.1 (Yamashita) Let €,D be C*®-rings, ¢ : € = D a homomorphism of C*-rings and
k€ NU {oo}. Suppose that D is point determined or k-jet determined.
Then any R-derivation V : € - ® over ¢ is a C*™-derivation.

Example 3.1 1. Let V be an R-derivation V : C®(M) — C*(N) over the pull-back
f* 1 C®(M) = C®(N). C®(N) is a point determined C*-ring. From the previous theorem, this
R-derivation is a C*°-derivation.
2. C®°(R)/(z*+1) oo (m) is not point determined but k-jet determined C*°-ring.
Any R-derivation V : C®(R)/(zF 1) ceor) = C®(R)/ (2" 1) oo (m) 18 C-derivation such that

V(5@ + @) = L (@) + @)
by v(z) + (241) 1= V(@ + (@),

k+l>

For the previous example , we have a following corollary by generalizing C®°(R)/(z°*!) coo(w)-

Corollary 3.1 (Yamashita) Let € be a k-jet determined C*-ring with the form C>°(R™)/I.
For any R-derivation V : € — €, V is a C*-derivation.
Moreover, there exists n smooth functions ai,...,an(x) € C®(R™) which satisfy

Za, )+ I for any f(z) + 1 € C=(R™)/I.

From Remark 5.12 in [2], we have a counterexample of C*-rings such that any R-derivations become
C*>-derivation.

Remark 3.1 For the C®-ring C®°(R"), Qgoown)r is generally much larger than Qceern)cee, 50 that
Qgoo(rn),r @5 N0t a finitely generated C*°(R™)-module for n > 0.
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4 Applications

4.1 Applications to C*-vector field along C*-curve

Let € be a C*®-ring and ¢ : € - C*®°(R) a homomorphism of C*-rings. This homomorphism is regarded as
a C*™-curve R — Spec€.

Suppose that V : € — C*®°(R) is an R-derivation over ¢. For the previous theorem, this derivation V is a
C®-derivation. Furthermore, C*°-derivation V is regarded as a tangent vector at Spec€.

For any element ¢’ € €, we can define a homomorphism 9 : € — € of C*-rings as ¥(c) := Py()(c’), and
a C*-derivation V' : € — € over ¢ as V'(c) := Py (o) (c).

4.2 Applications to C*™-vector field along C'*°-map

Let € be a C*-ring, M a C*°-manifold and ¢ : € = C*°(M) a homomorphism of C*°-rings.

Suppose that V : € - C*®°(M) is an R-derivation by ¢. For the previous theorem, this derivation V is a
C®°-derivation.

Therefore, we can define a vector field V : M — Spec® over Specg : M — Spec€ as the image of
derivation € — C*°(M) by the functor Spec.



A (C%*-schemes and the functor Spec
Definition A.1 1. A C™-ringed space X := (X,0Ox) is a topological space X with a sheaf Ox of
C*®-rings on X.
2. Let X = (X,0x),Y = (Y,Oy) be C-ringed spaces.
A morphism [ = (f, f#) : X = Y of C®-ringed spaces is a continuous map f : X = Y with a
morphism f# : f~H(Oy) = Ox of sheaves of C®-rings on X.
3. Write C®RS for the category of C°°-ringed space.

4. Alocal C*®-ringed space X = (X,0x) is a C®-ringed space for which the limit Ox  := limys, Ox(U)
for all open neighborhood of x is local for allz € X.

5. Write LC®RS for the full subcategory of C*RS of local C*-ringed space.

Definition A.2 (The definition of functor Spec) 1. For a C*®-ring €, define a C™-ringed space X¢
as followings.

(a) Define a topological space X¢ as followings by C*-ring €.
o Define a set X¢ = {z: € = R|z is a R-point of €.}
o For each ¢ € €, define ¢, : X¢ — R as c.(z) := z(c).
o Set a topology of X¢ as a smallest topology Te such that ¢, is continuous for all c € €.

(b) For an open subset U C X, define Ox.(U) as a set of functions s : U = [ [, ey €z with following
properties

e For each x € U, s(z) € €, 1s satisfied.
o U is covered by open set V' which satisfies that
there exzists ¢,d € €(Vu € V,m5(d) # 0) such that m{c)mz(d) ™! = s(x)(Vz € V).
2. Therefore define the following C'*°-ringed space
Spec € := (X, Ox,)-
Definition A.3 (The definition of functor Spec) 1. For a morphism ¢ : € = D of C*°-rings, define
— #
fo=(fsr £F) as
(a) fo: Xp > x> (xo0¢) € X is continuous,
(b) ff :0xe = [ (Oxyp) is a morphism on Xp which satsifies a following :
for each open set U C X¢. define ff(U) 0%, (U) = (£3(0x5))(U) as
JE(s) 12— s (s(f4(2))) for each s € Ox, (U).
(c) From the above, define a morphism as following
Spec ¢ := ([, [7) : X = Xe.
2. From the above definitions of objects and morphisms, we can define a functor Spec of categories.
Spec : C*° Rings°’” - LC™RS
Definition A.4 Let X = (X,0x) be a C*-ringed space.
1. A C*®-ringed space X is called affine C*®-scheme if it is isomorphic to Spec€ for some C*®-ring €.

2. If there exists an open cover {Ux}rea such that Uy is an affine C*°-scheme for each A, we call X
C*-scheme.

3. We call C*®-ringed space X separated (resp. second countable, compact, paracompact) if the underlying
topological space X is Hausdorff (resp. second countable, compact, paracompact).
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