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$ABS\dot{T}$RACT. We report our recent $1^{\cdot}$esults on nonlinear Klein-Gordon equations

with quadratic interactions.

1, INTRODUCTION

In this article, we survey recent progress on asymptotic behavior of solutions to

the nonlinear Klein-Gordon equations

(1.1) $\partial_{t}^{2}v-\triangle v+m^{2}v=v^{2}, (t, x)\in R\cross R^{n}$

with quadratic self interaction term for $n=1$ or $n=2$ , where $v$ is a real valued
function, $m>0$ is the mass of particle, and $\triangle$ is the $Laplaci_{c}q_{J}n$ . We also consider
a system of quadratic nonlinear Klein-Gordon equations

(1.2) $\{\begin{array}{l}\partial_{t}^{2}v_{1}-\triangle v_{1}+m_{1}^{2}v_{1}=v_{1}v_{2_{\rangle}}2 (t, x)\in R\cross R^{2},\partial_{t}^{2}v_{2}-\triangle v_{2}+m_{2}^{2}v_{2}=v_{1}\end{array}$

where $m_{1},$ $m_{2}>0$ are the maksses of particles. Quadratic nonlinearities do not

include resonance terms for (1.1) and for (1.2) if $2m_{1}\neq m_{2}$ . There are two different

ways to treat quadratic nonlinear Klein-Gordon equations. One of them is the

method of aIgebraic normal forms due to Kosecki [26] for (1.1) and Sunagawa [32]

for (1.2) under the non resonance mass condition $2m_{1}\neq m_{2}$ . The method of

algebraic normal forms does not yield any nonlocal nonlinearity, however it leads

to a delivative loss difficulty. Another way is the method of the normal $fo1^{\cdot}1S$

of Shatah [31], which yields a complicated nonlocal nonlinear problem, but the

derivative loss difficulty is avoided. When nonlinearity contains derivatives of the

unknown function, we again ercounter the derivative loss difficulty, so it seerrs that

the method of Shatah also does not work well for this case.

2. Quadratic nonlinear Klein-Gorlon equations in $ld$

When $n=1$ , in $[19]\cdot the$ large time asymptotic profile of small solutions to the

Cauchy problem (1.1) $wa_{k}s$ obtained without the restriction of a compact support

on the initial data which was assumed in [3]. One of important tools of [3] $wa\llcorner b$

based on the transformation by hyperbolic polar coordinates following [25]. The

application of hyperbolic polar coordinates implies the restriction to the interior of

the light cone and therefore $re(1^{uireS}$ compactness of the initial data.

In order to state the result in [19], we change $u= \frac{1}{2}(v+i\langle i\nabla\rangle^{-1}v_{t})$ in (1.1)

with $m=1$ , where $\langle i\nabla\rangle=\sqrt{1-\triangle}$ , then $u$ satisfies the following Cauchy $P\fbox{Error::0x0000}$)

$(2.1)$ $\{\begin{array}{l}\mathcal{L}u=i\frac{1}{2}\langle i\nabla\rangle^{-1}(u+\overline{u})^{2}, (t, x)\in R\cross R^{n},u(O, x)=u_{0}(x) , x\in R^{n};\end{array}$
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where $\mathcal{L}=\partial_{t}+i\langle i\nabla\rangle,$ $u_{0}= \frac{1}{2}(v_{0}+i\langle i\nabla\rangle^{-1}v_{1})$ . We denote the Lebesgue space $I_{)}y$

$L^{p}=\{\phi\in S’;\Vert\phi\Vert_{L^{p}}<\infty\}$ , with the norm $\Vert\phi\Vert_{L^{p}}=(\int|\phi(x)|^{p}dx)^{1/p}$ if $1\leq p<\infty$

and $\Vert\phi\Vert_{L^{\infty}}=\sup_{x\in R^{\mathfrak{n}}}|\phi(x)|$ if $p=\infty$ . The weighted Sobolev space is

$H_{p}^{m,s}=\{\phi\in L^{p};||\langle x\rangle^{s}\langle i\nabla\rangle^{\gamma n}\phi\Vert_{Lp}<\infty\},$

for $m,$ $s\in R,$ $1\leq p\leq\infty$ , where $\langle x\rangle=\sqrt{1+|x|^{2}}$ . For simplicity we write $H^{7n,s}=$

$H_{2}^{rn,s}$ We usually omit the index zero if this does not cause confusion, e.g. we
write $H^{m}$ instead of $H^{m,0}$ . We denote the Fourier transform of the function $\phi$ by

$\mathcal{F}\phi\equiv\hat{\phi}=\frac{1}{(2\pi)^{T}n}\int e^{-ix\xi}\phi(x)dx.$

Then the inverse Fourier transformation is given by

$\mathcal{F}^{-1}\phi=\frac{1}{(2\pi)^{\frac{n}{2}}}\int e^{ix\cdot\xi}\phi(\xi)d\xi.$

Our main result in [19] is the following.

Theorem 2.1. Let $m=1,$ $u_{0}\in H^{2,1}$ and the norm $\Vert u_{0}\Vert_{H^{2,1}}=\epsilon$ . Then there
exists $\mathcal{E}_{0}>0$ such that for all $0<\epsilon<\epsilon_{0}$ the Cauchy problem, (2.1) has a unique
global solution $u(t)\in C([0, \infty);H^{2,1})$ satisfying the time decay estimo,$te$

$\Vert u(t)\Vert_{L^{\infty}}\leq C\epsilon(1+t)^{-\frac{1}{2}}$

Furthermor$(^{3}$, there $exist_{9}$ a unique fina, $l$ state $\hat{u}+\in L^{\infty}.9uch$ that

$\Vert \mathcal{F}e^{\tau,\langle i\partial,,\cdot)t}u(t)-\hat{u}_{+}e^{-i\Omega|u_{+}|^{2}\log t}\Vert_{L\infty}\leq Ct^{\delta-\frac{1}{8}},$

and the large time $a9ymptotic9$

$u(t)= \frac{1}{\sqrt{it}}e^{-i\sqrt{}}\frac{\theta(\frac{x}{t})}{\langle i\frac{x}{t}\rangle^{\frac{3}{2}}}\hat{u}+(\frac{x}{\sqrt{t^{2}-x^{2}}})$

$\cross\exp(i\Omega(\frac{x}{\sqrt{t^{2}-x^{2}}})|\hat{u}_{+}(\frac{x}{\sqrt{t^{2}-x^{2}}})|^{2}\log t)+O(\epsilon t^{\delta-\frac{5}{8}})$

is valid uniformly $\prime 1$) $ithre,9\rho ect$ to $x\in R,$ $\prime 1lhere_{J}\theta(x)=1$ for $|x|<1$ and $\theta(x)=0$

for $|x|\geq 1,$ $\delta$ is a small positive constant and

$\Omega(\xi)=\frac{\lambda}{2}2\langle\xi\rangle^{3}(\frac{1}{3\langle 2\xi\rangle}+\frac{5}{2\langle\xi\rangle})$ .

There are some works devoted to the study of the cubic nonlinear Klein-Gordon
equation

(2.2) $\{\begin{array}{l}v_{tt}+v-v_{xx}=\lambda v^{3}, (t, x)\in R\cross R,v(O, x)=iu_{0}(x) , v_{t}(0, x)=v_{1}(x) , x\in R\end{array}$

with $\lambda\in$ R. When $\lambda<0$ , the global existence of solutions to (2.2) can $|$) $e$ easily
obtained in the energy space, however which is not sufficient to imply the large
time $\kappa$symptotic $|$)ehavior of solutions. The sharp $L^{\infty}-ti_{1}ne$ decay estimates of
solutions and non existence of the usual scattering states for equation (2.2) were
shown in [8] under the condition that the initial data are sufficiently regular and
have a compact support.
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Some sufficient conditions on quadratic or cubic nonlinearities were given in [3],
which allow us to prove global existence and find sharp asymptotics of small $soh\iota-$

tions to the Cauchy prol)$lem$ with small and regular initial data having a compact
support. Moreover it was proved that the asymptotic profile of solutions differs
from that of the linear Klein-Gordon equation, Compactness condition on the data
was removed $irl[11]$ in the case of a real-valued solution. When the initial data are
complex valued, the global existence and $L^{\infty}-$ time decay estimates of small $soh_{1-}$

tions to the Klein-Gordon equation with cubic nonlinearity $|v|^{2}v$ were obtained in
[33] under some conditions of regularity and a compact support of the initial data.
As far as we know the problem of finding the large time asymptotics is still open
for the case of the cubic nonlinearity $v^{3}$ with the complex valued initial data.

Existence of scattering operators in the neighborhood of the origin in the space
$H^{1+\frac{n}{2},1}\cap H^{\frac{n}{2},1}$ for the super critical nonlinear Klein-Gordon equation

$u_{tt}-\triangle u+u=\mu|u|^{p-1}u, (t, x)\in R\cross R^{n},$

wa proved in [13], where $p>1+ \frac{2}{n}$
)

$\mu\in C,$ $7$) $=1$ , 2 (see [6] in which the case
$n=3,$ $p>1+ \frac{2}{n}wa{}_{\iota}S$ treated). The same method is useful for a system of equations

$\{\begin{array}{l}\partial_{t}^{2}v_{1}-\triangle v_{1}+m_{1}^{2}v_{1}=|v_{2}|^{p-2}v_{2}v_{1},\partial_{t}^{2}v_{2}-\triangle v_{2}+m_{2}^{2}v_{2}=|v_{2}|^{p-2}v_{1}^{2}.\end{array}$

Note that the mass condition is not needed in the super critical case $p>1+ \frac{2}{n}$ . The
regularity of order $1+ \frac{n}{2}$ was required for the above problem to obtain the sharp
$L^{\infty}-$ time decay estimates. Non existence of usual scattering states was studied in
[9], [28] for the case of $sn\dagger$)-critical and critical nonlinearities $|v|^{p-1}v$ with $p \leq 1+\frac{2}{n}$

and space dimension $n\geq 2$ . However non existence problem is still open for $n=1$

and $1<p<3.$
In [15], we used the method of normal forms of Shatah to obtairl a sharp asymp-

totic behavior of small solutions to the Cauchy problem for the quadratic nonlinear
Klein-Gordon equation $\mathcal{L}u=i\langle i\partial_{x}\rangle^{-1}\overline{u}^{2}$ without a condition of a compact support
of the initial data. In [15], we have used the fact that the bilinear Fourier multiplier
operator

$\int_{R^{2}}e^{ix(\xi+\eta)}\frac{\hat{\phi}(\xi)\hat{\psi}(\eta)}{\langle\xi+\eta\rangle+\langle\xi\rangle+\langle\eta\rangle}d\xi d\eta$

has the H\"older type estimate $\Vert \mathcal{T}(\phi, \psi)\Vert_{Lp}\leq C\Vert\phi\Vert_{L^{q}}\Vert\psi\Vert_{L^{r}}$ , where $1\leq p\leq q,$ $r\leq$

$\infty,$ $\frac{1}{p}=\frac{1}{q}+\frac{1}{r}$ . However the case of the general nonlinearity $i\langle i\partial_{x}\rangle^{-1}(u+\overline{v})^{2}$ was
an open prol)$lem$ since we need to estimate the bilinear Fourier multiplier operators

