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Mutually unbiased weighing matrices and a two-fold cover of

strongly regular graphs
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1 F

Mutually unbiased weighing matrices (& mutually unbiased bases D—f#ft L 7285 TH
%. Mutually unbiased bases L %57V YT =Y a3 Y A% — LADFEMIE Q-FHRA ¥ —
LDRETERREHTH 5 [9, Theorems 4.1,4.2]. A% Tl mutually unbiased weighing
matrices RS/ ONET YV VI —Ya vy AF—LIZDOWTH LAV, Mutually unbiased
bases DA & 1E BT IZ /LR D mutually unbiased weighing matrices 2 51X 7 YV ¥ T—
YaVAF—LBBONBRVN, TYVI—Ya v AF—ADNHET B L EIZIFRER S S
7 @ spread & DEELH O IEFEICHERE. X TV A EMIIERECTH 54, @AHOHR
EERNREIZHRT D22 HTESD. AMOREIC Rudvalis BEL R T 2 EERFH 58
LNBTVVI—YavAF—hiZDoONWTHih3.

2 Mutually unbiased weighing matrices

W 2B % 0,21 £ 5 dIROESITHIETSH. W HEE k D weighing matrix T 3
ik, WWT =kl 273282353, Z2C, T BEMHFHLTS. EEPSHS ML
21 k= d 725 weighing matrix I3A7# d ® Hadamard matrix i2—% 5.

Mutually unbiased weighing matrices ® &% (% Holzmann, Kharaghani, Orrick 2 & -
TROESIZEXSNT WS [7]. hiflld, EX k D weighing matrices W1, Wa %% unbiased
TH 3 &I, ﬁHlHQT WEZ k D weighing matrix 12725 Z & ¥ U, mutually unbiased
weighing matrices & (XE & k D weighing matrices Wy,...,W; Th-> T, (FEOMHEL S
6, J (&R LT Wi, W % unbiased TH 3 Z & 2§ 5. BEXHEK L% L\ mutually unbiased
weighing matrices (% mutually unbiased Hadamard matrices & I TH b, AREHIZ
mutually unbiased bases & FEREATH 5.

Mutually unbiased weighing matrices D BERENFIIZIRTEZ S h 3.

Ezample 2.1. Eg root system @ 240 fH#D X2 ~Vid, 15 {ED 2-frame By, ..., Bis THE X
N5, ZZT2frame 12 (fi, f;) =0 (1<i<j<8) 2ETEIN2ORT LSS
RBEE {£f,..., 25} DL TH5. 2-frame By PEREREED V2E LDk
% & 31T Eg root system 2 EREMTHT. Fg root system DIHREAR B R MLORBEIZ



130

11,0,-2 THBEDT, B LOAREEX B LT By,...,Bis D& frame ZHHTER b
NOBAE +1/v/2,0 275, & B; (i =2,...,15) OBHHLRR7 ML (-1 ETHBVH S
RZ MV D S—F B, TROEFRI ML ET BT % V2ELELOE W, 2T 5.
ZDLE,W; (i =2,...,15) I$EX » 4 @ mutually unbiased weighing matrices £ 2> T
W3,

3 Association schemes

Mutually unbiased weighing matrices % B2 ERE LOHRES L AR L, WRE ZHER
EEBETYVI—YvavAF— LW ONET S, LWIRHEEERD.

X2EBRES R (1=0,...,n) % X LOBETRVW_HEHKL TS &R ICNULT, R;
DTS A, IRTED 5:

(Ai)zy={1 (z,y) € Ri D¥ ¥)
0 (Z0fth)

(X, {Ri}y) BAMT VST -2 a VAF—ATHHLBRDOEMEHLT L ELTS:
(1) Ap IXBALITF.
2) P Ai=J (JRTRTOENHM 1 DESTHTHS).
(3) EEDie {0,1,...,n} TNLT, AT € {Ay,..., An} (AT I3 A; DEBITFITH ).

(4) HEED 4,5,k € {0,1,...,n} CH LT, AR L, PEEL T, KPR Y LD;
Aidj = ZZ:opf,jAb .

FTRTCDie{l,...,n}IERH LT A PRBEFIOL &, (X, {Ri}L,) BRHHL WS, KET
B7YVYT—2arvAF—L e VWAEHHREDEREKRTEIZ L LTS,

fi¥ d, B X k @ mutually unbiased weighing matrices W1, ..., Wy 55 d IRt DRERMH
Sl LOERES X ZUTDIIICUTES. X; 2 W, (i=1,...,f) DEFRLLUTAR
PIVBEOED _1ELERZ M AHSRB 2 AOERESELL, X =U_, X, £ T5.
X ORBESE AX) = {{z,y) | z,y € X,z # y} L AX) = {:tvlz,O,—l} TEZLND.
o= 1,00 = 1,05 = 7%,(13 = 3%,0@1 =0¢8L. AB»S X LOZHBREZRD KD
IZED B:

R ={(z,y) € X x X | (z,y) = o4} (i=0,1,...,4).
i, X CENBAMO L, X; & X; (i # §) CENBZHAM 0 DREADRZDZDT, BiZ R
ERDEDIZEET 5:
R; = R; for i € {0,1,2,3},

R4 =R4N U(X, x Xj),
i#j
Rs = Ry \ Ry.



