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Abstract

Let G be a locally compact Abelian (LCA) group, A a commutative Banach algebra, “X”
and “Y” denote the Banach spaces of A—module. L' (G, A) stands for the space of all A-valued
commutative Banach algebra with convolution product. L?{G,X), 1 < p < o, for each p, is a
Banach space. In this note, we study the multipliers of L!(G,A) and the representation of the
homomorphism L!(G,A) module multipliers of L!(G,A) to LP(G,Y) which can be identified
by L'(G,A) ® LI(G,Y*)* under reasonable conditions, where 1 < p < oo, %+% = 1. The
multipliers of L!(G,A) to Co(G,X) is also subscribed.

Key words and phrases: locally compact Abelian (LCA) group, separable Banach space,
Radon Nikodym property, multipliers, invariant operator, projective tensor product space.

1 Introduction and preliminaries

Let G be a locally compact Abelian (= LCA) group with Haar measure dt and
dual group G. Let A be a commutative Banach al gebra with a bounded approximate
identity. A continuous linear map 7 € £(A) = £(A,A) is called a multiplier of A if

T(a-b)=a-Tb= (Ta)-b forall a,b € A.

Denote by 21(A) the space of all multipliers for A.
Clearly, 2U(A) is a Banach subalgebra of £(A). In particular, if A = L1(G), a
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commutative group algebra under convolution product, then the multiplier algebra
IM(L'(G)) has the following equivalent statements (i)~(iv) .(See Larsen [7], cf also
Lai, Lee and Liu [1]):

Theorem 1. Let T € £(L'(G)). Then the following statements are equivalent.

(i) T commutes with convolution (call T a multiplier)
T(f+xg)=Tfxg=f*T(g), forall f,g€L'(G)

(ii) T commutes with translation operator T, (a € G). (call T an invariant opera-
tor)

Tt, =1,T,7,f(t) = f(t —a), forallacgG,

(iii) 3! a u € My(G), space of all bounded regular Borel measures such that,
Tf=uxf, forall f € L'(G).

(iv) there exists a bounded function ¢ on G such that
Tf=9¢f or¢=p € My(G) G C°(0).

It is remarkable that o
(a) the Fourier transforms L'{(G) = A(G) G Co(G) is dense of 1st category in
Co(é), the continuous function on G, vanishing at infinite.
(b)Similarly, it is known that the Fourier — Stielt jes transforms :
e ATb(\G) cch (6),- the space of all bounded continuous functions on G.
By Theorem 1, we see that the definition of multipliers is in various types. Actu-
ally the concept of multiplier comes from Fourier Series of a function f by using a
bounded sequence ¢ (n) multiply the Fourier coef ficient cy of f, it still approve as
a Fourier coef ficient of another function of g. This ideal leads to study for multi-
pliers in harmonic analysis on locally compact Abelian group G.
In this Note, we would like to extend the multipliers of L!(G) to the multipliers
of L'(G,A) as well as multipliers of L' (G,X) to L'(G,Y) under module homomor-
phism of Banach vetor — valued functions defined on LCA group G, and compare



the Banach algebras L'(G,A) and L!(G), do have the same properties as in the The-
orem 1? Actually, the invariant operator T in £(L!(G,A)) can not be a multiplier
of Ll(G,A) provided dimA > 1.(See Tewari, Dutta and Vaidya [9]). That is , in
Theorem kl, (ii) = (i) is false, the other implications are true.

2 Multipliers of Banach algebra .

Let A be a commutative Banach algebra, we say that a Banach space X is
A —module if

AXCX,and |[a-x||x < |lalla || x||x foreachacA,x€X.
and X is said to be an essential A — module if
AX=X,and |lax||x < |lalla | x]|x, foreachac A, x€X.

For convenience, we give following Theorem to check that an A — module Banach space

to be essential.
Theorem 2. Let A be a commutative Banach algebra with uniform bounded approx-

imate identity. Then any A — module Banach space is essential.