$\int_{R^{2}}e^{ix(\xi+\eta)}\frac{\hat{\phi}(\xi)\hat{\psi}(\eta)}{\langle\xi+\eta\rangle-\langle\xi\rangle-\langle\eta\rangle}d\xi d\eta$

and

$\int_{R^{2}}e^{ix(\xi+\eta)}\frac{\hat{\phi}(\xi)\hat{\psi}(\eta)}{\langle\xi+\eta\rangle-\langle\xi\rangle+\langle\eta\rangle}d\xi d\eta.$

In [19] we proved the desired estimates for these bilinear operators. In order to
remove the quadratic term from (2.1), we multiply both sides of (2.1) by the free
Klein-Gordon evolution group $\mathcal{F}\mathcal{U}$ $(-t)=\mathcal{F}e^{it\langle i\partial_{x}\rangle}=e^{it\langle\xi)}\mathcal{F}$ and put $\varphi_{u}(t, \xi)=$
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$e^{it\langle\xi\rangle}\hat{u}(t, \xi)$ to get

(2.3) $\partial_{t}\varphi_{u}(t, \xi)=i\frac{1}{2}\langle\xi\rangle^{-1}e^{it\langle\xi\rangle}\mathcal{F}((u+\overline{u})^{2})=\sum_{j=1}^{3}1_{j},$

where

$1_{1}= \frac{i}{2\sqrt{2\pi}\langle\xi\rangle}\int_{R}e^{it(\langle\xi\rangle+\langle\xi-\eta\rangle+\langle\eta))}\overline{\varphi_{u}(t,\eta-\xi)\varphi_{u}(t,-\eta)}d\eta,$

$I_{2}= \frac{i}{2\sqrt{2\pi}\langle\xi\rangle}\int_{R}e^{it(\langle\xi\rangle-\langle\xi-\eta\rangle-\langle\eta\rangle)}\varphi_{\tau\iota}(t, \xi-\eta)\varphi_{u}(t, \eta)d\eta,$

$I_{3}= \frac{i}{\sqrt{2\pi}\langle\xi\rangle}\int_{R}e^{it(\langle\xi\rangle-\langle\xi-\eta\rangle+(\eta\rangle)}\varphi_{u}(t, \xi-\eta)\overline{\varphi_{u}(t,-\eta)}d\eta.$

Define the bilinear operators

$\mathcal{T}_{j}(\phi, \psi)(x)=\frac{1}{2\pi}\int\int_{R^{2}}e^{ix(\xi+\eta)}m_{j}(\xi, \eta)\hat{\phi}(\xi)\hat{\psi}(\eta)d\xi d\eta$

with symbols

$m_{1}( \xi_{)}\eta)=\frac{\lambda}{2\langle\xi+\eta\rangle(\langle\xi+\eta\rangle+\langle\xi\rangle+\langle\eta\rangle)},$

$m_{2}( \xi, \eta)=\frac{\lambda}{2\langle\xi+\eta\rangle(\langle\xi+\eta\rangle-\langle\xi\rangle-\langle\eta\rangle)},$

$m_{3}( \xi, \eta)=\frac{\lambda}{2\langle\xi+\eta\rangle(\langle\xi+\eta\rangle-\langle\xi\rangle+\langle\eta\rangle)}.$

Then we have

$I_{1}=\partial_{t}e^{it\langle\xi\rangle}\mathcal{F}\mathcal{T}_{1}(\overline{u}, \overline{u})-2e^{it\langle\xi)}\mathcal{F}\mathcal{T}_{1}(\overline{u},\overline{\mathcal{L}u})$ ,

$1_{2}=\partial_{t}e^{it\langle\xi)}\mathcal{F}\mathcal{T}_{2} (u, u)-2e^{it(\xi\rangle}\mathcal{F}\mathcal{T}_{2}(u, \mathcal{L}u)$ ,

and

$1_{3}=\partial_{t}e^{it\langle\xi\rangle}\mathcal{F}\mathcal{T}_{3}(u,\overline{u})-e^{it\langle\xi\rangle}\mathcal{F}\mathcal{T}_{3}(u, \overline{\mathcal{L}u})-e^{it\langle\xi\rangle}\mathcal{F}\mathcal{T}_{3}(\mathcal{L}u,\overline{u})$ .

Therefore returning to the function $u(t, x)=\mathcal{U}(t)\mathcal{F}_{\xiarrow x}^{-1}\varphi_{u}$ , we get from (2.3)

$\mathcal{L}(u-\mathcal{T}_{1}(\overline{u},\overline{u})-\mathcal{T}_{2}(u, u)-\mathcal{T}_{3}(u,\overline{u}))$

(2.4) $=-2\mathcal{T}_{1}(\overline{u}, \neg \mathcal{L}u-2\mathcal{T}_{2}(u, \mathcal{L}u)-\mathcal{T}_{3}(u, \overline{\mathcal{L}u})-\mathcal{T}_{3}(\mathcal{L}u, \overline{u})$ .

$De\iota$uote the symbols

$m_{4}( \xi, \eta)=i\frac{\lambda}{2}(2m_{1}(\xi, \eta)-m_{3}(\eta, \xi))\langle\eta\rangle^{-1}$

$m_{5}( \xi, \eta)=-i\frac{\lambda}{2}(2m_{2}(\xi, \eta)-m_{3}(\xi, \eta))\langle\eta\rangle^{-1}$

and the corresponding bilinear Fourier multiplier operators by $\mathcal{T}_{4}$ and $\mathcal{T}_{5}$ . In view

of (2.1) we find

$\mathcal{L}(u-\mathcal{T}_{1}(\overline{u},\overline{u})-\mathcal{T}_{2}(u, u)-\mathcal{T}_{3}(u, \overline{u}))$

(2.5) $=\mathcal{T}_{4}(\overline{u}, (\overline{u}+u)^{2})+\mathcal{T}_{5}(u, (\overline{u}+u)^{2})$ .

Thus we consider the cubic nonlinear nonlocal problem. This is the target equation

which we study. We note that the nonlocal nonlinearities of the right hand sides of
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(2:5) include the resonance nonlinearities which are not removable $1$ )$y$ the method
of the normal form.

3. Bilinear operators and their $esti,m_{\fbox{Error::0x0000}}ates$ in $ld$

We write the bilinear operators $\mathcal{T}_{j}$ as

$\mathcal{T}_{j}(\phi, \psi)=\frac{1}{2\pi}\int\int_{R^{2}}dydz\mathbb{K}_{j}^{\mu,lノ}(y, z)\langle i\partial_{x}\rangle^{\mu}\phi(x-y)\langle i\partial_{x}\rangle^{\nu}\psi(x-z)$ ,

where the kernels $\mathbb{K}_{j}^{\mu,\nu}(y, z)=\mathcal{F}_{\xiarrow y}^{-1}\mathcal{F}_{\etaarrow z}^{-1}(\langle\xi\rangle^{-\mu}\langle\eta\rangle^{-\nu}m_{j}(\xi,$
$\eta$ $1\leq j\leq 5.$

In the next lemma we state the estimate of the kernels $\mathbb{K}_{j}^{\mu,\nu}(y, z)$ without a proof
(see [19]). Define $\sigma_{j}=0$ for $j=1$ , 2, 3, and $\sigma_{j}=1$ for $j=4$ , 5.

Lemma 3.1. Let $\mu>-1,$ $\nu+\sigma_{j}>-1,$ $\mu+v+\sigma_{j}>0$ . Then the $esti/rr,ate$

$|\mathbb{K}_{j}^{\mu_{)}\nu} (y, z)|\leq C\langle y\rangle^{-4}\langle z\rangle^{-4}|y|^{\gamma-1}|z|^{\gamma-1}$

is $tr\uparrow xe$ for all $y,$ $z\in R\backslash \{O\}$ , vhere $0< \gamma<\frac{1}{4}\min(\mu+1, v+\sigma_{j}+1, \mu+\nu+\sigma_{j})$ .

Next we give the estimate of the bilinear Fourier multiplier operators $\mathcal{T}(\phi, \psi)$

defined by the multiplier $m(\xi, \eta)$

$\mathcal{T}(\phi, \psi)=\frac{1}{2\pi}\int\int_{R^{2}}e^{ix(\xi+\eta)}m(\xi, \eta)\hat{\phi}(\xi)\hat{\psi}(\eta)d\xi d\eta$

$= \frac{1}{2\pi}\int\int_{R^{2}}dydz\mathbb{K}\cdot(y)z)\phi(x-y)\psi(x-z)$ ,

where $\mathbb{K}(y, z)=\mathcal{F}_{\xiarrow y}^{-1}\mathcal{F}_{\etaarrow z}^{-1}rn(\xi, \eta)$ .

Lemma 3.2. Suppose that a kernel $\mathbb{K}(y, z)$ obeys the estirr, $a_{l}te$

$|\mathbb{K}(y, z)|\leq C\langle y\rangle^{-4}\langle z\rangle^{-4}|y|^{\gamma-1}|z|^{\gamma-1}$

for all $y,$ $z\in R\backslash \{O\}$ , vhere $\gamma\in(0,1)$ . Then the followin9 estimates are valid

$\Vert \mathcal{T}(\phi, \psi)\Vert_{L^{p}}\leq C\Vert\phi\Vert_{L^{q}}\Vert\psi\Vert_{L^{r}},$

$\Vert x\mathcal{T}(\phi, \psi)\Vert_{L^{p}}\leq C(\Vert x\phi\Vert_{Lq}+\Vert\phi\Vert_{L^{q}})\Vert\psi\Vert_{L^{r}}$

and

$\Vert \mathcal{P}\mathcal{T}(\phi, \psi)\Vert_{L^{p}}\leq C(\Vert \mathcal{P}\phi\Vert_{Lq}+\Vert\partial_{t}\phi\Vert_{Lq})\Vert\psi\Vert_{L^{r}}$

$+C\Vert\phi\Vert_{Lq’}(\Vert \mathcal{P}\psi\Vert_{L^{\tau’}}+\Vert\partial_{t}\psi\Vert_{L^{r’}})$

for

$1 \leq p\leq q, r, q’, r’\leq\infty, \frac{1}{p}=\frac{1}{q}+\frac{1}{r}=\frac{1}{q}+\frac{1}{r},$

provided that the right-hanl sides are finite, where $\mathcal{P}=t\partial_{x}+x\partial_{t}.$

For the proof of Lemma 3.2, see [19]. Application of Lemma 3.2 to the bilinear
Fourier multiplier operators

$\mathcal{T}_{j}(\phi, \psi)=\frac{1}{2\pi}\int\int_{R^{2}}dydz\mathbb{K}_{j}^{\mu,\nu}(y, z)\langle i\partial_{x}\rangle^{\mu}\phi(x-y)\langle i\partial_{x}\rangle^{\nu}\psi(x-z)$

yields the following result.
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Lemma 3.3. Let $\mu>-1,$ $v+\sigma_{j}>-1,$ $l^{\iota}+v+\sigma_{j}>0,$ $\mu’>-1,$ $\nu’+\sigma_{j}>-1,$

$\mu’+\nu’+\sigma_{j}>0,$ $\sigma_{j}=0$ for $j=1$ , 2, 3, and $\sigma_{j}=1$ for $j=4$ , 5. Then the $foll\uparrow 1$) $in$

$estim,ates$ are va,lid

$\Vert \mathcal{T}_{j}(\phi, \psi)\Vert_{L^{p}}\leq C\Vert\phi\Vert_{H_{q}^{\mu}}\Vert\psi\Vert_{H_{r}^{\nu}},$

