B RAT IR SC AT R ZE 6k
%1963 % 2015 4F 183-191 183

AN ELEMENTARY PROOF OF DEMARR’S THEOREM

BRAIZHESEER EH HET (Rieko Kubota)
Yokohama So-gakukan High School

EBIERE BT SRAT AT Sk (Yukio Takeuchi )
Takahashi Institute for Nonlinear Analysis

ABSTRACT. In this note, we present an elementary proof of DeMarr’s well-known
theorem. In our proof, we only need the Banach contraction mapping principle and a
little knowledge of a compact set in a Banach space.

1. INTRODUCTION
In 1963, DeMarr proved the following well-known theorem.

Theorem 1 (DeMarr, 1963, [5]). Let D be a compact convez subset of a Banach space
E. Let {T;}jes be a family of commuting nonezpansive self-mappings on D. Then,
there is a common fized point of {T}};jcs, that is, N;e F(T;) # 8.

After DeMarr, some excellent articles were appeared in this direction; for example,
see Bruck [4] and therein. By using Kirk’s fixed point theorem [10] and Bruck’s fixed
point theorem [4], we can have Theorem 1 again. In 1979, Ishikawa [9] proved some
interesting facts connected with finite families of commuting nonexparisive mappings in
general Banach spaces. In 2005, Suzuki [16] proved a strong convergence theorem to
find a common fixed point for an infinite family of commuting nonexpansive mappings
in a general Banach space. It is easy to see that Theorem 1 follows from their results.
The authors think that DeMarr’s proof is excellent and modern. The other works as
mentioned above are excellent in theory. Unfortunately, it is not so elementary to read
these articles for under graduate students. Then, motivated by these works, we give an
elementary and simple proof of Theorem 1 with the hope that they can read it.

2. PRELIMINARIES

In this note, we denote by NN the set of positive integers and by Ny the set of nonnega-
tive integers. For 1, j € Ny satisfying ¢ < j, N(i, j) denotes the set {k € Ny :¢ < k < j}.
We define N(j,i) = ¢ and Z;zj() = 0if 7 < j. We denote by F a real Banach space.
For simplicity, we remove "real”. Let D be a nonempty subset of a Banach space E.
Let T' be a self-mapping on D. We denote by F(T') the set of fixed points of T, that is,
F({T)={z € D : Tz = z}. T is said to be nonexpansive if ||Tz — Ty| < ||z — y||
for all z,y € D. T is said to be contractive if there exists a € [0,1) such that
Tz — Ty|| < allz —y|| for all z,y € D. Let {T;};cs be a family of nonexpansive
self-mappings on D. {T}},e; is called commuting if T;T; = T;T; for 4,5 € J.

Let D be a compact convex subset of E. Let {T1,---,Tn} be a finite family of
commuting nonexpansive self-mappings on D. Let {a,} be a sequence in (0,1/2].

Let x; € D. For each n € N, let U, be a mapping defined by

(a) Upz=(1-3771 0d)Thx + Z;n:“ll ATz + oz, for z € D.
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Since D is convex, it is obvious that U, is a self-mapping on D for n € N. We can
easily see that each U, is a contraction. Really, for n € N and z,y € D, we have

U2 = Vsl < (1= £7 @i = Tl + £ ol Tose = ool
<(1-¥ od)le —yl + S5t edlle -yl = (1 - o)z — |

Let I € N(1,m — 1) and assume w € NjenayF(T;). By T;T; = T,T; for 4,5 € N(1,m)
and w € Njeny F(T;), we have that, for j € N(1,) and y € D,

(b) 1Tiaw — Tiyl| = | T Tw — Tyl = | T;Tiaw — Tyl < [[Tiw -yl

3. AN ELEMENTARY PROOF OF DEMARR’S THEOREM

Lemma 2. Let D be a compact convez subset of E. Let {T1,--- , T} be a finite family
of commuting nonezpansive self-mappings on D. Then, Njena,m)F(T;) # 0.