For example, the group algebra L' (G) has bounded approximate identity: {eq},
where ey IS ey = % , where {V,, } is defined by an open neighborhood system of

the identity 6 € G with ordered by @ < B if Vg C Vy, then || eq [1= J;; T"Vvﬁdz =1.
Thus by Theorem 2, directly we get easily that

LYG)*LP(G) =LP(G),if 1 < p<

if p=-co, we choose Cy(G), the space of continuous functions vanishing at infinite
on G, we also have

L'(G) *Co(G) = Cy(G)

Remark1 It is remarkable that not every Banach algebra has a bounded approxi-
mate identity. For example, the space

AP(G)={feL'(G) | feLl?(G),1 < p< =} (CLYG))



with norm defined by ||  |lar=|| £ |1 + || /|l is a commutative Banach algebra
for each p, 1 < p < co. But there is an approximate identity {eq} in L'(G) with
Fourier transform eg having compact support in G for each o, then g4 € (G
shows that {eq} is also an approximate identity of A?(G), but this system {eq} of
approximate identity is not uniform bounded in A?(G). ( cf. Lai [2, p254])

3 Multipliers of Banach Module Homomorphism .

Let A be a commutative Banach algebra and X,Y A —module Banach spaces. A
bounded linear operator T € £(X,Y) satisfying

(3.1) T(ax) =a(Tx) forallac A, x€X,

is called a multiplier of X to Y under A-module. The space of such multipliers is
A — module homomorphisms from X to Y and is denoted by

(3.2) Ms(X,Y) =Homa(X,Y)={T € L(X,Y)| T(ax) =a(Tx),acA,x € X}.

It is a closed subalgebra of £(X,Y), the space of all bounded linear mappings of X
into Y. In particular, if A = X = Y = L'(G), then the multiplier space M(L!(G))

“rUr

coincides with the expression of isometrically isomorphic relations “=" as follows.
(33) M(LY(G)) = Homp (L' (G),L'(G)) = (L' (G),L'(G)) = Mp(G).

where (E(G),F(G)) stands for the space of all invariant operators commute with
translation operator 7, on the function spaces of E(G) to F(G).

In general, the multiplier space Hom(X,Y*) was characterized by Rieffel [8] as
the following dual space of the module tensor product X ®4 Y:

(3.4) Homus(X,Y*) = (X®4Y)",

where ®4 denotes the A — module tensor product defined by X ®4Y =X ®y Y/K.

K is the closed linear subspace of the complete projective tensor product space X RyY
generating by elements: ax®y —x®ay, fora€ A, x€ X,ye€Y

Here ®y is the completion of the algebra tensor X ® Y under the largest reasonable

cross norm 7, and

XY ={u=Y x| Y lxlx Ilyillyr<o}
i i



with norm y(u) = |||ul|| = inf}; | xi®yill= infy; | i el i llys inf means that the
infimum is taken by all representations of u = };x;®y; in X ® Y.
The reasonable crossnorm means that
uEXQ®Y, u=xQ®y implies || u|=|lx@y[l=llx|xlyl;
andu=Y xi®y, || ull=inf Y |l ] el .
i i

Note that a bounded linear operator T € Hom4(X,Y*) in (3.4) corresponding a
continuous linear functional y on X ®,4Y is given by

(Tx)(y) = y(x®y) forall x€ X,y€Y.

Here Homy(X,Y*) = Ma(X,Y*) is the space of all A — module homomorphisms
from X to Y*, the topological dual of Y, that is , each T € Homy (X,Y*)satisfies

T(ax) =a(Tx) forallac A, xe€ X, TxeY*.
where T is a bounded linear operator from X to Y*; X ®,4 Y denotes the A — module

tensor product space of X and Y.

There are some known results in scalar-valued function space of L!(G) — module
by convolution. We state three typical L!(G) — module multiplier problems as fol-

lows.

Theorem 3. (i) Homg(L'(G),L'(G)) = My(G), (by Theorem 1, (iii) <> (i))
where Homg = HomL1(G) , and My(G) is the space of all bounded regular

Borel measures on G.

(ii) Homg(L'(G),LP(G)) = (L'(G) ®c LU(G))* = (L4(G))* = L7(G),
for1 < p < oo, %—I—é =1 where Rg= Q1 (G)-

(iii) Homg(L?(G),LF(G)) = (LP(G) ®c L4(G))* = 5,(G)*,
where S,(G) is a Banach algebra generated by
{u=) figi: i €L7(G),8: € LU(G), 1. I fi ol 8 llg< =}
under pointwise product and the norm is defined by (cf. Larsen [7])

lalll = nf€Y 1 £l 1l = Y- -85 € S,(G)}.



