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Abstract

Uniform resolvent estimate for Helmholtz equations in 2D exterior domain is derived. Similar estimates
also hold for stationary Schrodinger equations with magnetic fields and stationary dissipative wave equations.
As by-product, smoothing estimates for corresponding time dependent problems follow.

1 Problems and results
Consider the following Helmholtz equations in 2D exterior domain with star-shaped boundary:

(-A - k)u = f(z), T € Q,
{ (1.1)
u=0, T € 99,

£

(z/ryn) < 0 for unit outer normal n of 89Q. In the following, we exclude the case @ = R? and assume that
min{]zl; z € 8Q} > rg for some rg > 0. The method described here can be adapted also to stationary Schrodinger
equations with magnetic fields or stationary dissipative wave equations (Remark 1.5, or 1.6 below, respectively).

Since the operator —A with domain D(—A) = {u € H2(Q);u = 0 for = € 9Q} is self-adjoint, we may assume
that Sk = 01,

Our aim is to establish the uniform resolvent estimates for (1.1), which was remained unsolved until the time
with the past. The main task is to obtain the positivity of the energy form obtained from Laplacian, which was
violated in the existing research (e.g., Ikebe-Saito [2], Mochizuki [11]) due to the term

where u = u(z,k), k = 0 +ir € C and 89 is star-shaped with respect to the origin 0 ¢ Q ( CR2), ie.,

(N-1)(N-3)

41,2 |’LL|2

(here, N denotes the space dimension and r = |z|).
The first key for conquering this difficulty was the Hardy type inequalities related to radiation conditions?:

2r

uF inu) z (£Sk
T

v

||IDEu]| < 00 where Dfu:Diu-g, D¥u=Vu+ ( 0).
In the following, we define the weighted L? space by

w =

12 = {we 22@) : Il = houlFsey < 0}

for some weight w = 0.

1For stationary dissipative wave equation, the operator which appears does not become self-adjoint. In such a case, we also must
treat the case Ox £ 0.
2The radiation condition is a boundary condition at infinity to ensure the uniqueness of the solution of (1.1).



Proposition 1.1 ([12],[16]) Assume that Q@ C RY is a general domain with smooth boundary and N > 1. For
any v € C§°(Q), ¢ = é(r) € C°°((rg,0)) and a € (0,1], the following inequalities hold:

K
2a¢

/¢1va|2dzg (d:%n)/ -——|U|2dz+/ helv|*dz, (£Sk 2 0),
o T 9]

2
Up + v dzg/.hamzdx,
Q

where

ha(’l‘) — _a¢7‘(r) _ a’(a’ _ i‘)¢(’r)'
r r
If these are used, the positivity in the case of N = 2 is re-established. However, the duality on the weight
function is violated:

Theorem 1.2 ® ([16]) For a solution u of (1.1), the following uniform resolvent estimate holds:
612 Mul2-rara £ SllullZ-sn + [[ul2-era/2 + IDEU? £ Callfl2srarn. (235 2 0) (1.2)

Note that (1.2) is a global resolvent estimate with the spectral parameter x. In this sense, it differs from
the local (low or high energy) inequality derived by e.g., Ikebe-Saito [2], Agmon [1] or Kuroda [5], etc. The
global resolvent estimate has already been proved by Mochizuki [11]. On the other hand, the uniform estimate
is established by Kato-Yajima, [4] for Helmholtz equations in the whole space. It is extended by Mochizuki [12]
to magnetic Schrédinger equations in an exterior domain in RY with N 2 3.

One key for the duality is a form of the weight function which appears in the Hardy type inequality in a
two-dimensional exterior domain, which originally proved by J. Leray [7] (See Lemma 2.1 (2.2), below).

Our results are given in the following form;

Theorem 1.3 ([13]) For a solution u of (1.1) and for each k(# 0), the following inequality holds:

llulf? - S Gl (£8x20) (13)

2
r—1(1+log ;%)_1 + S‘n”u”r 1+log %)

~1/2(1+10g )
for some C1 > 0 independent of k. Moreover, for vector-valued function D¥u(z) and for each x(# 0), the

following inequality holds:

||DEu? -1 £ Sk||DEul? (£S% 2 0). (1.4)

2
(4+10g =) r1/3 (atiog ) s C2“f|lr(

1+log %)
where Cy is positive constant independent of k.