$\Vert x\mathcal{T}_{j}(\phi, \psi)\Vert_{L^{p}}\leq C\Vert\phi\Vert_{H_{q}^{\mu,1}}\Vert\psi\Vert_{H_{v^{\sim}}^{\nu}}$

and

$\Vert \mathcal{P}\mathcal{T}_{j}(\phi_{)}\psi)\Vert_{L^{p}}\leq C(\Vert \mathcal{P}\phi\Vert_{H_{q}^{\mu}}+\Vert\partial_{t}\phi\Vert_{H_{q}^{\mu}})\Vert\psi\Vert_{H}.$

$+C\Vert\phi\Vert_{H_{q}^{\mu’}},(\Vert \mathcal{P}\psi\Vert_{H_{f}^{\nu’}}/+\Vert\partial_{t}\psi\Vert_{H_{r’}^{\nu’}})$ ,

for $1\leq j\leq 5$ , where

$1 \leq p\leq q, r, q’, r’\leq\infty, \frac{1}{p}=\frac{1}{q}+\frac{1}{r}=\frac{1}{q}+\frac{1}{r},$

provided that the right hand sides are finite.
For the proof of Lemma 3.3, see [19],

4. $DECO1\backslash$tPOSlTlON OF THE FREE KLEIN GORDON $EVO$ しUTION GROUP

We decompose the free Klein-Gordon $evoh_{lt}ion$ group $\mathcal{U}(t)=e^{-i\langle i\partial_{x}\rangle t}=\mathcal{F}^{-1}E(t)\mathcal{F},$

where $E(t)=e^{-it(\xi)}$ similarly to the factorization of the free Schr\"odinger evohltiorl

group. We denote the dilation operator by

$\mathcal{D}_{\omega}\phi=\frac{1}{\sqrt{i\omega}}\phi(\frac{x}{\omega}))(\mathcal{D}_{\omega})^{-1}=i\mathcal{D}_{\frac{1}{\omega}}.$

Define the multiplication factor $M(t)=e^{-it\langle ix\rangle\theta(x)}$ , where $\theta(x)=1$ for $|x|<1$

and $\theta(x)=0$ for $|x|\geq 1$ . We introduce the operator

$( \mathcal{B}\phi(\xi))(x)=\frac{\theta(x)}{\langle ix\rangle^{\frac{3}{2}}}\phi(\frac{x}{\langle ix\rangle})$ .

The inverse operator $\mathcal{B}^{-1}$ acts on the functions $\phi(x)$ defined on $(-1,1)$ as follows

$( \mathcal{B}^{-1}\phi(x))(\xi)=\frac{1}{\langle\xi\rangle^{\frac{3}{2}}}\phi(\frac{\xi}{\langle\xi\rangle})$

for all $\xi\in R$ . This follows by setting $\xi=\frac{x}{\langle ix)}\in R$ and deducing $x=+_{\xi\rangle}\in$ $(-1, 1)$ .

We now introduce the operators

$\mathcal{V}(t)=\mathcal{B}^{-1}\overline{M}(t)\mathcal{D}_{t}^{-1}\mathcal{F}^{-1}e^{-it\langle\xi)}$

and
$\mathcal{W}(t)=(1-\theta)\mathcal{D}_{t}^{-1}\mathcal{F}^{-1}e^{-it\langle\xi\rangle}$

so that we have the representation for the free Klein Gordon evolution group

$\mathcal{U}(t)\mathcal{F}^{-1}=e^{-it\langle i\partial_{x}\rangle}\mathcal{F}^{-1}=\mathcal{F}^{-1}e^{-it\langle\xi\rangle}=\mathcal{D}_{t}M(t)(\mathcal{B}\mathcal{V}(t)+\mathcal{W}(t))$

(4.1) $=\mathcal{D}_{t}M(t)\mathcal{B}+\mathcal{D}_{t}M(t)\mathcal{B}(\mathcal{V}(t)-1)+\mathcal{D}_{t}M(t)\mathcal{W}(t)$ .

The first term $\mathcal{D}_{t}M(t)\mathcal{B}\phi$ of the right-hand side of (4.1) describes the well-known

leading term of the large time asymptotics of solutions of the linear Klein-Gordon
equation $\mathcal{L}u=0$ with initial data $\phi$ and is in the inside of the light cone. The

second term of the right-hand side of (4.1) is considered as a remainder term which
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is in the inside of the light cone, whereas the last term represents the large time
$a_{\llcorner}s$ymptotics in the outside of the light cone which decays more rapidly in time. We
also have

$\mathcal{F}\mathcal{U}(-t)=\mathcal{F}e^{it\langle i\partial_{x}\rangle}=e^{it\langle\xi\rangle}\mathcal{F}=\mathcal{V}^{-1}(t)\mathcal{B}^{-1}\overline{M}(t)\mathcal{D}_{t}^{-1}+\mathcal{W}^{-1}(t)\mathcal{D}_{t}^{-1}$

$=\mathcal{B}^{-1}\overline{M}(t)\mathcal{D}_{t}^{-1}+(\mathcal{V}^{-1}(t)-1)\mathcal{B}^{-1}\overline{M}(t)\mathcal{D}_{t}^{-1}+\mathcal{W}^{-1}(t)\mathcal{D}_{t}^{-1},$

where the right-inverse operators

$\nu^{-1}(t)=\overline{A^{1}}(t)\mathcal{F}\mathcal{D}_{t}M(t)\mathcal{B}$

and

$\mathcal{W}^{-1}(t)=\overline{A^{t}}(t)\mathcal{F}\mathcal{D}_{t}(1-\theta)$ ,

where $E(t)=e^{-it\langle\xi\rangle}.$

5. $OUT1_{\lrcorner}1NE$ OF PROOF OF THEOREM 2. 1

Application of the operator $\mathcal{F}\mathcal{U}(-t)$ to equation (2.5), factorization of free Klein-
Gordon operator and the estimates of bilinear operators by Lemma 3.3 yield the
ordinary differential equation

$\partial_{t}\mathcal{F}\mathcal{U}(-t)u=it^{-1}\Omega(\xi)(\mathcal{F}\mathcal{U}(-t)u)|\mathcal{F}\mathcal{U}(-t)u|^{2}+R$

for all $t\geq 1$ uniformly with respect to $\xi\in R$ , where $R$ is a remainder term. By
changing the dependent variable

$\psi(t)=(\mathcal{F}\mathcal{U}(-t)u)e^{-i\Omega}1\iota_{|\mathcal{F}\mathcal{U}(-\tau)u(\tau)|^{2\underline{d\tau}}},$

to get the desired a-priori estimate $\Vert \mathcal{F}\mathcal{U}(-t)u\Vert_{L^{\infty}}\leq C$ . Main problem is to prove
$R$ is the remainder term in the function space

$X_{T}=\{u\in C([0,1’];L^{2}) ; \Vert u\Vert_{X_{T}}<\infty\},$

where

$\Vert u\Vert_{X_{T}}$

$=$
$t\in[0,T]St1p(\langle t\rangle^{-\gamma}\Vert u(t)\Vert_{H^{2}}+\langle t\rangle^{-3\gamma}\Vert\langle i\nabla\rangle \mathcal{U}(t)x\mathcal{U}(-t)w(t)\Vert_{H^{1}}+\langle t\rangle^{\frac{1}{2}}\Vert u(t)\Vert_{L\infty})$ ,

and $\gamma>0$ is small. We have llsed the operator $\mathcal{J}$ since $\mathcal{J}=\langle i\nabla\rangle \mathcal{U}(t)x\mathcal{U}(-t)$ . For
the details of the proof, see [19].

6. A $S1^{stem}$ of quadrohc nonlinear Klein-Gordon equations in $2d$

We consider a system of equations (1.2). In the same way as in the derivation

of (2.1), by changing the dependent variables $u_{j}= \frac{1}{2}(v_{j}+i\langle i\nabla\rangle_{m_{j}}^{-1}\partial_{t}v_{j})$ , we find

that $u_{1}$ and $u_{2}$ satisfy the following system of equations

(6.1) $\{\begin{array}{l}\mathcal{L}_{m_{1}}u_{1}=2i\langle i\nabla\rangle_{m_{1}}^{-1}({\rm Re} u_{1})({\rm Re} u_{2}) ,\mathcal{L}_{m_{2}}u_{2}=2i\langle i\nabla\rangle_{m_{2}}^{-1}({\rm Re} u_{1})^{2},\end{array}$

where $\mathcal{L}_{m}=\partial_{t}+i\langle i\nabla\rangle_{7\gamma\lambda},$ $\langle i\nabla\rangle_{m}=\sqrt{m^{2}-\triangle}$ . To state our results in [20] we
introduce the function space

$X_{\infty}=\{\phi=(\phi_{1}, \phi_{2})\in C([0, \infty);L^{2});\Vert\phi\Vert_{X_{\infty}}<\infty\}\})$
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where the norm

$\Vert\phi\Vert_{X_{\infty}}=\sum^{2}-\uparrow=1^{t\in[0.\infty)}\backslash ’\iota\iota p\Vert\phi_{j}(t)\Vert_{Y}$

and the norm $Y$ is defined as follows

$\Vert\phi(t)\Vert_{Y}=su\langle t\rangle^{1-\frac{2}{q}}\Vert\phi(t)\Vert_{H_{q}^{\mu-2(1-\frac{2}{q})}}2\leq q\leq\frac{p_{4}}{2-\sigma}$

with $1<\sigma<2,$ $\mu\geq\sigma$ . We also denote

$X_{\infty,\rho}=\{\phi\in C([0, \infty);L^{2});\Vert\phi\Vert_{X_{\infty}}\leq\rho\}.$

Our first result in [20] is the existence of solutions to the Cauchy problem (6.1)

with the initial data $u_{0}=(u_{1,0}\rangle u_{2,0})$ .

Theorem 6.1. Let $m_{2}<2m_{1}$ . Assume that initial data $n_{0}\in H_{\frac{\mu_{4}}{2+\sigma}}\cap H^{\mu},$
$\mu\geq\sigma,$

$\sigma\in(1, \frac{8}{7}]$ , with a normノ $\Vert u0\Vert_{H^{\mu}}$ $\cap H^{\mu}\leq\epsilon$ . Then there $e?^{\backslash },i_{9}t.\backslash \cdot\epsilon>0s//(’ h$ th $af$

$\star_{0}$

the Cauchy problem, $(6.1)\uparrow 11ith$ the initial dutcr, $u_{0}$ has a unique global solu tion $u=$

$(u_{1}, u_{2})\in C([0, \infty);H^{\mu})90,ti_{9}fying$ the $estin|,ate\Vert u\Vert_{X_{\infty}}\leq C\epsilon^{\frac{2}{3}}.$ $Furf,her\prime’\prime|_{ノ}ore$, for
any $sn|_{ノ}$all $u0\in H^{\mu}$ $\cap H^{\mu}$ there exists a unique scattering state $u+=(u_{1,+}, u_{2,+})\in$

$\#_{\overline{o}}$

$H^{\mu}$ such that

$\lim_{tarrow\infty}\sum_{j=1}^{2}\Vert j.$

We next consider the final state problem. We suppose a final value $u+\in H^{\mu}2T^{4}\overline{\circ}\cap$

$H^{\mu}$ and solve equation (6.1) in the functional space $X_{\infty}$ under the final state

condition

(6.2) $\sum_{j=1}^{2}\Vert u_{j}(t)-e^{-it\langle i\nabla\rangle,/\iota_{j}}u_{j.+}\Vert_{L^{2}}arrow 0$

$a_{A}starrow\infty$ . The last estimate means that we look for solutions of (6.1) in the

neighborhood of a free solution in $L^{2}-$ sense.