Proof. Let {a,,} be a sequence in (0,1/2] satisfying lim, c,, = 0. Let z; € D. For
each n € N, let U, be a mapping defined by (a). By the Banach contraction mapping
principle, there is the sequence {w,} such that U,w, = w, for n € N. Since D is
compact, {w,} has a subsequence {wy, } which converges to some w € D.

We prove w € Njen(1,m)F(T}) by induction. To have the result, we need the following
two steps. We fix k € N arbitrary and set M = msup{||z — y| : z,y € D} < co.

Step 1. We show w € F(T1). By U,, wn, = wy,, it is easy to see that
”le - wnk” = ”le - (1 - Z;n_—.l aj )lenk - Z;T:ll agszj+lwnk - a?ka;lH
< (-2 A ) Tiw — Trwy, |
+ Z;nzll o 1Thw — Tjawn, || + o |Thiw — |
<l = wny | + g (S5 T30 = Tyawn, || + | Tiw = 2 )
< |lw — wa, || + an M,
1Tiw — w|| < [[Tiw = wy, || + Jwn, — || < 2[jw — wa || + an M.

Since {wn, } converges to w and limg o, = 0, we have w € F(Th).

Step 2. Let I € N(1,m — 1) and assume w € Njen1,F(T;). Then, we show that
w € Njenq, l+1)F(T')~ By U, wn, = wy, and (b), we easily have

k
IThs00 = tn, || = || Trarw = (1 = 2y 04, ) Thwn, — £75 06, Tysawn, — o |
< (1= 20, ) [Toaw = Trwn, ||+ £ 0, [ Tew — Tyt |

+ o | Tiw — 24|
<e-x A Ti1t0 — wayll + 428 0, [ Thvato = iy
ol ||Tl+1w - Tl+1wnk||
+ Z —z+1 od, | Tipw = Tjpwn, || + o | Tiw — 2|
< (1 -2 N Tiw — wa, || + o, [lw — we |
+ ol (St ITisw = Tyvatwn, || + [ Tiaw = wn, )
< (1= b Tpaw — wn, || + o, lw — wa, || + 5" M.

By this inequality and of, > 0, we have | Thj1w — wn, || < |lw — wp, || + an, M.



Then, it follows that
ITrnw — w]| < NTipaw — wa, || + [lwn, — wl < 2[lw — wa, || + an, M.
Thus, we have w € F(Tj41) and w € Njen+1)F(T;). a

Proof of Theorem 1. We can easily see that F(T}) is closed for j € J. Then,
{F(T;)}jecs consists of closed subsets of D. By Lemma 2, {F(T})};es has the finite
intersection property. Thus, from D is compact, it follows that N,c;F(T};) # @. a
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THE POINT OF VIEW OF AUTHORS

SEOBE T, (ATHR) FILABEGHEO L BRI E 2 EHEL U “b 5D Browder
RIIDABEAEETRZRVA” LW REREZ U, &, BT L WS 28R
Hahn-Banach OEH X D MEEHE R EEARN LRI 5 5 BRAB LR NEDLY 2/>L
UT%, Zorn's lemma 2 2T 58 %, BERRALHPIZTEAZITHLADTS
CZEAPEELWERES, Prof. DeMarr BA%, Prof. Kirk DEHEZ S Z D435 O
RIFRCHONT WS, Prof. Kirk OF5R X Bruck 44 O R8s EH# % Banach D
B TEROBRL UTHEETHI LS LORY, LL, RERERE2 ATV
OWEEFOEMP —ROBREMTERT IR HIEINSIIBELR, —BH b —HMD
AREREHTHEREE2EZEX 554 Bruck BEDOEHIIRETH S, ZOBEAH»SIF
Prof. Browder [2] & Prof. Baillon [1] DABREHEAERIZRS, AFEHOBKIIE/
FEDOHRLP SRR ENBRO G IEHARLEDOHE,SHEINT,

