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1 Introduction

A2 [NNW], [Nul], [Nu2] 2% £ &, B L2 b0 TH5. HMI V. Barucci & R.
Froberg [BF] I & o TE&H X 17z almost symmetric numerical semigroup D% TH 5.
almost symmetric numerical semigroup & /&, numerical semigroup OF L V> 7 7 XA TH
b, symmetric R U pseudo-symmetric D&% —BLL 72 bDTHB. HUT, KDL
IZDOWTihR 3%,

¥ 9°% 2 fi TI&, numerical semigroup DEBR Y, 2T EAERICOVWTHERT
%. symmetric, pseudo-symmetric, almost symmetric numerical semigroup D E#, ¥ 7
Z2NSOMOBFKIKDVTH Z 2Tl 5. &5 - MiFEk L3 [RG1] IfEoTe.

5 3T, 3 AR D almost symmetric numerical semigroup X2V TH%ET 5. &
12 3 Ju4 X pseudo-symmetric numerical semigroup DA 1 % % D semigroup ring
EBAT7VERWTEZX S, Zofild [NNW] iIcETwTn3,

¥4 8T, 4 THAERD almost symmetric numerical semigroup IZ2\W TR T 5. #
ZEZZDLE type DERIZ3ITHBEFHL TS, ZDI L% [RG2 DRERZAVT,
WAWAREZE2EXS. ZOfiid [Nul] icEITwTw3.

# 5 i3, numerical semigroup % almost symmetric TH 57D, H 5 —DDHE
&% [Nu2] 268N T 5. ZOKFRIX almost symmetric 2T 27 HD—D>DER
BEBPYICL D EEFRIEZ TS,

2 Numerical semigroups

MUTF, Z 3BHEEBRDOESE2ERL, NIATHRLWERLEEOESGZRTHDLET 3.
% 9", numerical semigroup DE&ZZBVLHLTEL.
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% 2.1. BWOEES HCNIRBRO=ZDD&MAF%H-T L ¥, numerical semigroup Td
RATLR

(1) 0eN (H 120 2&t).
(2) H+ H C H (H iREHOMETHAL T 3).
(3) #(N\ H) < oo (H DN KB 2 MBEAIEETH 3).

numerical semigroup H 3 —BHLBNERRE2RD. -5 T, a1,...,a, € NV H O
INERRFD & X,

H = (a1, ...,an) = {)\10.1 + - Ann | Aly ooy An € N}

EERY. 22T, ged(ar, ..., 0,) =1 THBI EIHERLTELS.
numerical semigroup »5 X & 7- & ¥, % semigroup ring BEHRI N 5.

58 2.2. numerical semigroup H = (a1, ..., a,) I L T%Z D semigroup ring k[H| %%

RDEIHICEHEINS.
k[H] := k[t*™,...,t*] C k[t],

BL, ki3&k t 3FRETLTH 5.

T 2.3. H = (a1,...,0,) D& F, LREORH 6 k[Xs, .., Xn] — K[H], §(X,) = to 7
EHZEIND. ZDLE, kero % k[H] DTEMA TP (defining ideal) &\>\> Iy TRY.

RIZ numerical semigroup DEEZAEEZE HL TE .
E# 2.4. H (X numerical semigroup & ¥ 5.

(1) F(H) := max(Z \ H) % H ® Frobenius number &\>7.

(2) PF(H) :={r € Z\H |z+h € Hfor0 # Vh € H} LE&L, PF(H) D%
pseudo-Frobenius number & /5.

(3) t(H) := #PF(H) % H O type LW,

(4) g(H) := #(N\ H) % H ® genus L5,

EBICE ST, WO TH F(H) EPF(H) TH2BZ LICHEET 3.
#l 2.5.
(1) H = (3,4,5) = {0,3,4,5 >} DL &,
F(H)=2, PF(H)={1,2}, t(H)=2, g(H)=2.