4 Multipliers of Banach-valued Functions on G .

Let A be a commutative semi — simple Banach algebra with bounded approximate
identity . Assume X is on A — module Banach space. It is not hard to prove that
L'(G,A) = L'(G)®y A. Since both L!(G) and A have bounded approximate identity,
thus L'(G,A) is a commutative Banach algebra with bounded approximate identity.
By Theorem 2

LY (G,A)*LP(G,X) =LP(G,X), 1<p <o
Denote by
L'(G,A) = {f : G — A| f is measurable and is Bochner integrable on G}

Then L!(G,A) is a commutative Banach algebra, under convolution.
Actually

780 < [ 15660 1alg6) lads =l g I [ | £s=1) lads =l 2 Il £ I

I glh= [ 1 fre@ lwde <l [ 1= ladr<lglill £l
Denote by

Ly ={f:G— X | f is measurable and | f(-) [x€ L7(G)},1 < p <,

1F o= ([ 170) G d)p for fe Ll <p<e  (@1)

and for p =oo, || f |le=esssup | f(t) |x for f €Ly (2.2)
1€G

Show that L%,1 < p < oo are Banach spaces with the norm || f |ps1 < p < oo, as
(2.1) and if p = o, the norm is taken || - || as (2.2). If X = C, the complex numbers,
then

LY =17 =17(G),1 < p< o
If X and Y are A — module Bananch space, the multiplier space of X to Y is given by

Homa(X,Y)={T € £(X,Y) | T(ax) =aT(x), ac A, x€ X}.



Recall [8], Rieffel characterized the homomorphism module multiplier is represented
by the dual space of module tensor product as the following form:

Homp(X,Y*) = (X ®4Y)" or Homy(X,Y) = (X ®4Y*)".(if Y is reflexive)

where ®4 is namely module tensor product of X into Y* or of X into Y and Z* denotes
the dual space of the Banach space Z. The space ®4 is the complete projective tensor
product X @YY * quotients by K, thatis , X ®4Y =X @),,Y /K.

Here K is the closed linear subspace of the projective tensor product space X ®7Y
generated by the elements ax® y —x®ay; forac A, xe X,y€Y

and X ®, Y is the completion of the algebra tensor x ® y under the y—norm, and

XeY={u=) x®y|uecX,ye¥,) |xlyl<e}
i i

Y(u) = igf{Z Ixi [lyilll u=) x®y; €Y}
i
= [lulll =inf}_ | x: ®yi,xi € X,yi || = ing I (Ix [l i lly
i i
where inf, means that the infimum is taken by all representations of u = Y, x; ®

yiin X ® Y, and the tensor norm. We state the following Theorem for the characteri-
zation of the invariant operators. For detail, we consult Lai [3,4] and [6] cf. also Lai

[5].

Theorem 4. Let X and Y be Banach spaces. Then the following two statements are
equivalent.

(a) T € (LY(G,Y),L'(G,X)) is an invariant operator.
(b) There exists a unique continuous linear map L € L(Y,My(G,X)) such that
T(f®y)=fx*Ly forall f € L}(G), y€Y.
Moreover, (L'(G,Y),L(G,X)) = L(Y,M}(G,X)).

Theorem 5. Let A be a commutative semi-simple Banach algebra (not necessarily
with identity) and X a Banach A-module. Then

(5.1) Homyi g 4)(L'(G,A),L'(G,X)) = Homy (A, My(G,X)).



8

In Lai [6], he showed that an invariant operator is also a multiplier if and only if
the A in L'(G,A) must be scalar space C.

Theorem 6. Let A be a commutative Banach algebra with identity of norm 1. X be
a unit linked, order-free, Banach-module and A a faithful representation on X, then
each invariant operator T : L'(G,A) — F(G,X) is a multiplier if and only if A = C.
Here F(G,X) = LP(G,X) for each p, 1 < p <, or F(G,X) = Co(G,X).
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