AR TRAE/NLEDOHR M UBEET 2BENERIZEMN S, B/IIEEDOHRT [9]
BEETH D, PR LLERIZRX 5, LELBROAZBRIEMTIEEEMCREL
FRAHBIOUARMIEZXS, KEERPTT2501, BROBE 2 DITRELT
GINREDTATTOME:R, #EITIXH S0, @3+ 5, D %% Banach ZRE D
compact MR EAL LI %2 D LOEEEGHE TS, T,,T, % D Lom#uideikEH S
EHEL S =al,+(1—a)l (i=1,2),a€(0,1) T35, ZDL XS, & F(S;) = F(T)
279 D EOEARECERTH S, 8] DEEHEIX, 2, €D, 1ny1 = Siz, £ UTHE
BE N7 R {z,} 2 F(T;) DRICTENET 22 2 EET S, 22T, uueDil
THBEARYR F(TL)NF(T) IZPRT 2 RFI0OEREMEEEL T5, GlILEDHERITIX
D (A) REHRELTWB LS8, F(T)NF(T) = F(TT) 2\ 5 8B r — 2%
BRI, (A) RBLEIGEXHD L DTHS S,

(A) EEDz € DIZH LT B DEBIZL 5T, {SPz} & Ty DAREIR v € F(Ty) IZiRIX
KI5, Do F(T) ~NDERP 2 Pr=ut$ 3, F(T}) = F(P,) & P(D) = F(P)
lililfﬁﬂﬂfﬁéo U1 c:ﬁbf P1U1 =1 8‘3-60 *}Jﬂ}g’gf (%1 LT T2 IZ2OWT {ngl}
EENE T, OREIRv e F(T) " RESD, ZOvid T 2 Ty ORXEREFIZBETADT
W h?  HBE5WVIEETRRIZ iteration 2B TE R WA ?

(A ICRRERMBEN20H 0, ANNEEDORRD SIROBRRBEBE2EBTE S,

(1) P OMEFEHTIEZY., FHEARHELTE P IIEERERTH O HBED
retraction L ZEZ o b, P OMBERIFERSINKTH VAERBRETH S, P %
TEHMPo7ED L U Titeration iIZfFHTAHZ L IX, FYLFTIREXRWVWELTHT
XZE0BII\N, Py =v, 2BEOICEBICEROEBRENKETH D, EIROERE
ERIIT2RTFS 22125, UL, BFIIRZOEEMETL P 2AVWTERT 5,

(2) —#%®D Banach ZZECiX F(Th) &M & XRS5 e\, FEhbe (A) OFHETERLU -
RAE F(Th) o RO T HREMENRH D, TOEE P, T F(Ty) = F(P) IZRTRD
iteration % X %, wy € D, vy = Plu; € F(T1) £ L

uy = aeTovy + (1 —ag)vy € D, ve = Piuy € F(Ty)

ZDEE (v} X F(Ty) = F(P) DRI 5, —fD Banach ZETH, D »EALAET
BNEHIEATER T, OFBERES F(T) RERETH S, LidioT, {u.} & {v.) A
FA—DORv IR HIEv € F(T) BMRIEI NS, FFONRE v IZEZ 5 < HERE)
}.J—ifié 50 TzPl B P1T2 &Eéb‘—l'ﬂim@ﬁg%ﬁ“ﬂﬁ.?éo

T2P1.’ZI = P1T2$ € PI(D) for z eD = TgPl(D) = P1T2(D) C Pl(D) = F(.P]_)

(3) iteration T P, DfE 2817 57-DI2i%, P, 2 Ty TEMLRITNIER SR,



TOHLEBVEN () OEBMIMHETELRYV, EROBDPHZNIEN_ F(T) ~D
retraction P, & Ty,--- ,\ T, TIEALT B Z 21275, Z DD DEEKEWGRAIH]I[SEE

ASCITIZBN TV D, AJISEEDEBURFNEEHE T ERIN 7R iteration & 1 Z WL
(EBRIZ I iteration D% L TW s WA iteration (ZBEEE 5), BHADORS CHET
% &, B, BIRIEO AR IEILR EBIRIZ DWW T, Bruck FeE R R L 72
HBABREENDIEFLK retraction & ERUTER L TREAZZ 2ITRE, EVH#ZS
&, ANREOERENLERIZ T, - Ty TR T — A OWTHERE S OEFES
BEHNIR U Z LiZH 5, SEREIERIZR S T2 2B RVERIKIRD 2D TH 5,