—Z (X {RiY), (X {Ri}) Rz T VST =2 5 VY AF— AT 500D, IRD
N ARVASH

Theorem 3.1. U (X, {Ri}L,) A7V YT -3 v AF—LTHNE, (X, {Ri}2,) ¥
TYYI—Ya v AF—LiihD.

Eg root system D 240 DR 7 bV E ZHBERL LT, 77 ABP4 DTV ¥ T—
YaVAF—LIZRBIFIHONT VWS, LEDOEHEA VWS Z LIZL D, Fg root
system @ 2-frame RN T A5DT VT =Y a VAF—LEBL Z LM S,

Theorem 3.1 I¥FREEDOTH 1 VEBREZFAVWTIHHRH TSI L TELH, L —owEH
EIRDETHNL, TOBRIZAKBWN & E %2 B7-3REM S5 7D spread IZDOWTHENT 5.

4 Spreads in strongly regular graphs

757G=(V,E) i, ERERV L VO 2ERNEELBROLRTEEDENELE EN
BRIMDOZILTHS.

NG A =B — (v, k, A\, u) DFRIERI ST 7 (strongly regular graph) & (&, THAEH v, BIH
RICBEL TV ATERDMEBY £k TH Y, HELIBF L AR o,y KBHEL TWBTHAD
EEE z,y PBEEL TV B PEPISUT A\ u 2R3 777028 TH5E. 77 7 DBET
FlE, G OTHEHREETHRATOT SN ERTHT

)1 (zy PBHELTWB E &)
T lo (2ooft)

LREDD.

757G=V,E)D7 V=22 EDO2HRBBEL VBV OHEFEEDOILTH
5. BEAZS 7DV -2 I8 NATERDOBAKITIS T 7OBBEFROBE#EEZ AWT
MRDEDIZFMTES. 22T, k-E 7S 7OBEFPORKEEHEIZ L THB I LIZHE
BLTHL.

Theorem 4.1 (Delsarete bound). G = (V,E) #BEM 7L, C2GDI V-2
5. ADENEFEEZ 0L TH. ZOLE, |C|<1-k/0 D ED LD,

MIERIZ 2 7D 2 ) — 2T Theorem 4.1 DESHHKILT S H D% Delsarte 7V — 27 L IE
X THREAED Delsarte 7V — 27 LXK D BRI NTVWHRNEZLE TS [4, 6].

Definition 4.2. JRIER|Z 5 7 D spread & I, Delsarte 7 V) — 2 9572 5 8& {Cy,...,Cy}
THREGEDELTVWREDTHS.

Z 1i3 partial geometry @ spread IZHXK T S8R TH 5 [3].
BIERI 29 7IZEBNSG I FAN2DTY VI —2a v AF¥F—LTHBH, £ L spread
BEET DL TANIDT VYT -V a v Ax—LWERTE S,
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Theorem 4.3. ([4, Theorem], [6, Proposition 4.1]) G = (V, E) 25ER/IZ 5 7, {C1,...,Cf}
GDspread 235, HEEAV LOZHBERERD IS IZED S

Ro={(z,2) |z €V}
Ry ={(z,9) | {z.y} € E,{z,y} e UL,Ci},
Ry ={(z,y) | {z,v} € E,{z,y} ¢ U_,Ci},
Ry = {(z,9) | {z,y} ¢ E}.

OrE (V{RP)RTYYI—vavAF—bLR 5.

Remark 4.4. Theorem 4.3 DEIZH VT, (V,{Ro,R1 URy, R3}) 7 FAN2DT V¥
I—YaVvAF—LTH5. BIZI2IAN2DTIVI—YavA¥x—LADdhiE R, Tk
WIIERRE LA L TS5 TIIRER TS 7225,

(X, {Ri}l,) 2T VYT —vavAF—Ltl, RyDRE % 1 2KETZ. ZOLE,
RoURy i X FORMEEBRE R L, $-BHEFHORITES (0,1,...,4) FOREER%
RICEDEDSB: i,j € {0,1,...,4} THLTi~j o b5 ac {04} BEELTp, #0.
T ORMEBRIC & ARES%E {0,4), {1,3}, {2} LR B L DICHERXFERMIET. ZHER R,
DREP 1 THEDT, ROMBRiM-T X LOLEEH ¢ WEETS: £BD z e X iZxtL
T, (z,6(z)) € Ry. ZOE FWMSICTHAESEZXOBX B LT, 55 (0,1)-175 Ay, 41, A,
DELE L TIRAIR D 3L0:

A0+A4=ZO®J2, A1+A3=21®J2, A2=Z2®J2.