Theorem 6.2. Let $m_{2}<2m_{1}$ . Assume that the final value $u+=(u_{1,+}, u_{2,+})\in$

$H_{\frac{\mu_{4}}{2+0}}\cap H^{\mu},$
$\mu\geq\sigma,$

$\sigma\in(1, \frac{8}{7}], l1)ith$ a
$norn|_{ノ}\Vert u0\Vert_{H_{4z\mp\overline{\sigma}}^{\mu}\cap H^{\mu}}\leq\epsilon$

. Then there ex-

$ist9\epsilon>0$ such that equation (6.1) $ho_{1}s$ a unique global solution $u=(u_{1}, u_{2})\in$

$C([0, \infty);H^{\mu})$ satisfying the estimate $\Vert u\Vert_{X_{\infty}}\leq C_{6^{F}}^{2}$ and condition (6.2).

We next state the existence of the scattering operators. We introduce the fnnc-

tion space $\tilde{X}_{\infty}=\{\phi=(\phi_{1}, \phi_{2})\in C([0, \infty);L^{2});\Vert\phi\Vert_{X_{\infty}}<\infty\}$ , where the $nor\ln$

$\Vert\phi\Vert_{X_{\infty}} = j=1^{t\in[0,\infty)}\sum^{2}\llcorner S11p(\Vert\phi_{j}(t)\Vert_{H^{\sigma}}+\Vert \mathcal{J}_{m_{j}}\phi_{j}(t)\Vert_{H^{\sigma-1}}$

$+\Vert\partial_{t}\phi_{j}(t)\Vert_{H^{\sigma-1}}+\Vert \mathcal{P}\phi_{j}(t)\Vert_{H^{\sigma-1}})$ .

We also define

$\tilde{X}_{\infty,\rho}=\{\phi\in C([0, \infty);L^{2});\Vert\phi\Vert_{X_{\infty}}\leq\rho\})$

80



ON QUADRATIC NONLINEAR KLEIN-GORDON EQUATIONS

where the operator

$\mathcal{J}_{m}=\langle i\nabla\rangle_{m}e^{-i\langle i\nabla\rangle_{m}t}xe^{i\langle i\nabla\rangle_{\tau n}t}=\langle i\nabla\rangle_{n}x+it\nabla$

is analogous to the operator $x+it\nabla=e^{-\frac{zt\backslash }{2}\triangle}xe^{\frac{it}{2}\triangle}$ in the ca.se of the nonlinear
Schr\"odinger equation (see [10]) and commutes with $\mathcal{L}_{m}$ : $[\mathcal{L}_{m}, \mathcal{J}_{n\tau}]=\mathcal{L}_{m}\mathcal{J}_{m}-$

$\mathcal{J}_{m}\mathcal{L}_{m}=$ O. However $\mathcal{J}_{m}$ is not a purely differential operator, so it is apparently
difficult to calculate its action on the $nonlinearit_{1}es$ . We also use the first order
differential operator $\mathcal{P}=t\nabla+x\partial_{t}$ which is closely related to $\mathcal{J}_{7n}$ ])$y$ the identity
$\mathcal{P}=\mathcal{L}_{\eta\gamma}x-i\mathcal{J}_{7YL}$ . It acts easily on the nonlinearities and almost commutes with
$\mathcal{L}_{m}$ : $[\mathcal{L}_{m}, \mathcal{P}]=-i\langle i\nabla\rangle^{-1}\nabla \mathcal{L}_{m}$ , where we applied the commutator $[x,$ $\langle i\nabla\rangle_{\ovalbox{\tt\small REJECT}?t}^{\beta}]=$

$\beta\langle i\nabla\rangle_{m}^{\beta-2}\nabla.$

Theorem 6.3. Let $m_{2}<2m_{1}$ . Assump that initial data $u_{0}\in H^{\sigma,1},$ $\sigma\in(1, \frac{8}{7}$],
with a $r\prime_{J}orm\Vert u_{0}\Vert_{H^{\sigma,1}}\leq\epsilon$ . Then there $exi,sts\epsilon>0$ such, that the Cauchy prob-
lem $(6.1)\uparrow 1)ith$ the initial data $u_{0}$ has a unique global solution $u-(u_{1}, u_{2})\in$

$C([0, \infty);H^{\sigma,1})satisfi/ing$ the estimate $\Vert u\Vert_{X_{\infty}}\leq C\epsilon^{\frac{2}{3}}$ . Furthermore for any small
$u0\in H^{\sigma,1}$ , there effnists a unique scattering state $u+=(u_{1,+}, u_{2,+})\in H^{\sigma_{:}1_{\iota}}such$ that

$\sum_{\dot{r}=1}^{2}\Vert jarrow 0$

$a_{\iota}9tarrow\infty.$

Finally we consider the final state problem for equation (6.1) in the functional
space $\overline{X}_{\infty}$ under the final state condition (6.2) with a final value $u+\in H^{\sigma,1}.$

Theorem 6.4. Let $m_{2}<2m_{1}$ . Assume that the final $vo_{\fbox{Error::0x0000}}lueu_{+}\in H^{ \sigma,1},$ $\sigma\in(1, \frac{8}{7}$],
$\uparrow 1Jitha_{\fbox{Error::0x0000}}$ norm $\Vert u_{+}\Vert_{H^{\sigma,1}}\leq\epsilon$ . Then there exists $\epsilon>0$ such that equation (\’o. l) has
a unique global solution $u=(u_{1}, u_{2})\in C([0, \infty);H^{\sigma,1})satish^{in}9$ the estimate
$\Vert u\Vert_{X_{\infty}}\leq C\epsilon^{\frac{2}{3}}$ and condition (6.2).

Remark 6.1. We denote by

$H_{p,\rho}^{k_{\backslash }s}=\{\phi=(\phi_{1}, \phi_{2})\in H_{p}^{k,s_{\dot{I}}}\cdot\Vert\phi\Vert_{H_{p}^{k,s}}=\sum_{j=1}^{2}\Vert\phi_{j}\Vert_{H_{I}^{k_{:^{b}}}},\leq\rho\}.$

By Theorem 6.4, there exists the $\prime l1$) $a/$) $e$ operator

(6.3) $W+:u+\in H_{2,\epsilon}^{\sigma,1}arrow u(0)\in H_{2,\in 5}^{\sigma,1_{2}}.$

Theorem 6.3 is valid for the negative time and we find that there $exsts$ a unique
global solution $u=(u_{1}, u_{2})\in C((-\infty, 0] ;H^{\sigma,1})$ of (6.1) vith the initial data $u(0)\in$

$H_{2,\epsilon^{2}}^{\sigma_{\rangle}1_{3}}$ . Furthermore for any small $u(0)\in H_{2,\epsilon iI}^{\sigma,1_{2}}$ , there exists the unique.scattering

gtate $u_{-}=(u_{1,-},$ $u_{2}$ $\in H_{2,\epsilon}^{\sigma,1}\#$ . Thus we have the inver,$se\prime(oave$ operator

(6.4) $W_{-}^{-1}:u(0)\in H_{2^{-\S}}^{\sigma,1}arrow u_{-}\in H_{2,\epsilon}^{\sigma_{)}1}\#.$

Then by (\’o.3) and (6.4) $11$) $e$ can define the $9$cottering o$ppra,tor$

$S=W_{-}^{-1}W+:u+\in H_{2,\epsilon}^{\sigma,1}arrow u_{-}\in H^{\sigma,1}$

$2,\epsilon 3^{\cdot}$

The inverse scattering operator $S^{-1}$ is also defined from $H_{2,\epsilon;\#}^{\sigma,1}$ to $H_{2,\epsilon}^{\sigma,1}\Leftrightarrow.$
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Under the rnass condition $2m_{1}>m_{2}$ in Proposition 7.1 below we state the

estimates of the bilinear operators $\kappa$ssociated with the system (6.1) and apply theln

to derive a-priori estimates of solutions to (6.1) as in the previous works [16], [17],

[18] where a single equation was treated. Our conditions are more natural $oneb^{\urcorner}$

on the data comparing with the previous papers (see, [26], [29], [30] for a single

equation and [32] for a system of equations, where the higher order derivatives for

the data were assumed). Our result on the existence of the scattering operator in
$H^{1+\delta,1},$ $\delta>0$ , is new even for a single equation, see [16], [17], [18]. We note that

global existence in time of solutions for (1.1) was obtained in an almost energy
$H^{1+\delta}$ class recently for $n=2$ in [7], where $\delta>0.$

It waes shown in [32] that a small $soh_{1}$tion ( $v_{1}, v_{2})$ to the Cauchy problem for

system (1.2) exists globally and is asymptotically free under the non resonance
mass condition $2m_{1}\neq m_{2}$ and rather strong hypotheses on the initial data. See
[14] in which the final value problem of (1.1) was considered with the final data

which are in $H^{4,1}\cap H^{3,1}$ by using the method of algebraic normal forms by Sunagawa

[32]. This method works well for (1.2) under the $ma_{\wedge}ss$ condition $2m_{1}\neq m_{2}$ . Global
existence and time decay of small solutions were obtained in [24] for the resonance
case $2m_{1}=m_{2}$ , under some regularity and compactness conditions on the initial

data, see aLso [$23]$ for another resonance case, whereas the large time asymptotic

profile is not well known for the case of $2m_{1}=m_{2}$ for (1.2).

Under the $ma_{\wedge}ss$ condition $2m_{1}>m_{2}$ , we give a positive answer to the scattering

problem in an almost natural weighted Sobolev space $H^{1+\delta,1}$ with $\delta>$ O. Another

point of our theorems is to say existence of the scattering states and wave operators

in the lower order Sobolev space $H_{\frac{14}{3}-\delta}^{+\delta}\cap H^{1+\delta}$ . It seems that the method of algebraic

normal forms $|$)$y[32]$ does not work well for the construction of the scattering

operator even if we consider the problem in higher order $Sol$ )olev spaces. On the

other hand, the method of algebraic normal forms works well for a proof of global

existence of solutions $irl$ the cakse of $2m_{1}<m_{2}$ . However our proof depends on
Proposition 7.1, and so does not work for this case. Thus the existence of the

scattering operator is an open problern for the case of $2m_{1}\leq m_{2}.$

Since the Klein-Cordon equation is a relativistic version of the Schr\"odinger equa-

tion, it is interesting to compare our results with those concerning the system of

nonlinear Schr\"odinger equations in two space dimensions

(6.5) $\{i\partial_{t}u_{1}+\frac{}{2}\triangle u_{1}=\overline{u_{1}}u_{2}i\partial_{t}u_{2}+\frac{m_{l}1}{2m_{2}}\triangle u_{2}=u_{1}^{2}.$

In [21], time decay of small solutions of the Cauchy problem (6.5) and the non

existence of the usual scattering states were studied under the resonance mass
condition $2m_{1}=m_{2}$ . However the existence of the modified scattering states is

not known. For the non resonance case $2m_{1}\neq m_{2}$ and $m_{1}\neq m_{2}$ , there are no

results for the global existence of soh tions to the Cauchy problem for the system of

nonlinear Schr\"odinger equations (6.5). On the other hand, the final value problem

was studied in [22] and the wave operators were constructed as follows. Define the

homogeneous Sobolev semi-norm by

$\Vert f\Vert_{H^{\prime/\iota=}}\Vert. -\triangle)^{\frac{m}{2}}f\Vert_{L^{2}}$

. $-2b$

Proposition 6.5. Let $2m_{1}\neq m_{2},$ $m_{1}\neq m_{2}$ . Assume $tho_{\fbox{Error::0x0000}}t\phi_{1+}\in H^{0,2}\cap H$