(4) D #° convex TH > TH F(T) #* convex 2> & S 7 h 5 72\
(5) T, =TT T%mti\ PT, =TP ThHBHMN P S, = 5P 75‘ AN

L/ 7‘:?)3\9 T, Banach gEFEﬁ FE ‘:Z%%lﬂl%{ﬁﬁgj—é 75} 5152 = Sgsl %ﬁﬁ'ﬂ'ﬁ’b i - @*ﬁ%
TIHAD, Ty =TT 2IKETH I L & 515, = 5,5 2IRET S I LDz, £E
MIZEDREDR D 1D 5 DrEZIZHS R,

AINEEDRI 91, ZOBBHD1 DDA NAR—THY, W DHDH—~A
G:ES( DETOSNTWVWS, LAL, TORXIBZIIFELAEHEENTWVIERV, Google scholar

T, 2012 FHRE 20 DI AR D D 11 ETHHAREETH S, ZORJIREDHRIEE
HAOERYD BN ERAREED D DLSMIZEEIZE S22\, BRI [16] 1%, 25 £
%, D L O EFED AR IR BRI DWW THERE RIZIUR T B HF 2R U -,
‘%*%é@ﬁwﬁWuEM%éwﬁMﬁﬂ;D%%T%5ﬁ§Rﬁabf%&%ﬁﬁ
PEMTH D, “BIEEDRIDPEIELRITINIE (16] DR L) UiEENL - LR
KFFonTWizrd LA LHAREERBREETE->-TWVWS, L1, EHI3ER
WTHD, BIREDTAFTIIBHAREELHARTH XV ENTEETH S, AIIELE
DERX 9] DEBIPHPOOSTERIBERPBEL 72D LES,

BIIEEDM [9) %2 PR E R - TIZEFHRT DI LI REREEE > DTk
W EEEEINE, BEEVKOPORENTOEERINTWVWS, THUIEEDLS T,
EHE XA EEDRIX DAL T, UA$ Prof. Linhart DL [12] ZEH L TW
%, FAJIISEE & Prof. Linhart D GBI R AHED 2 EEIRIC L > THEHENTIZE - /-,

Prof. Linhart ®#&3 (F A Y 3E) I, $£%&™ Banach 22 TR EE O WAL KE
BEIZDOWTORBREIEADEMEE > TS, EEEOELS (BERFATHE
W) ERETHA S LEBRIND, ZORXIANEEDH B EIZFHENL TR,
Google scholar TiZ6 DDBIHRH S, 1 DIIRNEETHD 5 OB/ AREETH B,

Prof. Kuhfittig [11] {2 &5 3% 5 1 DOmITHBRKNIZGRENT WS, T, &Y
Banach ZEfH CHE RED IR EHEHEDO LB RE EADEMUE K-> TS, BELE [17)
X o THRDT A4 F7HAMIIIRE I h, BRELE - BZRE - THEESIZE-T
WEERNED S iz; [20] , [25], [14]. BE W-mapping DEHTRISNT WS, WX [11]
BRVWH—RIZIHOSNT WL -772& 53 TH D, X [11] DF I 2007 £ LARRIZE
FLUTWS, HHENTVW Prof. Kuhfittig D IZHIINE2HTREED BN S,
Z DEFX % 2000 FELARTIZ B L 7= X#RIZ, Google scholar T, 1983 4£ & 1984 41z 344
%ﬁié@&?%éoz#u%%tHmm&%@%iﬁm%&éMtﬁwulﬁb#t