Theorem 1.4 ([15]) Assume that the function (r) is smooth, non-negative and integrable on [ry, c0) satisfying

1

—_—
(4+log ;T—)
0

Then for a solution u of (1.1) and for each k(s 0), the following inequality holds:

,{2 u 2 + Vu 2 SC 2 1.5
&l llullye + [1Vulllz < Callf]] YOO Ly (1.5)

Zree(r) S o(r) and o(r) <

co
for some C3 > 0 independent of x where ||¢||: = / p(s)ds.

To

Remark 1.5 The above two theorems also hold for a solution u of the magnetic Schrédinger equation ([13])

2
(—;{8,- + ibj(ar:)}2 +c(z) - nz) u=f(z), =x€Q, (1.6)
u=0, x €00

3The similar result also holds for stationary dissipative wave and Schrodinger equations under suitable conditions.
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under the assumption

(IV x b(@)]2 +le@)?}* s —2—— i Q, (1.7)
r2 (1 + log ;%)

with 0 < gg < 4—\;2_1_, where 8; = 8/8;,(j = 1,2), i = V-1, b;(x) is a real-valued C!-function on ! = QU OQ,

and c(z) is real-valued continuous function on Q.

Remark 1.6 The similar result as in Theorem 1.3 and 1.4 can be also proved for the stationary problem of
dissipative wave equation, i.e., Theorem 1.2 above is improved in sharp form under the N =2 or N 2 3. Using
these, we can relaz the decay condition of the dissipation given by Mizohata-Mochizuki [9] to established the
principle of limiting amplitude. These results are published in forthcoming paper ([14]).

Noting the above two theorems and the smooth perturbation theory developed by Kato [3], we can establish
the smoothing estimates for the corresponding evolution equations.

To state our results for Magnetic Schrodinger equations (1.6), we define the following notations: V = (01, 82),
Vy = V +ib(z), Ay = V- Vi The self-adjoint operator L is defined by L = —A; + c(z) with domain

D(L) = {u € L2(Q) N H2,(0); (—As + Ju € LA(RQ),uy = o}.

Theorem 1.7 ([18]) Assume (1.7). Then the solution operator e~*L to the equation

i%’ti ~Lu=0, u(0)=feclL*Q) (1.8)
satisfies
+ ALt 2 + r 2
/ r1 (1 + log —) / e N Ip(rdr|| dt| £ C / r (1 + log —-—) h(t)|| dt|.
0 To 0 0 To

for h(t) satisfying r (1 + log ;r—) h(t) € L*(R x ), and
0

+t
A

Remark 1.8 The similar result as in Theorem 1.7 can be also proved for the relativistic Schrédinger, Klein-
Gordon or wave equation (see [13]).

-1 2
r‘1(1+log;r—> el at < 2v/r)IfI1R.
0

In the rest of the paper, proofs of the above theorems are performed. Since the essential part of these comes
from the free Laplacian, in the following, we shall only treat this case. For the magnetic Schrodinger operator’s
case, see our paper [13].

The contents of the present paper is given as following: In section 2, the refined Hardy-type inequalities
related to the radiation condition are derived and main theorems (Theorem 1.4 and 1.5) are proved. In the final
section, essence of the proof of Theorem 1.7 is given.

2 Refined Hardy type inequalities and the proof of Theorem 1.4, 1.5

We shall start the proof of well-known Hardy-Leray inequality:

Lemma 2.1 Assume that ? C RY is a general domain with smooth boundary and N Z 1. For any v € C§°(9),
we have the following inequalities;

(1) N 2 3, then

H’UH%\,_, < ”'UrH2~ (2.1)
==

=



(2) If N =2 and r > rg for some ro > 0, then
[[vllF -1 S o] (2.2)

{2rios (%)}
Here, vr = Vv - £,

Proof. (see also [16], Lemma 2.2 and the subsequent description) Proofs of (1) and (2) are given in the footnote
of text book by Mizohata [8], and by Ladyzenskaya [6], respectively. Here, we give a unified proof.
Consider the following non-negative inequality:

0 é |UT - gU|27
where v € C§°(2) and g = g(r) € C*((rg,0)). By the direct computation gives
: z
0L o2 -V (gv2 ;) - Wy?, (2.3)

N-1
Wg=—(9r+ g+92)~
(1) If N # 2, choose g = ar~! with some constant a. Then we have W, = a(2 — N — a)r~2. Therefore, we
may choose a = —¥ to obtain W, = (’\"2)2 . Integrating the both sides of (2.3) over 2, we have (2.1).

(2) If N = 2, choose g = ar™! {log (TLOZS}_I with some a. Then we have W, = a(1 — a)r~ {Iog ( )}_2.

where

Therefore, we may choose a = 3 to obtain (2.2). O

Now we prepare two identities which comes from (1.1).