$\phi_{2+}\in H^{0,2}$ . Then there exists $\epsilon>0$ such that for any $(\phi_{1+}, \phi_{2+})$ , $ith$ the norm
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$\Vert\phi_{1+}\Vert_{H^{0.2},\cap H^{-2b}}+\Vert\phi_{2+}\Vert_{H^{0_{:}2}}\leq\epsilon$ , the system $(\theta.5)$ has a unique global solution

$u=(u_{1}, u_{2})\in C([1, \infty);L^{2})$ , such that the $follo/1$)ingestirn,ate

(6.6) $\sum_{\dot{\uparrow}=1}^{2}\Vert u_{j}(t)-e^{i\frac{t}{2_{77t}j}\triangle}\phi_{j+}\Vert_{L^{2}}\leq Ct^{-b}$

holds for all $t\geq 1,$ $\uparrow r$) $here \frac{1}{2}<b<1.$

Proposition 6.6. Let $m_{1}=m_{2}.$
$A_{S.9}u/r|,e$ that

$\phi_{1+}\in H^{0,2}\cap H^{-2b},$
$\phi_{2+}\in H^{\frac{1}{2},2}$ and

the intersection of support of $\hat{\phi_{1+}}and$ support of $\hat{\phi_{2+}}ise/7/_{ノ}pty$ . Then there exisfs
$\epsilon>0$ such $tho\prime t$ for any $(\phi_{1+}, \phi_{2+})?oith$ the $norn|,$ $\Vert\phi_{1+}\Vert_{H^{\cap}:^{2}\cap H^{-2b}}+\Vert\phi_{2+}\Vert_{H^{0,2}}\leq\in,$

the system (6.5) has a unique global solution $u=(u_{1}, u_{2})\in C([1, \infty);L^{2})$ such
that (6.6) holds with $-<b< \frac{3}{4}.$

Propositions 6.5 and 6.6 correspond to Theorem 6.4, though the final data con-
ditions and non resonance mass condition are different,

In order to remove the critical nonlinearities, we use the method of the normal
forms of Sha,tah [31] which requires us to estimate the bilinear operators depending
$or1$ the nonlinearities and the Klein-Gordon evolution group $\mathcal{U}_{m}(t)=e^{-it\langle i\nabla\rangle_{\tau n}}=$

$\mathcal{F}^{-1}e^{-it\langle\xi\rangle_{m}}\mathcal{F}.$

We define the bilinear operators $\mathcal{T}_{a,b,c}$ by

$\mathcal{T}_{a,b,c}(f, g)(x)=\int_{R^{4}}e^{ix\cdot(\xi+\eta)}L_{a,b,c}(\xi, \eta)\hat{f}(\xi)\hat{g}(\eta)d\xi d\eta$

with $a,$ $b,$ $c\in R$ and the symbolS

$L_{a,b,c}( \xi, \eta)=\frac{1}{4\pi^{2}(\langle\xi+\eta\rangle_{\mathcal{C}l}+\langle\xi\rangle_{b^{\fbox{Error::0x0000}}}signb+\langle \eta\rangle_{c^{1}}\backslash ^{\urcorner}ignc)},$

where $\langle x\rangle_{a}=\sqrt{a^{2}+|x|^{2}}$ . A direct calculation yields

$\mathcal{U}_{a}(-t)\overline{u_{b}(t)u_{c}(t)}=\mathcal{U}_{a}(-t)(e^{it\langlei\nabla\rangle_{b}}\overline{w_{b}(t)})(e^{it\langle i\nabla\rangle_{c}}\overline{w_{c}(t)})$

$= \frac{1}{2\pi}\mathcal{F}^{-1}\int_{R^{2}}e^{it(\langle\xi\rangle_{a}+\langle\xi-\eta\rangle_{b}+\langle\eta\rangle_{c})_{\hat{\overline{w_{b}}}(t,\xi-\eta)\hat{\overline{w_{C}}}(t,\eta)d\eta}}$

with $u_{b}(t)=\mathcal{U}_{b}(t)w_{b}(t)$ and $u_{c}(t)=\mathcal{U}_{c}(t)u)_{C}(t)$ . Then we obtain the identity

$\mathcal{U}_{a}(-t)\overline{u_{b}(t)u_{c}(t)}$

$= -i\partial_{t}t4_{a}(-t)\mathcal{T}_{a,b,c}(\overline{u_{b}},\overline{u_{c}})$

(6.7) $+i\mathcal{U}_{a}(-t)(\mathcal{T}_{a,b,c}(\overline{u_{b)}}\overline{\mathcal{L}_{c}u_{c}})+\mathcal{T}_{a,b,c}(\overline{\mathcal{L}_{b}u_{b)}}\overline{u_{c}}))$ ,

where $\mathcal{L}_{b}=\partial_{t}+i\langle i\nabla\rangle_{b}$ . Next we get

$\mathcal{U}_{a}(-t)u_{b}(t)u_{c}(t)=\mathcal{F}^{-1}e^{it\langle\xi\rangle_{a}}\mathcal{F}(e^{-it\langle i\nabla\rangle_{b}}w_{b})(e^{-it\langle i\nabla\rangle_{c}}w_{c})$

$= -i\partial_{t}\mathcal{U}_{a}(-t)\mathcal{T}_{a,-b,-C}(ub, u_{C})$

(6.8) $+i\mathcal{U}_{a}(-t)(\mathcal{T}_{a,-b,-c}(u_{b}, \mathcal{L}_{c}u_{c})+\mathcal{T}_{a,-b,-c}(\mathcal{L}_{b}u_{b}, u_{c}))$ .
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Finally we obtain

$\mathcal{U}_{a}(-t)\overline{u_{b}(t)}u_{c}(t)=\mathcal{F}^{-1}e^{it\langle\xi\rangle_{\sigma}}\mathcal{F}(e^{it\langle i\nabla\rangle_{b}}\overline{w_{b}})(e^{-it\langle i\nabla\rangle_{c}}w_{c})$

$= -i\partial_{t}\mathcal{U}_{a}(-t)\mathcal{T}_{a,b,-C}(\overline{ub}, u_{C})$

(6.9) $+i\mathcal{U}_{a}(-t)(\mathcal{T}_{a,b,-c}\ulcorner_{\rangle}u_{c})+\mathcal{T}_{a,b,-c}(\overline{u_{b_{\rangle}}}\mathcal{L}_{c}u_{C}))$ .

We now apply $(6.7)-(6.9)$ to (6.1) to remove quadratic nonlinearities from the right

hand sides of (6.1). Multiplying both sides of (6.1) by $l4_{7n_{1}}(-t)$ and $\mathcal{U}_{7n_{2}}(-t)$ ,

respectively, we obtain

(6.10) $\partial_{t}\mathcal{U}_{m_{4}}(-t)u_{1}=\frac{i}{2}\langle i\nabla\rangle_{7Yb_{1}}^{-1}\mathcal{U}_{m_{1}}(-t)(u_{1}+\overline{u_{1}})(u_{2}+\overline{u_{2}})$ ,

(6.11) $\partial_{t}\mathcal{U}_{m_{2}}(-t)u_{2}=\frac{i}{2}\langle i\nabla\rangle_{m_{2}}^{-1}\mathcal{U}_{m_{2}}(-t)(u_{1}+\overline{u_{1}})^{2}$

By virtue of $(6.7)-(6.9)$ we find

$\mathcal{U}_{m_{1}}(-t)(u_{1}+\overline{u_{1}})(u2+\overline{u_{2}})$

$= -i\partial_{t}\mathcal{U}_{m_{1}}(-t)(\mathcal{T}_{m_{1},m_{1},m_{2}}(\overline{u_{1}}, \overline{u_{2}})+\mathcal{T}_{m_{1},-m_{1},-m_{2}}(u_{1}, u_{2})$

$+\mathcal{T}_{7n_{1},-m_{1},m_{2}}(u_{1},\overline{u_{2}})+\mathcal{T}_{m_{1,7}n_{1},-m_{2}}(\overline{u_{1}}, u_{2}))$

$+i\mathcal{U}_{m_{1}}(-t)(\mathcal{T}_{m_{1},m_{1},m_{2}}(\overline{u_{1}},\overline{\mathcal{L}_{n\iota_{2}}u_{2}})+\mathcal{T}_{m_{1},m_{1},m_{2}}(\overline{\mathcal{L}_{m_{1}}u_{1}},\overline{u_{2}})$

$+\mathcal{T}_{m_{1},-7n_{1},-m2}(u_{1_{\rangle}}\mathcal{L}_{m_{2}}u_{2})+\mathcal{T}_{m_{1},-m_{1},-m_{2}}(\mathcal{L}_{m_{1}}u_{1}, u_{2})$

$+\mathcal{T}_{\eta t_{1},-7n_{1},m_{2}}(u_{1}, \overline{\mathcal{L}_{m_{2}}u_{2}})+\mathcal{T}_{m_{1},-m_{1},m_{2}}(\mathcal{L}_{m_{1}}u_{1)_{-}}\overline{u_{2}})$

(6.12) $+\mathcal{T}_{m_{1},m_{1},-m_{2}}(\overline{u_{1}}, \mathcal{L}_{m_{2}}u_{2})+\mathcal{T}_{n\iota_{1},m_{1},-m_{2}}(\overline{\mathcal{L}_{7n_{1}}u_{1}}, u_{2}))$

and

$\mathcal{U}_{\tau n_{2}}(-t)(u_{1}+\overline{u_{1}})^{2}$

$= -i\partial_{t}\mathcal{U}_{7n_{2}}(-t)(\mathcal{T}_{7n_{2},7n_{1},7n_{1}}(\overline{u_{1}}, \overline{u_{1}})+\mathcal{T}_{m_{2},-m_{1},-7n_{1}}(u_{1}, u_{1})$

$+\mathcal{T}_{m_{2},-m_{1},m_{1}}(u_{1)}\overline{u_{1}})+\mathcal{T}_{m_{2},m_{1},-m_{1}}(\overline{u}_{1)}u_{1}))$

$+i\mathcal{U}_{m_{2}}(-t)(\mathcal{T}_{m_{2},m_{1},m_{1}}(\overline{u_{1}},\overline{\mathcal{L}_{m_{1}}u_{1}})+\mathcal{T}_{m_{2,}m_{1\prime}m_{1}}(\overline{\mathcal{L}_{m_{1}}u_{1_{\rangle}}}\overline{u_{1}})$

$+\mathcal{T}_{\tau n_{2},-7n_{1},-m_{1}}(u_{1)}\mathcal{L}_{m_{1}}u_{1})+\mathcal{T}_{7n_{2},-m_{1},-m_{1}}(\mathcal{L}_{m_{1}}u_{1}, u_{1})$

$+\mathcal{T}_{m_{2},-7n_{1},m_{1}}(u_{1},\overline{\mathcal{L}_{m_{1}}u_{1}})+\mathcal{T}_{m_{2},-7n_{1},m_{1}}(\mathcal{L}u_{1}\overline{u_{1}})$

(6.13) $+\mathcal{T}_{?n_{2},7n_{1},-m_{1}}(\overline{u_{1}}, \mathcal{L}_{7n_{1}}u_{1})+\mathcal{T}_{?n_{2)}m_{1},-7n_{1}}(\overline{\mathcal{L}_{m_{1}}u_{1)}}u_{1}))$ .