o ToEUEIBSRE [24) B [11) 2B LTWS, ERIEPEZ 2 e Bbhd, Sk
EBM@%V%%LH&Immm%GﬁiﬂﬂkEM%$® w3 (8], [9] ZEBL TV
%, Prof. Kubfittig 3HJIIEEDFHX D Bruck BEDHXBLFIHLTWARWL, UL,
Kuhfittig @ iteration I Ishikawa iteration D—ffL LI X B Z LW TE B, £/ ZDH
BT R EIRHE %5 27 Bruck BED 1970 ER ORI S LB EAFE L Bbh 3,
¥LLL 7= iteration DN IZIRE I N Z L XABZETII RN,
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EEITI1T1 DML H B, AIGEL Bruck BEDWLK D0 L FEITEMLT
WA ESICEbNS, HORPEVOMERREZHS D ozDEA D077

Ishikawa iteration.

EEZ, AINEED I DO (7], 8], [9] FMZLAZNBEROLRAB> T\,
LA L, BIETIR 9 IX 8] DR TH S LABLTVWS, 7, AJIEREDN [T ZBNT
fal# Ishikawa iteration ZEA L =D L WS EEE BIEA TS BHBrTE %, EFE
X, 3 D0DWMLITRLET ZRIERBIEET 20 TRV, LBHT D,

FNSEEDFRZ [7) 1& Hilbert 22D compact (¥R 8E A £ TEHE X 117z Lipschitzian
pseudo-contractive B CDEBRD REIRADEMEHZ > TWVWD, TOBKIIFIHKRERLY
JEWEBKETH B, LU, AlIEEOTEHIROL IR TVERE ZEVWE B DR
RLEET S, BIICHIIREORREBIEL TRRT 5; refer to [22],

LebZb<1l/(WVIZ+1+1) 2T EOEHET S, 1/(VL2+1+1)€(0,1/2)
S TH D, {a,}, {bn} BIROZHEEFE-TEFIL T B,

(1) 0<a,<b,<b, (2) Yoo anby =00

D % Hilbert [l H ® compact (hW&& & T 5, T % D E®D L-Lipschitzian pseudo-
contractive H2EH L+ 5, T42bb

(@) ITz = Ty|* < lz = yl* + |(I = T)z — (I - T)yl?,

(b) |ITz —Ty|| < Lz — y| for z,ye€ D.
EWSERHPEALT D, {S.), {U.} BIRDORIZERT B,
Sn=0,T+ (1 —=b,)I, Up=0a,TS,+(1—an)l for neN

ug € D EUT, {un},{vn} ZIRORIZERT 5,
Up = bnTUup + (1 — bp)up = Sptn,  Unt1 = anTSptn + (1 — ap)un = Untin.

Z @ Ishikawa iteration & FEIXN 5 F & THEEI Nz {u,} DIREZ R/ T 5.
d=1—-20—0L2 2 ThiE, ne NIZOWTIROBEBMBRILT 5,
0=1-2gm= — (gL <1-2b-bL?=d < 1-2b, — b L%

%9 Shauder DEHIZ L >Tve F(T) BEIET S, (a) £ (b)IZ&>T, RD2DDHF
AL BERDBNLT S, z €D, ne N &Thid

(© Tz —v|* =Tz - To|* < |l - v]* + ||lz — T=|,
(d) NTun —Ton|| = |Tun — T(bnTun + (1 — bp)un)l| < bpL||tn — Tun||.
RDEARKHEIEE lemma &3 5,
Lemma 3. H % Hilbert B U z,y,2€ H, ce RT3, IROBEFEIEKILT 5,
(€ llez+(1—cy—=z[*=cllz — 2" + 1 =)y — 2| = c(1 = )|z — yl>.

