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1 Introduction

Let X be a partially ordered set with a metric d and let T be a mapping from X into itself.

We say that T is monotone nondecreasing if for any x, y\in X, x\leq y implies Tx\leq Ty . Nieto

and López [3] consider the following fixed point theorem in partially ordered sets.

Theorem 1. Let X be a partially ordered set with a metric d such that (X, d) is a complete
metric space. If a nondecreasing sequence \{x_{n}\} converges to x

,
then we have x_{n}\leq x for

any n . Let T be a monotone nonincreasing mapping from X into itself such that there exists

k\in[0 , 1 ) such that for any x, y\in X,

x\geq y implies d(Tx, Ty)\leq kd(x, y) .

Assume that there exists x_{0}\in X with x_{0}\leq Tx_{0} . Then there exists a fixed point of T.

Moreover, if for any x, y\in X , there exists z\in X which is comparable to x and y , then the

fixed point of T is unique.

In this paper, using Theorem 1, we show the existence and uniqueness of solutions of

fractional order boundary value problems.

数理解析研究所講究録
第2011巻 2016年 178-184

178



2 Riemann‐Liouville fractional derivative and integral
The Riemann‐Liouville fractional derivative of order  $\alpha$>0 of a function u of (0, \infty) into \mathbb{R}

is given by

D_{0+}^{ $\alpha$}u(t)=\displaystyle \frac{1}{ $\Gamma$(n- $\alpha$)}\frac{d^{n}}{dt^{n}}\int_{0}^{t}\frac{u(s)}{(t-s)^{ $\alpha$-n+1}}ds
where n=[ $\alpha$]+1 and [ $\alpha$] denotes the integer part of  $\alpha$ and  $\Gamma$( $\alpha$) denotes the gamma function.

The Riemann‐Liouville fractional integral of order  $\alpha$>0 of a function u of (0, \infty) into \mathbb{R} is

defined by

I_{0+}^{ $\alpha$}u(t)=\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{t}(t-s)^{ $\alpha$-1}u(s)ds.
For the proof of Lemmas 2 and 3, we use the following: For p, q>0 and a\in \mathbb{R},

\displaystyle \int_{a}^{t}(t-s)^{p-1}(s-a)^{q-1}ds=\frac{ $\Gamma$(p) $\Gamma$(q)}{ $\Gamma$(p+q)}(t-a)^{p+q-1} . (1)

In fact, we have (1) since

\displaystyle \int_{a}^{t}(t-s)^{p-1}(s-a)^{q-1}ds=\int_{0}^{t-a}(t-a- $\tau$)^{p-1}$\tau$^{q-1}d $\tau$
=\displaystyle \int_{0}^{1}(t-a-(t-a)u)^{\mathrm{p}-1}(t-a)^{q-1}u^{q-1}(t-a)du
=(t-a)^{p+q-1}\displaystyle \int_{0}^{1}(1-u)^{p-1}u^{q-1}du
=(t-a)^{p+q-1}B(p, q)

=(t-a)^{p+q-1} $\Gamma$(p) $\Gamma$(q)
 $\Gamma$(p+q)

.

For  $\alpha$,  $\beta$>0 , we have

I_{0+}^{ $\alpha$}t^{ $\beta$}=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$( $\alpha$+ $\beta$+1)}t^{ $\alpha$+ $\beta$} . (2)

In fact, by (1), we have

I_{0+}^{ $\alpha$}t^{ $\beta$}=\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{t}(t-s)^{ $\alpha$-1}s^{ $\beta$}ds=\frac{1}{ $\Gamma$( $\alpha$)}.  $\Gamma$( $\alpha$) $\Gamma$( $\beta$+1)_{t^{ $\alpha$+ $\beta$}} $\Gamma$( $\alpha$+ $\beta$+1)=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$( $\alpha$+ $\beta$+1)}t^{ $\alpha$+ $\beta$}.
Moreover for  $\beta$> $\alpha$>0 , we have

D_{0+}^{ $\alpha$}t^{ $\beta$}=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$( $\beta$+1- $\alpha$)}t^{ $\beta$- $\alpha$} . (3)
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In fact, since D_{0+}^{n}t^{ $\beta$}=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$( $\beta$+1-n)}t^{ $\beta$-n} for n=1 , 2, 3, . . .