We substitute (6.12) and (6.13) into (6.10) and (6.11), respectively to get

$\mathcal{L}_{m_{1}}(u_{1}+Q_{1}(u_{1}, u_{2})) = C_{1}(u_{1}, u_{2})$ ,

(6.14) $\mathcal{L}_{7n_{2}}(u_{2}+Q_{2}(u_{1})) = C_{2}(u_{1}, u_{2})$ ,

where

$Q_{1}(u_{1}, u_{2})$ $=$ $- \frac{1}{2}\langle i\nabla\rangle_{m_{1}}^{-1}(\mathcal{T}_{m_{1},m_{1},m_{2}}(\overline{u_{1}},\overline{u_{2}})+\mathcal{T}_{7n_{1},-7n_{1},-n\tau 2}(u_{1}, u_{2})$

$+\mathcal{T}_{m_{1},-m_{1},m_{2}}(v_{1},\overline{u_{2}})+\mathcal{T}_{m_{1_{\rangle}}\tau n_{1},-m_{2}}(\overline{u_{1}}, u_{2})))$

$Q_{2}(u_{1}) = - \frac{1}{2}\langle i\nabla\rangle_{m_{2}}^{-1}(\mathcal{T}_{m_{2},m_{1},m_{1}}(\overline{u_{1}}, \overline{u_{1}})+\mathcal{T}_{m_{2},-7n_{1},-m_{1}}(u_{1_{\rangle}}u_{1})$

$+\mathcal{T}_{\tau n_{2},-m_{1},m_{1}}(u_{1},\overline{u_{1}})+\mathcal{T}_{m_{2},m_{1},-m_{1}}(\overline{u}_{1}, u_{1})))$
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$C_{1}(u_{1}, u_{2})$ $=$ $- \frac{1}{2}\langle i\nabla\rangle_{m_{1}}^{-1}(\mathcal{T}_{m_{1},m_{1},7n_{2}}(\overline{u_{1_{\rangle}}}\overline{\mathcal{L}_{m_{2}}u_{2}})+\mathcal{T}_{7n_{1},m_{1},rn_{2}}(\overline{\mathcal{L}_{m_{1}}u_{1}},\overline{u_{2}})$

$+\mathcal{T}_{t_{1},-rn_{1},-n\tau_{2}}?\gamma(u_{1}, \mathcal{L}_{m_{2}}u_{2})+\mathcal{T}_{n\tau_{1},-m_{1},-2712}(\mathcal{L}_{7n_{1}}u_{1}, u_{2})$

$+\mathcal{T}_{rn_{1},-m_{1},m_{2}}(u_{1)}\overline{\mathcal{L}_{m_{2}}u_{2}})+\mathcal{T}_{n\iota_{1)}-m_{1)}n\iota_{2}}(\mathcal{L}_{n\tau_{1}}u_{1}, \overline{\iota x2})$

$+\mathcal{T}_{\ovalbox{\tt\small REJECT}\gamma\iota_{1},m_{1},-m_{2}}(\overline{u_{1}}, \mathcal{L}_{m_{2}}u_{2})+\mathcal{T}_{m_{1},m_{1},-\gamma n_{2}}(\overline{\mathcal{L}_{m_{1}}u_{1}}, u_{2}))$

and

$C_{2}(u_{1}, u_{2})$ $=$ $- \frac{1}{2}\langle i\nabla\rangle_{m_{2}}^{-1}(\mathcal{T}_{7n_{2},m_{1},m_{1}}(\overline{u_{1_{\rangle}}}\overline{\mathcal{L}_{\gamma\gamma t_{1}}u_{1}})+\mathcal{T}_{m_{2},n\tau_{1},7n_{1}}(\overline{\mathcal{L}_{7n_{1}}u_{1}},\overline{u_{1}})$

$+\mathcal{T}_{m-m_{1},-m_{1}}2,(u_{1}, \mathcal{L}_{m_{1}}u_{1})+\mathcal{T}_{m-m-m_{1}}2,1,(\mathcal{L}_{m_{1}}u_{1}, u_{1})$

$+\mathcal{T}_{m_{2},-m_{1},m_{1}}(u_{1}, \overline{\mathcal{L}_{7n_{1}}u_{1}})+\mathcal{T}_{m_{2},-m_{1},m_{1}}(\mathcal{L}_{m_{1}}u_{1}, \overline{u_{1}})$

$+\mathcal{T}_{\gamma n_{2},m_{1},-m_{1}}(\overline{u_{1}}, \mathcal{L}_{m_{1}}u_{1})+\mathcal{T}_{\uparrow n_{2},7n_{1},-m_{1}}(\overline{\mathcal{L}_{7n_{1}}u_{1}}, u_{1}))$ .

Note that we substitute equations (6.1) $irl$ the definitions of $C_{1}(u_{1}, u_{2})$ and $C_{2}(u_{1}, u_{2})$

so that $Q_{j}$ and $C_{j}$ are quadratic and cubic nonlinearitieb, respectively. Thus we can

transform the original system to the cubic nonlinear probleln (6.14). However the

estimates of the bilinear operatorb $\mathcal{T}_{a,b,c}$ have a small order derivative loss (see

Proposition 7.1 below), which does not allow us to apply directly the H\"older in-

equality, the $L^{p}-L^{q}$ time decay estimates and the vector fields method. In order to

compensate the derivative loss in the bilinear operators $\mathcal{T}_{\alpha,b,c}$ , we use the splitting

argument as in the previous papers [18], [16], [17]

$1=\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}-\langle t\rangle^{2\nu-2}\triangle\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}$

where the first term has a gain of regularity and the second one has a better time

decay. Then we find from (6.1)

$\mathcal{L}_{m_{1}}u_{1}=\frac{i}{2}\langle i$ $\langle t$ $\rangle\iota$

ノ
$-1\nabla\rangle^{-2}\langle i\nabla\rangle_{?n_{1}}^{-1}(\prime\iota x_{1}+\overline{u}_{1})(u_{2}+\overline{u}_{2})$

(6.15) $- \frac{i}{2}\langle t\rangle^{2_{I}ノ-2}\triangle\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}\langle i\nabla\rangle_{nx_{1}}^{-1}(u_{1}+\overline{u}_{1})(u_{2}+\overline{u}_{2})$ ,

$\mathcal{L}_{m_{2}}u_{2} = \frac{i}{2}\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}\langle i\nabla\rangle_{7n_{2}}^{-1}(u_{1}+\overline{u}_{1})^{2}$

(6.16) -
$\frac{i}{2}\langle t\rangle^{2\nu-2}\triangle\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}\langle i\nabla\rangle_{m_{2}}^{-1}(u_{1}+\overline{u}_{1})^{2}$

We apply the method of normal forms to remove the first terms in the right-hand

sides of (6.15) and (6.16)

(6.17) $\{\mathcal{L}_{m_{1}}(u_{1}+\tilde{Q}_{1}(t,u_{1},u_{2}\mathcal{L}_{m_{2}}(u_{2}+\tilde{Q}_{2}(t,u_{1} =\sum_{k=1,2}^{=}Q_{2k+2}(t,u_{1})+\tilde{C}_{2}(t,u_{1},u_{2})\sum_{k=1_{\rangle}2}Q_{2k+1}(t,u_{1}, u_{2})+\tilde{C}_{1}(t_{)}u_{1}, u_{2})$

,

where

$\tilde{Q}_{1}(t, u_{1}, u_{2})=\langle i\langle t\rangle^{lノ-1}\nabla\rangle^{-2}Q_{1}(u_{1}, u_{2})$ , $\tilde{Q}_{2}(t, u_{1})=\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}Q_{2}(u_{1})$ ,

$Q_{3}(t, u_{1}, u_{2})$ $=$ $- \frac{i}{2}\langle t\rangle^{2\nu-2}\triangle\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}\langle i\nabla\rangle_{m_{1}}^{-1}(u_{1}+\overline{u}_{1})(u_{2}+\overline{u}_{2})$ ,

$Q_{4}(t, u_{1}) = - \frac{i}{2}\langle t\rangle^{2lノ-2}\triangle\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}\langle i\nabla\rangle_{7n_{2}}^{-1}(u_{1}+\overline{u}_{1})^{2}$
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$Q_{5}(t, u_{1}, u_{2}) = 2 (\nu-1)t\langle t\rangle^{2\nu-4}\triangle\langle i\langle t\rangle^{\iota/-1}\nabla\rangle^{-2}\tilde{Q}_{1}(t, u_{1}, u_{2})$ ,

$Q_{6}(t, u_{1}) = 2 (\nu-1)t\langle t\rangle^{2\nu-4}\triangle\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}\tilde{Q}_{2}(t, u_{1})$ ,

$\tilde{C}_{1}(t, u_{1}, u_{2})=\langle i\langle t\rangle^{\nu-1}\nabla\rangle^{-2}C_{1}(u_{1}, u_{2})$ , $\tilde{C}_{2}(t, u_{1}, v_{2})=\langle i\langle t\rangle^{\iota ノ-1}\nabla\rangle^{-2}C_{2}(u_{1}, u_{2})$ .

The first and second terms in the right-hand side of equations (6.17) are the qua-
dratic nonlinearities with an explicit additional time decay, whereas the third terms

are cubic nonlocal nonlinearities. System (6.17) is our target equation.

7. Bilinear operators and their estimates in $2d$

We consider the bilinear operators $\mathcal{T}_{a,\pm b,\pm c}$ defined $[$)$y$ the multipliers $L_{a,\pm b,\pm c}(\xi, \eta)$ .
By a simple calculation we find for $a,$ $b,$ $c>0$

$-4 \pi^{2}L_{a,-b,-c}(\xi, \eta)=\frac{1}{\langle\xi\rangle_{b}+\langle\eta\rangle_{c}-\langle\xi+\eta\rangle_{a}}$

$= \frac{\langle\xi\rangle_{b}+\langle\eta\rangle_{c}+\langle\xi+\eta\rangle_{a}}{M+2\langle\xi\rangle_{b}\langle\eta\rangle_{c}-2(\xi\cdot\eta)}=\frac{g(\xi,\eta)}{h(\xi,\eta)},$

where

$g(\xi, \eta) = (\langle\xi\rangle_{b}+\langle\eta\rangle_{c}+\langle\xi+\eta\rangle_{a})(M+2\langle\xi\rangle_{b}\langle\eta\rangle_{c}+2(\xi\cdot\eta))$ ,

$h(\xi, \eta) = (M+2\langle\xi\rangle_{b}\langle\eta\rangle_{c})^{2}-4(\xi\cdot\eta)^{2}$

and $M=b^{2}+c^{2}-a^{2}$ . We write $\langle x\rangle_{a}=\sqrt{a^{2}+|x|^{2}}$ and also $\langle x\rangle=\sqrt{1+|x|^{2}}$ . It is
easy to check the identity

$h(\xi, \eta)=(M+2bc)^{2}+4(b\langle\eta\rangle_{c}-c\langle\xi\rangle_{b})^{2}$

$+4(M+2bc)(\langle\xi\rangle_{b}\langle\eta\rangle_{c}-bc)+4(|\xi|^{2}|\eta|^{2}-(\xi\cdot\eta)^{2})$ .