() Tex+(1-yZuv,=bTu,+(1-blu, L 22 v &9 5, (¢) &V

(A) [on = 0]|* < Jun — vlf* + 0| Ty — ||
2825, (d)I2&>T (B)IRBESHTH B,
(B) || Tun — Tvnll? = | Ttn — T(bnTtm + (1 — b))

< LPlup — (0nTup + (1 = bp)un) || < 02 L2 Tup — unl?
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(e)(d) & an < by £V (C) BHASHTH B,
(€)  lvn = Toall* = [|(0aTtn + (1 = bp)un) — Twn||?
= bn | Tt — Tn||* + (1 = ) [un — Tn||? = bu(1 = by) || T, — ||
S BEL*||Tup — un|* + (1 = an)|[ttn — Twp|* = ba(1 — bp)|| Tt — un ||?.
XoT(A) &b (D) BT 5,
(D) NTvn = ]| < Jlvn = 0lf* + || Tvn — vn?
< (lun = v]|* + 3| Tun — unl|)
+ (szQHTun - un”2 + (1= an)flun — Tvn”2 = bn(1 = bn)||Tun — un||2).
U7zhioT,d<1-2b, - 2> %2 ZRBT5EROEBREES,
(E)  lunr1 —v[* = [[(anTvn + (1 — an)un) — vl
= @n||Tvn — 0||* + (1 = an) |un — v[|* = an(1 = @n)||Tvn — uy|®
< an(llun = vl|* + 03| Tun — unl|?)
+ an (B3 L2 Tun — un||* + (1 = an)||un — Toa||? = bp(1 — b,)|| Ty, — u, [?)
+ (1= an)llun — UH2 = an(l = an)||Tv, — un”2
< lun = vl? = d anbu|| Ty — un .
ZDAD S {|lu, — 0|2} IXFEEMFITH VIR T 5, ROBEBHLESHES S,
Yimr daibil|Tu; — wil|? < fluw — )] = JJunsr = of|* < Jlus — 0|,
KoT 2, dahil|Tu; — wil)* < 00 285, IRELY 3°°, dah; = co THBH 5,
Uminf, [Tun — un|* =0 TH 5. D i compact & 9, {u,} & 1im; | Tun, — un,|| =0 %
72 Ld % ue DITNRS DEDF] {u,,} KD, IROFREXRDHKILT 5.
17w = ull < T — Tt | + [Tty ~ 16| + [fim, — ]
LR1m; lun, —ul| =0THY TIESFTHEh5ue F(T) 2185, (B) 2B T
DRIV EZ wIZBXTHENTH S, LEDoT, {|lun —ul|} 1ZFERIETTH b,
0 IZNART BEDF {||un, —ul|} 2FED. ZHUE {Jjun —u|}  0ITHERT B Z & 2 ELR
T5, $oT{u} Rue F(T)IZIERT 3,
Theorem 4 (Ishikawa,1974, [7]). {an}, {b.} ZIRDOZME2FHE-TEEII L T3,
(1) 0<a, <b, <1, (2) > anbp=00, (3) lim,b,=0.

D % Hilbert 2878 H O compact %A L U T % D £ Lipschitzian pseudo-contractive
HOeERE T2, wy € DEUT {u,} 2IRDRIZEET 5,

Unt1 = AT (b TUn + (1 — by)un) + (1 — ap)uy, for ne N
ZDEE, {u,} X T ORBIAUCHBINKT 3,

Theorem 4 (ZA/FEHEIZ L > TIIT4HIZRR I N, T2 ETIT, B E D HE4IZ
BEINZEZREL L VBVREDOTTRUE, LA L, KEBIRBIILEDHE#HR T IZITEE
ZRES>TWS, 2% 0, AIIFEDIEAIE Theorem 4 BLEONAEEEA TS, Al
FHEDERIIE VT, #HEPRAIZE X 58013 “Z4E Mann iteration Tld 7 < Ishikawa
iteration R DAY L BBRIND, TOERIZDODWTIEALEIFH RT3,