Lemma 2.2 ([10], [11], [12], [15], [16]) Let u be a solution of (1.1). Assume that two functions ¢ = p(r) and
¥ = ¥(r) are non-negative and satisfy , € C*®{((rg,00)). Then u satisfies the following identities:

I lullys + IVl + | Wiolulas £2(30) | °° o(R) { / (VP I h) dz} dR

= ID* g F2 [
= 1D%ul|lp ¥

o

w(R) ( fmdm) dR (£Sk 2 0), (2.4)

Qr

|DFul|®

+ /a n{—¢Diuﬁ?ﬂ+5|Diu|2§} -ndS + /n Wa(r)ul2dz = R /Q VfDFudz (£9k20),  (25)

where
Wi(r) = (:t&‘m)-;e+ 4‘:2 “20; (2.6)
Wa(r) = %(f) — (+9K) 4¢2, 27)

and Qr = {z € Q||z| £ R}, Sr = {z € Q||z| = R} for some large R > 0.
Proof. Multiplying the both sides of (1.1) by —ixu, integrating by parts over Qg, and taking the real part, we
find

1 2 —
—/ {|.tc|2|u|2 + |Vu)? - ‘Vu F inufy } s+ (8‘5)/ (I&luf?* + [Vu]?) dz = R | firudz. (2.8)
2 Sr r Qr Qr

In that process, we use the following two identities:

. . 2
R V- (Vuiru)dr = R 2 VuirudS = %/ {|N|2|u|2 +|Vul? ~ [Vu F muﬂ }dS.
Sr

Qr Se T

- ‘Vuxinu—ﬂz = - |Vu+ (5 - (xin)u) :' + ':'22 (%)'“I2 +V- {';‘f T}
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Multiplying the both sides of (2.8) by ¢ and integration over (rg,00), we obtain (2.4). O

N-1
Next, we shall derive the second identity (2.5). Put v = eu and g = e?f, where p = Fikr + logr
(9« 2 0). Then v satisfies the equation
N -1)(N -
—-Av+ 2p,v, + (—M't} = (2.9)

4r2

Consider (2.9) x ¢7; and integration by parts over ). Moreover, represent the resulting identity by the original
u and f. Taking the real part of the both sides, we have (2.5) since N = 2. O

From these identities, we derive some inequalities. In (2.5), choose ¥(r) = r. Then the second term of the
Lh.s of (2.5) vanishes, and the third term of L.h.s of (2.5) becomes non-negative by the boundary condition. By
(2.7), the weight function W, becomes

1 1
W, = ) {(:t%‘n)r+ 2}
Since the weight function of the first term of the Lh.s of (2.5) becomes (+Sk)r + %, we can pack these terms to

obtain

Lemma 2.3 Let u be a solution of (1.1). Then u satisfies

(:t\m)r+ |D¥uf? - I ' r’fﬁ( dz. (2.10)
Q Q

Using Schwarz inequality in the r.h.s of the above inequality, we obtain

(ID:t 2 I ? )d1:+5|| ?, o (isir )] (2.11)

€

ERITIL
s of 210 2 4€”f” (14108 75) +/“ (1+logr')

If moving the second term on the r.h.s of (2.11) to the Lh.s of (2.10), we have the following

Proposition 2.4 Under the same assumptions as in the preceding proposition, it holds that for any e > 0

1 € |u[ ) 1

+ - —_— D*uy)? < —IfI? z -1 (2.

/n (FSm)r + 2 (1+10g L)2 <| "~ 4z 5 4e”f” (1+10g & )+€“ ul 2r(1+10g =) } (212)
To

We regard (2.12) as an estimate of the term involving

it - 1

from above. Conversely, we need some estimates from below a same portion.
For this aim, we note the following calculations (cf. the proof of Lemma 2.1). Assume that f = f(r),
g =g(r) € C°((rp,00)) with f 2 0. Then

2

02 f|DEu— (%-&-g)u
1
—ADFE =9 (1 (5 +0) WPE) - Lol + eomWalul? + Wil? + Wb, (213
where
Ws(r) = 2f (% +g) , (2.14)
Wa(r) = -f (gr + g + gz) , (2.15)
W) = =1 (5 +a). (216)

Integrating the both sides of (2.13) over 2, we have



Lemma 2.5 For any f = f(r), g = g(r) € C*®((rg,00)) with f Z 0, it holds that
2
/ f(|D$u|2~ﬂ dz > (£9K) / Wlul2dz + f (Wa+ We)lulPdzs  (+9% 2 0),
) 4r? o Q

where W3, Wy and Ws are defined by (2.14), (2.15) and (2.16), respectively.