Also we have $|\xi|^{2}|\eta|^{2}-(\xi\cdot\eta)^{2}=(\xi_{1}\eta_{2}-\xi_{2}\eta_{1})^{2}$ Therefore

$h(\xi, \eta)=(M+2bc)^{2}+4(b\langle\eta\rangle_{c}-c\langle\xi\rangle_{b})^{2}$

$+4(M+2bc)(\langle\xi\rangle_{b}\langle\eta\rangle_{c}-bc)+4(\xi_{1}\eta_{2}-\xi_{2}\eta_{1})^{2}$

In the polar coordinates

$\xi=(|\xi|\cos\phi_{\xi}, |\xi|\sin\phi_{\xi}) , \eta=(|\eta|\cos\phi_{\eta}, |\eta|\sin\phi_{\eta})$ .

we have the identity

$(\xi_{1}\eta_{2}-\xi_{2}\eta_{1})^{2}=|\xi|^{2}|\eta|^{2}-(\xi\cdot\eta)^{2}=|\xi|^{2}|\eta|^{2}\sin^{2}(\phi_{\xi}-\phi_{\eta})$ .

Therefore we also obtain

$h(\xi, \eta)=(M+2bc)^{2}+4(b\langle\eta\rangle_{c}-c\langle\xi\rangle_{b})^{2}$

$+4(M+2bc)(\langle\xi\rangle_{b}\langle\eta\rangle_{c}-bc)+4|\xi|^{2}|\eta|^{2}\sin^{2}(\phi_{\xi}-\phi_{\eta})$ .

We ikssllme that $a,$ $b,$ $c>0$ , and $b+c>a$ , then we find $M+2bc>$ O. Hence

(7.1) $h(\xi, \eta)\geq C\langle\xi\rangle^{2}+C\langle\eta\rangle^{2}+4|\xi|^{2}|\eta|^{2}\sin^{2}(\phi_{\xi}-\phi_{\eta})$

for all $\xi,$ $\eta\in R^{2}$ . The condition $b+c>a$ requires us the ma.ss condition.
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We can easily see that the asymptotic behavior of the derivatives $()_{\dot{c}}^{\mathfrak{a}}\partial_{?}^{\beta}L_{c\iota,-b,-c}(\xi, \eta)$

is determined by the term $(\xi_{1}\eta_{2}-\xi_{2}\eta_{1})^{2}$ Hence a multiplier theorem of Coifman-
Mayer type [1], [2] can not }) $e$ expected. However the radial derivatives of $L_{a,-b,-c}$

yield a decay property with respect to $|\xi|$ and $|\eta\cdot|$ which en able us to consider the

problem in lower order Sobolev norms.
Our key bilinear estimate is given by

Proposition 7.1. Assum, $e$ that condition.9

(7.2) $a, b, c>0, a+c>b, b+c>a, a+b>c$

are true. Let $\alpha,$
$\beta_{1},$ $\beta_{2}\geq 0$ be such that at least one of the $i\prime l*equo_{t}$ lities fulfills $\alpha>1,$

$\beta_{1}+\beta_{2}>1$ , or $\beta_{1}>1,$ $\alpha+\beta_{2}>1$ , or $\beta_{2}>1,$ $(arrow)+\beta_{1}>1$ . Th $\rho$ nノ the $bil_{7}//_{ノ}e(1/$ ’

operators $\mathcal{T}_{a,\pm b,\pm c},$ $ar$ bounded fi $omH_{s_{1}}^{\beta_{1}}\cross H_{s}^{\beta_{2}}$. to $H_{p)}^{-\alpha}i.e,.$

$\Vert \mathcal{T}_{a,\pm b,\pm c}(f, g)\Vert_{H_{p}^{-\alpha}}\leq C\Vert f\Vert_{H_{s_{1}}^{\beta_{1}}}\Vert g\Vert_{H_{s_{2}}^{\beta_{2}}}.$

$?1)here1\leq p\leq s_{2}\leq\infty,$ $\frac{1}{s_{1}}+\frac{1}{s_{2}}=1+\frac{1}{p}-\frac{1}{l},$ $1\leq l\leq 2.$

We have by the following time decay estimate for the free evolution group
$e^{-it\langle i\nabla\rangle}$ from [27].

Lemma 7.2. The estimate is true

$\Vert e^{-it\langle i\nabla)_{m}}\phi\Vert_{L^{p}}\leq Ct^{\frac{2}{p}-1}\Vert\langle i\nabla\rangle^{2-\frac{4}{p}}\phi\Vert_{L}R$

for $p\in[2, \infty].$

We state a time decay estimate from [13].

Lemma 7.3. The $e.9ti,\uparrow nate$ is va,lid

$\Vert\phi\Vert_{L^{q}}\leq C\langle t\rangle^{\frac{2}{q}-1}(\Vert\phi\Vert_{H^{2-4}}q+||\mathcal{J}_{n\tau}\phi\Vert_{H^{1-4}}q)$

for $0,llt>0$ , where $2<q<\infty$ , provided $tho_{\fbox{Error::0x0000}}t$ the $right-ho_{\fbox{Error::0x0000}}nd$ side is finite.

8. $OuT1_{d}1NE$ OF PROOF OF THEOREM 6.1

We start with the linearized version of (6.17) written as

(8.1) $\{\mathcal{L}_{7n_{1}}(u_{1}+\tilde{Q}_{1}(t, v_{1}, v_{2}\mathcal{L}_{m_{2}}(u_{2}+\tilde{Q}_{2}(t,v_{1} \sum_{k=1,2}Q_{2k+1}(t,v_{1}’ v_{2})+\tilde{\mathcal{C}}_{1}(t_{\rangle}v_{1}’ v_{2})=\sum_{k=1,2}^{=}Q_{2k+2}(t,v_{1})+\tilde{\mathcal{C}}_{2}(t,v_{1},v_{2}),$

’

with the initial data $u(0)=u_{0}$ , and a given function $v=(v_{1}, v_{2})$ , such that

$v(0)=u_{0}$ and $v\in X_{\infty,\rho}$ , where $\rho=\epsilon^{\frac{2}{s}},$ $\in>$ O. The Cauchy problem for (8.1)

defines the mapping $u=\mathcal{M}(v)$ . We have gloI)$al$ existence in time of small solutions

if we prove

$\Vert \mathcal{M}(v)\Vert_{X_{\infty}}\leq C\epsilon\leq\rho.$

and

$\Vert \mathcal{M}(v)-\mathcal{M}(w)\Vert_{X_{\infty}}\leq\frac{1}{2}\Vert v-w||_{X_{\infty}}$

These estimates are obtained by the estimates of the $1$)ilinear operators 7.1 arld

time decay estimates Lemma 7.2. By the contraction mapping principle, we find
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that there exists a unique solution $u$ of (6.17) such that $\Vert u\Vert_{X_{\infty}}\leq\rho$ . By the integral
equation associated with (6.17) we obtain

$e^{it\langle i\nabla\rangle_{n_{1}}}(u_{1}(t)+\tilde{Q}_{1}(t, u_{1}, u_{2}))-e^{is\langle i\nabla\rangle_{m_{1}}}(u_{1}(s)+\tilde{Q}_{1}(s, u_{1}, u_{2}))$

$= \int_{s}^{t}e^{i\tau(?\nabla\rangle,/t}1(\sum_{k=1,2}Q_{2k+1}(\tau, u_{1}, u_{2})+\tilde{C}_{1}(\tau, u_{1}, u_{2}))d\tau$

and

$e^{it\langle i\nabla\rangle_{n}}2(u_{2}(t)+\tilde{Q}_{2}(t, u_{1}))-e^{is(i\nabla\rangle_{n_{2}}}(u_{2}(s)+\tilde{Q}_{2}(s, u_{1}))$

$= \int_{s}^{t}e^{i\tau\langle i\nabla\rangle_{r}\prime}2(\sum_{k=1,2}Q_{2k+2}(\tau, u_{1})+\tilde{C}_{2}(\tau, u_{1}, u_{2}))d\tau.$

Existence of scattering states is obtained by showing

$\Vert e^{it\langle i\nabla)_{m}}1u_{1}(t)-e^{is\langle i\nabla\rangle_{/1}\prime}1u_{1}(s)\Vert_{H^{\sigma}}\leq C\langle s\rangle^{-\gamma}$

for all $t>s>$ O. From this estimate we have a unique scattering state $u_{1,+}\in H^{\sigma}$

such that

$\Vert u_{1}(t)-e^{-it\langle i\nabla\rangle,tL}\iota u_{1,+}\Vert_{H^{\sigma}}\leq C\langle t\rangle^{-\gamma}$

as $tarrow\infty$ . In the same way, there exists a unique scattering state $u_{2,+}\in H^{\sigma}$ such
that

$\Vert u_{2}(t)-e^{-it\langle i\nabla\rangle_{/\iota}\prime}2u_{2,+}\Vert_{H^{o}}\leq C\langle t\rangle^{-\gamma}$

This completes the proof of Theorem 6.1.

9. $OuT\llcorner INE$ OF PROOF OF $THEORE\#vI6.2$

Multiplying equations of system (6.17) by $e^{it\langle i\nabla\rangle_{n\tau}}1$ and $e^{it(i\nabla)_{n_{2}}}$ , respectively
we write

$\partial_{t}e^{it\langle i\nabla\rangle_{m}}1(u_{1}+\tilde{Q}_{1}(t, u_{1}, u_{2}))$ $=$ $e^{t\langle r\nabla\rangle,\prime\prime}1( \sum_{k=1,2}Q_{2k+1}(t, u_{1}, u_{2})+\tilde{C}_{1}(t, u_{1_{\rangle}}u_{2}))$ ,

$\partial_{t}e^{it\langle i\nabla\rangle_{n}}2(u_{2}+\tilde{Q}_{2}(t, u_{1}))$ $=$ $e^{it\langle i\nabla),)}2( \sum_{k=1,2}Q_{2k+2}(t, u_{1})+\tilde{C}_{2}(t, u_{1}, u_{2}))$

By the condition $u\in X_{\infty}$ and Lemma 7.2 we have the estimate

(9.1) $\Vert u\Vert_{H_{r(0’)}^{\sigma’}}\leq C\langle t\rangle^{-\frac{\sigma-\sigma’}{2}}\Vert u\Vert_{X_{\infty}}$

for $0\leq\sigma’\leq\sigma$ , where $r( \sigma’)=\frac{4}{2-\sigma+\sigma}$ . Then in view of Propositiorl 7 $.1$ and estimate
(9.1) we obtain

$\Vert\tilde{Q}_{1}(t, u_{1}, u_{2})\Vert_{H^{\sigma’}},(\sigma’)+\Vert\tilde{Q}_{2}(t, u_{1})\Vert_{H^{\sigma’}},(\sigma’)\leq C\Vert u\Vert_{X_{\infty}}^{2}\langle t\rangle^{-\frac{\sigma-\sigma’}{2}-\gamma}$

Therefore we have

(9.2) $\Vert\tilde{Q}_{1}(t, u_{1}, u_{2})\Vert_{y}+\Vert\tilde{Q}_{2}(t, u_{1})\Vert_{Y}arrow 0$
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&s $tarrow\infty$ . Hence the integral equation associated with the final state $proble\ln$ for

(6.17) can be written as

$u_{1}(t)=-\tilde{Q}_{1}(t, u_{1}, u_{2})+e^{-it\langle i\nabla\rangle,\prime\rangle}1u_{1,+}$

(9.3) $- \int_{t}^{\infty}e^{-i(t-\tau)\langle i\nabla\rangle,n_{1}}(\sum_{k=1,2}Q_{2k+1}(\tau, u_{1}, u)+\tilde{C}_{1}(\tau, u_{1}, u_{2}))d\tau$

and

$u_{2}(t)=-\tilde{Q}_{2}(t, u_{1})+e^{-it\langle\nabla\rangle,\prime[}-u_{2_{1}+}7,$