Control FREILDSME 3) 1X, T2 ) TV v VERL LML T ViER L O
FolRBEINTHWARY, HEOMBELLTY PV VER L OFENE -~ TX
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BNZERHBEDEAS T FERTERVWETUIME S - TY TV VELEH
WidBDESSH T KEOHER»S, LOKES (ER) 2HUYDORARHEL ULTER
BHHZeNTENE, (b} 1F0ITBERTZ2HEIFTRL, AR L b KO/ FhiEFH
DTHD, £72{b,} D (3) 2B, HHEBFHSRb L VNS <KD,
EEDOIRETIE, T % D E® Lipschitzian pseudo-contractive H2EHRTH 5, 4
X5 (a)(b) 723 Z L 2% T 5, LU, A)IFGEDIER (RROIEH) 25D
EHEOIIZEBRIZFERINTVWARER T OEGHERT (c)(d) THEZ EHFHIZTE
HRTE 5, FEIEMEET N, (o)d) RRINEEDRE (a)(d) & EIZHWFHET
HBZENDD, £7-T HEEL S IERBEMIEET S Z L ik Shauder DEH X DHFS
PTH 5B, RD 2 DDEM -8 EM % & X 5; Kubota—Takeuchi [23] 2 2.

4) Tz —v|>< ||z —v|?+ |z — Tz|? for ze€ D, ve F(T),
(5) [Tz —T(cTz+ (1 —c)z)|| < cLjlz — Tz|| for ze€ D, cel0,1].

ZDEBEHSEM: (c)(d) 79 Z LIXEATH S, 7= Lipschitzian pseudo-contraction
T IS BT (4)(5) BT, LEdoT, T ORMERD 2 ETRDEZ EHNTES, K
BEOEEERRET T, St (4) %72 T B4 IE hemi-—contractive & FFE# pseudo-
contractive & D JAWBE&R & 5, &M (5) 2/~ 4 #EK L E SEMR T T Lipschitzian T
RV BRITERT & 2B EHEOREGRME L OBRIBERIIHYTH L, FE(5)
2R5 EHMOTHELTR22Fy vEVENTWS, () IKRLVLTERS L, £
D [Ty — TSytin]| 95 Sp AL TIRIEZ T [[up — Tun|] £ >TB, T 414 Mann
iteration & V 7Y v VEMBRR ENFHE URIZEN S RETH S, T I TOHEMITIE (e)
WA ZZE R R LU TWS, TOORBKOBRET S ITIIBHDORMEHLKE
X2 rBlEEhsd, BE ABIIROBRAKLTEI L 2R >TWE,

F(T) = F(Sa) C F(T'S,) = F(Un),
F(TS,)NF(S,) = F(TS,)NF(T)=F(T) for ne€ N.
Ishikawa iteration |¥ AR TIIIRDRIZER I N TWS,
(%) ur € D, Upi1 = apnTSpun + (1 — an)u, for ne€ N.

ZNIXERIE {TS,} iZ2WT D Mann iteration TH 5., AJIFLEDIEHATIX TSun i
Tu, £EPNTNS, FEABROBHR L OT7 Y —%EXIL, Tteration (x) IZ L >TH
BENDZDE, {u,} BN, F(TS,) DRulZPURT S TH S, ve F(T) CN,F(TS,)
95, TS, WHLADHE, IFHOERIFIROBEFREZELL I L TH S,

|tUns1 — 'U“2 = ap|| T Snttn, — ’U||2 + (1= an)|lun — '0“2 — an(1 — an)||T Snun — un”2

< lun — v||2 — an(1 = @) T'Snun — un”2 < lun — v||2.