Comparing Proposition 2.4 and Lemma 2.5, we choose f and g as
fr) = (2Sm)r+ % et (49k20)
(1 + log rlo)
1
2r (1 + log #)
We then have as in the proof of Lemma 2.1 (2),
f

Wy= ——F——.
4r2 (1 +log %)

Moreover, easy computations give
1
(E9mWa + We = (3 +9) (29 - £),
where
2e(£Sxk) 2e

2 3
(1+log ;'"0-) r(1+log ;%)
2

2(4SK)f — fr = 2(£8k)%r -

2
2
= 2r | ¢ (£8k)— c =0 = £ | - £ 3
2r (1 + log %) 472 (1 + log %) r (1 + log %)
Noting the definition of f, we have
1 1
< = < Z

0= 5 t9=o
which gives

g2 2

(:tg‘fi)w;g + W,z - (:ES‘K, Z 0)

2 2
2r2 (1 + log 7%) r2 (1 + log %)
Therefore the weight function of [|u||? can be estimated from below if we choose € so small as 2¢? < ¢;

(£SK) W3 + Wy + Ws 2 ___1__)5 {(:l:&‘m)r + % - 105} (£3K 2 0).

472 (1 +log &
By the above mentioned argument, we have

Proposition 2.6 For a solution u of (1.1) and for small € > 0, it holds that

£

U 2
ot (1080 - M) do 2 i (@ 20)
(1 + log %)

/ﬂ (£8x)r + % -

where

1
We(r) = — > {(i&n)r +3- 105} .
472 (1 +log %)
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{Proof of Theorem 1.4 (1.3)] Combining Proposition 2.4 and 2.6, we have

ol < COIIE +ellll,

L+log %) L+log %)}’l'

Moving the last term of r.h.s of the above equation to the other side, we obtain

Il < C(e)llfllf,(

2

1+log %)

where
1

1
Wy = {(:I:S‘n)r-}—-z- - 115} (1o 5.
T ( 0og E)
If we choose € so small, the desired inequality (1.3) holds. O

[Proof of Theorem 1.4 (1.4).] Put
T

(4+log%)2

in Lemma 2.2 (2.5). Then % — 1r 2 0 holds to neglect the second term in the Lh.s of (2.5). As in the proof of
Lemma 2.3, the third terms in the Lh.s. of (2.5) becomes non-negative. As for the weight function of the first
term of Lh.s of (2.5), we have

Y(r) =

onpy+ L 2 L (o4 1)
(4+log %)

Moreover we obtain

W< C{(:I:S‘n)r+1}2
4r2 (4+log #)

to conclude

/n (~Wa)lulde < C|If|?

T (4+log %)

by (1.3) for some C > 0 independent of «. Similar estimate as in (2.11) gives

— 1
+ < +12 2
[ +1DFlda < <lip2| o) T g )

Using these two inequalities in (2.5), we obtain (1.4). O

[Proof of Theorem 1.5 (1.5)] In Lemma 2.2, (2.4), let the function ¢ satisfies the assumptions in Theorem 1.5:
1 1

- ——

(4 + log %)

Then by (2.6), we find W; 2 0. Therefore we can neglect the third and fourth terms in the L.h.s. of (2.4). For
the first term of the r.h.s of (2.4), we can utilize Theorem 1.3 (1.4) to obtain

o € L((ro, 00)), % <

D% 05 < O 110 1

for some C > 0. By the Schwarz inequality,

_ 1
2 [ |fTilds SAIFIE s + 5l lul
R

holds. By the above mentioned inequalities, we have (1.5). O
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3 Essence of proof of Theorem 1.8

For the sake of simplicity, we shall consider the Helmholtz equation case (1.1). Magnetic Schrodinger equation
(1.8) case also can be treated by the similar arguments. We have only to prove the following inequality by the
smooth perturbation theory developed by Kato [3] (see also [12]):

lA(-A - &?)71 A S| S CIIS] (3.1)
for any f € L?(Q) and for some C > 0 with S # 0 and

-1
A=r"1 <1+logL) .
To

We regard A as an operator in L2(£2). By this definition, A* = A holds. To show (3.1), put u = (—A—x2)"1A*f.
Then u satisfies Helmholtz equation

(—A - })u = A* f(x), z € Q,
u=0, T € 09,

Then by Theorem 1.3 (1.3), we have

s of(3.1)] = ldull = ], 1,100 27+ S CIASI, 14100 ) = O]

r
1+log 7

to obtain the desired inequality. O
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