(2) H %32 LMD & %, Frobenius number XU genus DARIRZ IS ASNT V5. §
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bbb, H={(a,b) DLE,
F(H)=(a-1)(b-1)—1=ab—-a—b, PF(H) = {F(H)},
(a—1)(b—1)

t(H) =1, S(H):——T”—-

2 JEA4 R P numerical semigroup & symmetric TH 5 Z EICHERL TE (sym-
metric DERIIME-EE 2.9 ZH).

IS DREROMICIZ—RBICROBRYD 5.
@M 2.6 ([Na]). H % numerical semigroup &3 % & &, RHILH L.
2g(H) > F(H) + t(H).
4 numerical semigroup H I LT, KDk ) LEAEEHT 5.
L(H) = {c € Z\ H |F(H) -z ¢ H}.

4 2.6 DAERICEWT, 522§ % numerical semigroup & almost symmetric
EREND.

-2 2.7 ([BF]). numerical semigroup H XX DRfEZFMA 27§ & F, almost
symmetric TH 5 &\>7).

(1) L(H) C PF(H).
(2) 2g(H) = F(H) + t(H).

almost symmetric #: 13 Z ® pseudo-Frobenius number DX & > TREM T S
ns.

7™ 2.8 ([Na]). H % numerical semigroup & L, PF(H) = {fi <--- < fy =F(H)} &
T5. ZDLERDFHIEVICEETS 3.

(1) H iZ almost symmetric TH 5.
@) fi+ fii =F(H) B2TD 1 <5 <t —1IZDWTRY LD,

type 1, type 2 ® almost symmetric numerical semigroup (3 £ ¥ € #1, symmetric,
pseudo-symmetric & FEIEN 5.

fE-E#% 2.9. numerical semigroup H 13RO FEMELFEMEZH 7§ & ¥, symmetric T
HBEn), '

(1) BED z € Z it LT,z € H £%3 F(H) —z € H DT ddIRY LD,
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(2) 2g(H) = F(H) + 1.
(3) PF(H) = {F(H)}.
(4) t(H) = L.

M-EM 2.10. numerical semigroup H 3R DEME R &G4 % 7- T & ¥, pseudo-
symmetric TH 3 &\,

(1) F(H) 2¥B%»>, EBD z € L,z # F(H)/2 ML <,z € H $%3 F(H)~z € H
DWTNLHIER D L.

(2) 2g(H) = F(H) + 2.

(3) PF(H) = {F(H)/2,F(H)}.

EBY» LT3 &I, H 23 symmetric 2o X F(H) BATHETHS. 2, RD
TEITHERLTEL.
H %2 pseudo-symmetric <= H %3 almost symmetric >0 t(H) = 2.
Thbb, t(H) =2 Lt Ww)FRKEDATIE, H iX pseudo-symmetric 127 % EIXR S %\,

KB, H = (3,7,8) Dt &, PF(H) = {4,5} DT, t(H) = 2 T %% H i pseudo-
symmetric TIX7\o,

#l 2.11.
(1) H = (3,4,5) I almost symmetric TH 5. %I, H i pseudo-symmetric TH 5.
(2) H = (4,5,6,7) 13 almost symmetric T& % %3, pseudo-symmetric T symmetric T
b Zeva. KB PF(H) = {1,2,3}.

3 Almost symmetric numerical semigroups generated by three

elements

T T 3 LA D almost symmetric numerical semigroup IZDWTE X 5. 3
12, 3 TLAERD numerical semigroup 22V TUIZRDFERBIM STV 5.

EHE 3.1. H=(a,bc) £L55. ZDLZE, RPEYHID.

[He] p(Ig) <3 (H #%symmetric D& Zid pu(Iy) =2, ) ThRVEEEF u(Iy)=3). H
L2, u(ly) & Iy DBNERTOBHEEZERTDIDLET 3.
[FGH] t(H) < 2.

Theorem 3.1 X YRDZ L33 35.