UL, BINEEDEEHDOHIZ {u,} Bu € NF(TS,) IZPKRT S Z EDEZEDOER %
ROIBZLIITERY, AINAEDHPOESIFROBEK{EELILTH S,

l[tns1 — U”2 = ||an(TSnun —v) + (1 - an)(Un — U)”Z
= ap||TSnttn, — v”2 + (1 — an)||un — 'u||2 — an(l — an)||TSpun — un||2

< ltn = l* = danbn|| Tun — un|* < flup — o>
SHOEHADONT (B) 52 OBIRE TR L, (A)(B)(C) RO (D) HSiiihs & b 5
REZTODHETH L, BREBEDOITHNS S, WHATWS Z LIZERI NV, AJIIEED
RN {un} DY (N F(TS,))NF(T) = F(T) DRIZINRST 5 Z L 2 HHERT,



ZDXDRT L EAREIZ Y DEMH LB OMRIRIZEE S 2R (5) 1I2h B, Btk
FBWDIF, AJlI5e4 D Ishikawa iteration ZEA U -BE 2 EFZH IR D ITIIEMTET
WRWDR5TH B, ol (5) 1 || Tun —TSntnl| 2 |[un—Tun|| £\ S, ZFRN 23 T
TELIL2ERT 5, BNITIE, &M (4) b5MEG) LHBLTS, 2HET 282 %
T 5, (A)IF, (4)(B)IZE2T, [|Sptn—v|? 28 flup —v|)? & |Tun —un|? THEMTEBZ &
EEIRT 5, 72 (B) 1%, (4)(5) 12 & 5T, ||Snttn —=Tvn > 23 | Tt —un ||? & ||ter, — TS ter ||
THHMECTED Z L2 REKT 5, BET B2, (4)(5) 12L& 2T, ||Jup — TSaun|> AADED
SIS, EMETESLZ LIk B, BENEFEE |u, — TSoun2 I THB, LirL
control (RE 2 FAH LIRE DRRIZ a, < b, L UTBITE |lun — TSpun|)? 2 BLHDEE
2EMETE D, BAEKIZIE, a, < b, ZFELUTRERDOH T |lu, — TS,u.|> 2 &
HEAKREHETES; (C) DRAER 2SR,

REDOHRRTIE, BlIFGEIZv e F(T) DU, DRBIEES AU, DETHEILEE
BHIZR U 7z; refer to Takahashi-Takeuchi [26], Z 245 F(T) = F(U,) C A(U,) i2%
LDBBHTH S, EHNRE WA %2 TNE, AL IX Lipschitzian hemi-contractive
mapping T' %5 F(T) = F(U,,) %{#7-3 continuous quasi-nonexpansive mapping U, %
RERNAE Tz, see [22], E7zv € F(T) & UT {||Untn —)|} AR T UL {|| Tun —ua |}
POCIRT 5, ANKLEDRBIITIFTH B2, T Ishikawa iteration THIFEAS
RRCE2HHTHE, ZORAEBET NI, FFHOEEDE ITEWERIATEET
HYEPTWIHEZRONE RS EIIEAA T, < BRLFEMET, Chidume and
Mutangadura, [21] X 2¥R7e2—2 Y v RZEFOBAKR LIZEIIEEDREERZT 1DD
HOBEBR T 2 /Em L, Mann iteration TIZREIEAPEHE L 2\WZ L 2R U, 1IRITT
BRI Lo TRPBGR L 8 W R BI 2 1ER T E BT DRBBEARE R,

BNNFEER, THLIEIERBEHROEREKIZDOWT, T OHBARE)EA DK 23 [9]
TEE LU, WX BRI OFELABMNT SNb, X [7] Tl Ishikawa iteration % &
AU EDMEMVBRTE D Z L BR LTz, EEIXZ D iteration 2 EA U =P EE
WREZ FS IR L TR, BN TEIES P RBERIC & > T %2 4 hid,
BFER, FRGEME (4)(5) D F T, 502 LERERES (N F(TS,))NF(T)
DEZANDEBRF|ZERDZEBELEX D TRBRVWESLSI D ? ZORIZEZ L 27
O TEM lim, b, =0 DEENTHTE S, ZORELIBIIHPOEELZESL L THIE,
ANEEDOERITFX 7] 25 —B U THEREFIZAT SNTWAEZ XT3,

ZOETBRU = F 7= X EEBMT 3,
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