(9.4) $-l^{\infty}e^{-i(t-\tau)\langle i\nabla\rangle,\prime\prime}2( \sum_{k=1_{\backslash }2}Q_{2l_{\iota’}+2}(\tau, u_{1})+\tilde{C}_{2}(\tau, u_{1}, u_{2}))d\tau.$

We next assume that $v\in X_{\infty,\rho\rangle}\rho=\in\tau 2$ and consider the linearized version of (9.3)

and (9.4)

$u_{1}(t)=-\tilde{Q}_{1}(t, v_{1_{\rangle}}v_{2})+e-1u_{1,+}$

(9.5) $- \int_{t}^{\infty}e^{-i\langle i\nabla\rangle,(t-\tau)}(\sum_{k=1,2}Q_{2k+1}(t, v_{1}, v)+\tilde{C}_{1}(t, v_{1}, v_{2}))d\tau$

and

$u_{2}(t)=-\tilde{Q}_{2}(t, v_{1})+e^{-i\langle\nabla\rangle,t}2u_{2+}7$

(9.6) $- \int_{t^{e^{-?\langle\eta}}}^{\infty}.2(\sum_{k=1,2}Q_{2k+2}(t, v_{1})+\tilde{C}_{2}(t, v_{1}, v_{2}))d\tau,$

which defines the mapping $u=\mathcal{M}(v)$ . Theorem 6.2 comes from

$\Vert \mathcal{M}(v)\Vert_{X_{\infty}}\leq C\epsilon^{\frac{2}{3}}$

and

$\Vert \mathcal{M}(v)-\mathcal{M}(u))\Vert_{X_{\infty}}\leq\frac{1}{2}\Vert v-w\Vert_{X_{\infty}}$

10. $OuT\llcorner 1NE$ OF PROOF OF $THEORE1\vee 16.3$

From Propositio$n^{}$ 7.1 we obtain

Lemma 10.1. Assurnノ $e$ that condition (7.2) is true. Let $\alpha\in[0$ , 1 $],$ $\alpha+\beta_{1}>1,$ $\beta_{2}>$

$1,$ $or\beta_{1}>1,$ $\alpha+\beta_{2}>1$ , and $\alpha+\beta_{3}>1,$ $\beta_{4}>1$ , or $\beta_{3}>1,$ $\alpha+\beta_{4}>1$ , and
$\frac{1}{s_{1}}+\frac{1}{s_{2}}=\frac{3}{2}-\frac{1}{l_{1}},$ $\frac{1}{s_{3}}+\frac{1}{s_{4}}=\frac{3}{2}-\frac{1}{l_{2}},$ $1\leq l_{1},$ $l_{2}\leq 2$ . Then the following estimate are

valid

$\Vert x\mathcal{T}_{a,\pm b,\pm c}(\phi, \psi)\Vert_{H^{-\alpha}}\leq C\Vert\phi\Vert_{H_{s_{1}}^{\beta_{1},1}}\Vert\psi\Vert_{H_{s}^{\beta_{2}}2}$

and

$\Vert \mathcal{P}\mathcal{T}_{a,\pm b,\pm c}(\phi, \psi)\Vert_{H^{-\alpha}}\leqC(\Vert \mathcal{P}\phi\Vert_{H_{5}^{\beta_{1}}1}+\Vert\partial_{t}\phi\Vert_{H_{\epsilon_{1}}^{\beta_{1}}})\Vert\psi\Vert_{H_{s}^{\beta_{2}}2}$

$+C\Vert\phi\Vert_{H_{s}^{\beta_{3}}3}(\Vert \mathcal{P}\psi\Vert_{H_{\underline{s}}^{\beta_{4}}4}+\Vert\partial_{t}\psi\Vert_{H_{s_{4}}^{\beta_{4}}})$ ,

provided that the right-hand side.9 are finite.
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10.1. Outline of Proof of Theorem 6.3. We apply the contraction mapping
principle in the function space $\tilde{X}_{\infty}$ . As in the proof of Theorem 6.1, we consider

the mapping $u=\mathcal{M}v$ defined $1$)$y(8.1)$ with $v\in\tilde{X}_{\infty,\rho}=\{\phi\in\tilde{X}_{\infty}:,$ $\Vert\phi\Vert_{X_{\infty}}\leq\rho\},$

where $\rho=\epsilon^{\frac{2}{3}},$
$\epsilon>$ O. Note that $ua1\grave{\neg}o$ satisfies the linearized version of systenl

(6.1)

(10.1) $\{\begin{array}{l}\mathcal{L}_{m_{1}}u_{1}=2i\langle i\nabla\rangle_{nx_{1}}^{-1}({\rm Re} v_{1})({\rm Re} v_{2}) ,\mathcal{L}_{m_{2}}u_{2}=2i\langle i\nabla\rangle_{7n_{2}}^{-1}({\rm Re} v_{1})^{2}\end{array}$

The desired a priori estimate

(10.2) $\Vert u\Vert_{X_{\infty}}\leq C\epsilon+C\rho^{2}$

comes from the estimate

(10.3) $\sum_{j=1}^{2}\Vert \mathcal{J}_{?n_{j}}u_{j}\Vert_{H^{o-1}}\leq C\epsilon+C\rho^{2}$

which requires the estimate

(10.4) $\sum_{j=1}^{2}\Vert \mathcal{P}u_{j}\Vert_{H^{\nu}}\leq C\epsilon+C\rho^{2}\langle t\rangle^{-\gamma}$

For the proof of (10.4), see [20]. In the same way $ikS$ in the proof of (10.2), we have

(10.5) $\Vert \mathcal{M}v-\mathcal{M}w\Vert_{x_{\infty}}\leq\frac{1}{2}\Vert v-w\Vert_{X_{\infty}}$

By (10.2) and (10.5) we find that there exists a unique solution of the integral
equation associated with (6.17) in $\tilde{X}_{\infty}$ . Tme decay estimate of Theorem 6.3 follows
from (10.3).

10.2. Existence of scattering states. We consider the existence of scattering
states by the integral equations associated with (6.17). In the sa ne way as in the
proof of Theorem 6.1 we have

(10.6) $\Vert e^{it\langle i\nabla\rangle}ju_{j}(t)-e^{is\langle\dot{\tau,}\nabla\rangle,\prime\prime}ju_{j}(s)\Vert_{H^{o}}\leq C\rho^{2}\langle s\rangle^{-\gamma}$

for $t>s>0$ . By (10.4) we find that

(10.7) $\Vert e^{it\langle i\nabla\rangle_{m_{j}}}(\mathcal{P}u)(t)-e^{is\langle i\nabla\rangle_{n_{j}}}(\mathcal{P}u)(s)\Vert_{H^{\sigma-1}}\leq C\rho^{2}\langle s\rangle^{-\gamma}$

for $t>s>0$ . We again use the identity $\mathcal{J}_{m_{j}}=i\mathcal{P}-i\mathcal{L}_{m_{j}}x$ to $oI$ ) tain

$\mathcal{J}_{?n_{1}}u_{1} = i\mathcal{P}u_{1}-i[\mathcal{L}_{7n_{1)}}x]u_{1}-ix\mathcal{L}_{m_{1}}u_{1}$

(10.8) $= i\mathcal{P}u_{1}-i[\mathcal{L}_{7n_{1}}, x]u_{1}+2x\langle i\nabla\rangle_{?n_{1}}^{-1}({\rm Re} u_{1})({\rm Re} u_{2})$ .

Changing $x=\langle i\nabla\rangle_{rn_{j}}^{-1}\mathcal{J}_{m_{j}}-it\nabla\langle i\nabla\rangle_{m_{j}}^{-1}$ and applying the estimate $\Vert\phi\Vert_{H^{\nu-1}}\leq$

$C\Vert\phi\Vert_{L^{\frac{}{2\underline{-}0}}}$ we find

$\Vert xu_{1}(t)u_{2}(t)\Vert_{H^{\nu-1}}$

$\leq \Vert u_{2}\langle i\nabla\rangle^{-1},\mathcal{J}_{\tau n_{1}}u_{1}\Vert_{H^{\nu-1}}+Ct\Vert u_{2}\nabla\langle i\nabla\rangle_{m_{j}}^{-1}u_{1}\Vert_{H^{\nu-1}}$

$\leq C\Vert u\Vert_{L}\#_{-\overline{\sigma}}\Vert\langle i\nabla\rangle^{-1},\mathcal{J}_{\tau n_{1}}u_{1}\Vert_{L}\#_{-\overline{\sigma}}+Ct\Vert u\Vert_{\iota\#_{-\overline{\sigma}}}^{2}$

$\leq C\Vert u\Vert_{L^{\overline{2}}}\underline{A}_{\overline{\sigma}}\Vert \mathcal{J}_{m_{1}}u_{1}\Vert_{H^{\nu}}+C\rho^{2}\langle t\rangle^{1-\sigma}\leqC\rho^{2}\langle t\rangle^{-\nu}$
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Therefore we get

$\Vert x(e^{i\langle i\nabla\rangle_{m_{1}}t}u_{1}(t)-e^{r’\langle\tau,\nabla\rangle,s}u_{1}(s))\Vert_{H^{\sigma}}$

$= \Vert 11\Vert_{H^{\nu}}\leq C\rho^{2}\langle s\rangle^{-\gamma}$

This completes the proof of Theorem 6.3.

11. $OuT\llcorner INE$ OF PROOF OF $THEORE?_{v}I6.4$

By Lemma 7.3 we get the estimate

$\Vert u_{j}(t)\Vert_{H_{\subset}^{\sigma’}},\leq C\langle t\rangle^{\frac{2}{q}-1}(\Vert u_{j}\Vert_{H^{\sigma}}+\Vert \mathcal{J}_{?)t_{j}}u_{j}\Vert_{H^{o-1}})\leq C\Vert u\Vert_{X_{\infty}}\langle t\rangle^{-\underline{\sigma-\sigma’}}-$

for all $t>0$ , where $2 \leq q\leq\frac{4}{2-\sigma},$ $\sigma’=\sigma-2+\frac{4}{q}.$ Thel’efore as in the proof of

Theorem 6.2 we can write the integral equations (9.3) and (9.4) associated with the
final state problem for (6.17). Then to apply the contraction mapping principle we
assume that $v\in\tilde{X}_{\infty,\rho},$ $\rho=\epsilon^{2}\S$ and define the mapping $u=\mathcal{M}(v)$ via the linearized
equations (9.5) and (9.6). In the same way $a{}_{\iota}S$ in the proof of Theorem 6.3 we have

$\Vert \mathcal{M}(v)\Vert_{x_{\infty}}\leq C\in+C\rho^{2},$

$|| \mathcal{M}(v)-\mathcal{M}(w)\Vert_{x_{\infty}}\leq\frac{1}{2}\Vert v-w\Vert_{X_{\infty}}$

and

$\Vert u_{j}(t)-e^{-it\langle\nabla\rangle,}7$
“

$ju_{j,+}\Vert_{L^{2}}\leq C\rho^{2}t^{-\gamma}$

for all $t>$ O. Thus we show that there exists a unique global solution $u\in$

$C([0, \infty);H^{\sigma})$ of (6.1) satisfying the estimate $\Vert u\Vert_{X_{\infty}}\leq C\epsilon^{\frac{2}{3}}$ and condition (6.2),

This completes the proof of Theorem 6.4.
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