@ 3.2. H=(a,b,c) DL &,
H 73 almost symmetric <= H %% symmetric ¥ 7213 pseudo-symmetric.
&>, 3 TLAER® almost symmetric numerical semigroup 1& symmetric % 7 i3 pseudo-

symmetric numerical semigroup KR 5N 5. L& L %255, 3 JLEMRD symmetric nu-
merical semigroup & L TR HPTVLRENTBELoN TV S,

EH® 3.3 ([FGH], [He], [Wa]). H = (a,b,c) DL ¥, ROZODFRFIZEVICAMETS 5:

(1) H 13 symmetric TH» 5.
(2) BEX% S a,b,c DEFEANZZT, a=dd,b=Vd, c€(a,b), c#a,t/ DD
ged(d,c) =1L T%3%. HLIZT,d=ged(a,b) > 1. TOLE, H={(d(d,b),c)

LEL.
&l 3.4.

(1) H = (4,5,6) i symmetric TH 3. E¥E, H = (2(2,3),5) &I 3.
(2) H = (7,9,12) i symmetric TH 5. €% 5, H=(3(3,4),7) &I 3.
(3) H = (7,11,13) i symmetric T3\, EE, EOZODEFITLOHLVICKTH 5.

22T, 2 2 Tl3 3 L4 D pseudo-symmetric numerical semigroup (D THIET 5.
LT, H = (a,b,c) 1¥ symmetric 7% \> numerical semigroup & {RE L, k[H] =
k[X,Y, Z]/Iu % % ® semigroup ring £ T 3. TN &, FRA 77NV Iy 13175

xXe Y8 zZv
ye zv x«
DAETD 2 x 2/MFFIRTERI NS = &8 [He] DBRICE > ThhoTWw3. HL, o, 5,

v, o, B,y 1ZETEERTH 5.
ZDOLE, BARBROEREB/L I ENTE,

E® 3.5 ((NNW]). H = (a,b,c) i* symmetric THW LRET 5.

(1) L b > aa 5, 2 g(H) — (F(H) +1) = afy,
(2) L Fb< aa & 5iE, 2 g(H) — (F(H)+1) = /8.

COEELGE-ER 2.10 Ik o T, XD 3 JTLEMK pseudo-symmetric numerical semi-
group DB T 218 5.

% 3.6 (INNW]). H = (a,b,c) i3 symmetric T3\ ERETS. CDLE,

H 7% pseudo-symmetric «= a=f=v=1F%kiz o/ =4 =4'=1

73
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# 3.7.

(1) H = (3,4,5) i3#iic B 7 & 5 IZ pseudo-symmetric TH 5. LB, H DEEA 77
i
Ig=(X3-YZY?*-XZ 7% - X?Y)

TH 503, ZHIIRDITIIDLTD 2 x 2 DITFIRTEREINT WS
( XY Z )
Y Z Xx? )
(2) H = (3,7,8) & pseudo-symmetric Tl V>, FKB,
Ig=(X*-YZY%-X%2,2% - X3)

BRRDITFIDLTD 2 x 2 /MTFIRTER I N S:
X2'Y Z
Y Z X3 )

4 Almost symmetric numerical semigroups generated by four
elements

RIZ 4 LA D almost symmetric numerical semigroup IZOWTEET 3. ZhizxL
TRRDEPHONT 3.

E® 4.1. H = (a,b,c,d) £ T 5.

[Backelin | ([FGH], [RG1] &) —#ic, t(H) R pu(ly) O ERBIZFEEL 2\ (t(H) RU
pIe) B 5 THORELSRBPIDIHERTE B).
[Br] H %% symmetric ® & ¥, u(Ig) <5 (H B¥7BE&REL 6, u(Ig) = 3, 2hND
& & p(ly) =3).
[Ko] H %3 pseudo-symmetric D & ¥, u(Iy) = 5.

3 LA DBEIZ X, almost symmetric numerical semigroup I3 symmetric ¥ 7= 1% pseudo-
symmetric numerical semigroup IZfR & 117223, 4 JLAERL LD H AT, symmetric Td
pseudo-symmetric T % % > almost symmetric numerical semigroup 23FE 3 % Z L IZiE
B75. M (a,a+1,a+2,...,2a —1) (a > 4).