DX %1, Theorem 9.3] iIZ2& Y, Ay, A, A IE7 TR 2DT Y VT =V a v AFx—LD
BT RS, 25AN 20TV VI—varvAFx—0% (X,{R},) tT5L, Xk
(,y) € R4 725 X DTHE z,y ZA—BHLTW3. ZOA—-BEHERL LTy : X 5 X
rELZEIZT B,

JIAM2DT YV I—YavAx—LREAT T 70T, (X, {R;}L,) 2RIEMS
Z 7 D two-fold cover & & 5.

FROBOEEINEZTY VTV a vy AF—Lb (X, {R}L,) CHLT, X ORIEEY
${0,2,4}-2 V=2 THB L {i | RiN(Y xY) £ 0} = {0,2,4} KR YLD L &L T 3.
ZHIXY OHELZZ “THRIE R, B UK Ry THIFNTWVWAZ L 2B KL TWVWS. Y O
BRIZEBBII R, Z50EBLTEIREAM TSI 7DV - TH S,

Theorem 3.1 DEEIT & —RIZIRDFETERLEI NS,

Theorem 4.5. ([11, Theorem 3.2]) (X, {R;}{ o) ZIRIERAI T 7 D two-fold cover £ T 5.
Yi,...,. Yy 2{0,2,4}-2 V=2 &L, {N,.... Y5} B X DREZ2EZX5L95. L ;)
(G=1,...,f) PRIEAIZ S5 7 (X,Ry) D Delsarte 7V — 27 Thhid, (X, {Ri}2,) X7V
VI—VaYAF—LTHB. 1EU R BRTEHRIND:

1‘?4' =R; fori=0,1,3,4,
f

Ry = Ryn | J(¥i x Y3),
i=1

R5 = Ry \Rz



Ezample 4.6. Eg root system ORI 2 AR —HRL, AB0 TUEAKL ST 713
7 A —2X—(120,63,30,36) DWIEAI 757 G Lixd. ZDF5 7 DR, H/NEGEMEILE
N1 63, -9 T2 5 DT Theorem 4.1 ® Delsarte bound 1% 1 — 63/(—9) = 8 £ 725, L7
2o T# 2-frame 327 7 G 1B T Delsatre 27 ) —2 £ 725, & T Eg root system
D 2-frame MEEF ST 7 GIZBWT Delsatre 7 ) — 7 IZ X BTHAESDOHE, T4bb
spread £72%. Z D spread (Z & U Theorem 4.3 527 7 AMNIDT7Y YT —Ya v AFx—
LHR/OND.

Es root system (37 7 A4 DT VT —Ya V AF—LL D XT A —&— (120,63, 30, 36)

DHIEANZ"Z 7 D two-fold cover T@H 5. Theorem 4.5 % Eg root system @ 2-frame 512
W3 eI ANREDT IV I —varvAF—L0BoN5,

5 SHRORE

FAMRORKEERRE LOTY VT2 a VAF— AR U TEREL TWL 2 &3 Hk
B ZD &S EAAIE, Best[2] 12 & b B H 2 EEBUT £ THIE X ¥ 72 weighing matrix @
unbiased RBIDEEPTONTE D, ZNSRTBRT YV I -V a v AF—AIZR>TWS
PIH DR T2, T SRHTRDOFIIH U TEBTE 2 o R ICHKEN L Bbh 3.

Rudvalis #(% 28 Rt D H 5 EREF L OHCHEE L LTHEONS. FOEEKRF LI
16240 {El® minimum vector % %%, minimum vector 2572 5% 4% X LB . ZD L &
RPHSENTWS:

Proposition 5.1. (5, Lemma 9], [8, firi# 6.2]) A(X) := {{z,y) | 7,y € X,z # y} =
{0, 1, +i, —4, +45}.

Proposition 5.2. ([5, Theorem 2], [8, @& 6.3]) £1, i ffTHIHIH> X DAEFR—HEL
FETHRE L, W0 TUES RS L3 X — X — (4060, 1755, 730, 780) DIREL 25
TR0,

Problem 5.3. Proposition 5.2 DFIERIZ 5 712 spread (TFHET B H>.

D57 DBRKEEM, B/NEEMEIXFNEFN 1755, —65 TH 3D T, Delsarte bound
W& 1—1755/(—65) = 28 L 725 (BB F L DT L —HT 5). 4060/28 = 145 L 25D
T, HREAZHEWVIIR DY DV 145HD 28 D2V — 2 IZHRTE 2, WS RS Y
FETH 5.

INHREENIZDNZ L, RDZDODZ e HBLND.

e Theorem 4.3IZ &V IV FANIDT VIV I —YavAFZF—LBBELNS,

e Propositions 5.1,5.2, [10, Lemma 3.2] Z A% & | X & 28 IRTTDEFKERE D T-design
&%, ZZTT = {(k1) € Z* | 0 < k1 < 3}\{(3,3)} TH5B. X510,
Theorem 8.1(ii)] Z V5 & X I3AM%E “IHBEKRL LTI S ANSOAHBTY VL T—
VAVAF—LERBEIENDND. X M 4-frame NETERLTBE, ABODZ
FHREBRERU frame (B L TW2 “HRMAER T OO ZEHERIZAF B Z & T
FSABIDEWMT VYT - a v AF—LdBoNS.
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