HEEIRDOTFEZFR-> TV 5.

¥ 4.2 ([Nul]). H = (a,b, c,d) %% almost symmetric 7 & IZ,

(1) t(H) < 3.



(2) pIm) <7

Ik, (1) REHASAICRELY, L) I ikowTdikwn, FT—0ERES
ZTBL.

E# 4.3. numerical semigroup H I, symmetric ¥ 7z (% pseudo-symmetric ThH % & &,
BE# (irreducible) TH % &> 9.

B 72 numerical semigroup DFFE L WHEE I L TiZ (RG] 22R L Tk E R\,
X% J. C. Rosales & P. A. Garcia-Sanchez IC X 2FERVERE L2 5.

E® 4.4 ([RG2]). H % numerical semigroup £ §5%. ZDt ERXRDZDODEAFIZA T
FAETH 5.

(1) H % almost symmetric TH 5.

(2) F(T) = F(H) T 5% & ) %, » %P7 numerical semigroup T BFEL T, H =
T\At%%. HLIZT, AT DBNERRDEITEEG TROXMZHTHD
£9%:

AcC %{l,F(H)] »2 r+y—F(T) ¢ H for Vz,y € A

ZDLE, HDtype 3RDATEZHNS:
t(H) =2 (#A) + (7).

ZOFEBIZ T2 T almost symmetric numerical semigroup 1%, & % BEJ7% numerical
semigroup 2> 5 HERTEZ VW DD B THERING ) LWv) ZE2BRTWVS.

#l 4.5.

(1) H = {4,5,6,7) i almost symmetric T®H > 7. Z#L3BEI7% numerical semigroup
T = (2,5) 6 M/MERRTE {2} ZEDBRVWTHERIN TV 5.

H=T\{2}.

(2) T = (4,5,6) I& symmetric ZDOTHENTH 2. T 225RD 4 DD almost symmetric
numerical semigroup PR I N 5:

T\ {5} = (4,6,9,11).

T\ {4} = (5,6,8,9).

T\ {4,5} = (6,8,9,10,11,13).

T\ {4,5,6} = (8,9,10,11,12, 13,14, 15).

% 7-, 245 D pseudo-Frobenius number R type 3 ZNEFNLUTD &L 512> T

W5

75
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e PF(T\ {5}) ={2,5,7}, t(T \ {5}) = 3.

o PF(T'\ {4}) ={3,4,7}, t(T'\ {4}) = 3.

e PF(T'\ {4,5}) = {2,3,4,5,7}, t(T'\ {4,5}) =5.

e PF(T\ {4,5,6}) ={1,2,3,4,5,6,7}, t(T'\ {4,5,6}) = 7.

Theorem 4.4 ZFHWVWTREZRT I LB TE 3.

EE 4.6 ([Nul]). T »BEf% 2 % 7213 3 JLA AL numerical semigroup 7% & i¥, Theorem
4.4 ([RG2)) D HETHEE I % 4 LA almost symmetric numerical semigroup H O
type D LiRIZ 3 TH 3.

5 Further properties of almost symmetric numerical semigroups.

INET, ITLER, 4 TERDBEAZ R TE1D, ERTOBEBIBI—BROBEITOVTR
b 32 almost symmetric numerical semigroup ® & 3 HEHIiZD>WLTHEMA L7z, 37, X
DEI)BRBIFAOSNT WS,

E® 5.1 ([RG1]). H = (a,b,c) L T3. b L H % pseudo-symmetric % &1X, {a,b,c} D
EDZODILDMOEICKTH 5.

COBRD—BILLEBZZHDHBUTTH 5.

EHE 5.2 ([Nu2]). H = (a1, ...,a,) I* symmetric THWERKETS. b L H 33 almost
symmetric 7% 513, BNERTTOES {a1,....,an} DEBD n — 1 25 L 2 WIEAIZE
WICETH 3.

COFHDOMWIITLLERY Ik wZ icEBLTEL.

SE Ik
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