, [ $\beta$] , by (1), we have

D_{0+}^{ $\alpha$}t^{ $\beta$}=\displaystyle \frac{1}{ $\Gamma$(n- $\alpha$)} . \displaystyle \frac{d^{n}}{dt^{n}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}s^{ $\beta$}ds
=\displaystyle \frac{1}{ $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dt^{n}}(\frac{ $\Gamma$(n- $\alpha$) $\Gamma$( $\beta$+1)}{ $\Gamma$(n- $\alpha$+ $\beta$+1)}t^{n- $\alpha$+ $\beta$})
=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$(n- $\alpha$+ $\beta$+1)} . \displaystyle \frac{d^{n}}{dt^{n}}t^{n- $\alpha$+ $\beta$}
=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$(n- $\alpha$+ $\beta$+1)}\cdot\frac{ $\Gamma$(n- $\alpha$+ $\beta$+1)}{ $\Gamma$( $\beta$+1- $\alpha$)}t^{ $\beta$-} 。

=\displaystyle \frac{ $\Gamma$( $\beta$+1)}{ $\Gamma$( $\beta$+1- $\alpha$)}t^{ $\beta$- $\alpha$}.
Lemma 2. Let  $\alpha$> O. If u(t)=t^{ $\alpha$-n}(n=1,2, \ldots, [ $\alpha$]+1) , then D_{0+}^{ $\alpha$}u=0 . Conversely, if
D_{0+}^{ $\alpha$}u(t)=0 , then there exists C_{1}, C_{2} , . . .

, C_{n}\in \mathbb{R} such that

u(t)=C_{1}t^{ $\alpha$-1}+C_{2}t^{ $\alpha$-2}+\cdots+C_{n}t^{ $\alpha$-n}

where n=[ $\alpha$]+1.

Proof. Let n=1
, 2, .. .

, [ $\alpha$]+1 and u(t)=t^{ $\alpha$-n} . By (1), we have

D_{0+}^{ $\alpha$}u(t)=\displaystyle \frac{1}{ $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dt^{n}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}s^{ $\alpha$-n}d_{8}
=\displaystyle \frac{1}{ $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dt^{n}}(\frac{ $\Gamma$(n- $\alpha$) $\Gamma$( $\alpha$-n+1)}{ $\Gamma$(1)})
=0.

Conversely, assume that D_{0+}^{ $\alpha$}u(t)=0 . Then we have

\displaystyle \frac{1}{ $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dt^{n}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=0.
Since \displaystyle \frac{d^{n}}{dt^{n}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=0 , we have

\displaystyle \frac{d^{n-1}}{dt^{n-1}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=C_{1}.
Moreover we have

\displaystyle \frac{d^{n-2}}{dt^{n-2}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=C_{l}t+C_{2}.
Similarly we obtain that

\displaystyle \frac{$\theta$^{-3}}{dt^{n-3}}\int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=C_{1}t^{2}+C_{2}t+C_{3}
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where we change \displaystyle \frac{c_{1}}{2} by C_{1} . Hence we obtain that

\displaystyle \int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=C_{1}t^{n-1}+C_{2}t^{n-2}+\cdots+C_{n}
for some C_{1}, C_{2} ,

. . .

, C_{n} . By (1), we have

I_{0+}^{ $\alpha$}\displaystyle \int_{0}^{t}(t-s)^{n- $\alpha$-1}u(s)ds=\frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{t}(t-s)^{n-(y-1}(\int_{0}^{s}(s- $\tau$)^{n- $\alpha$-1}u( $\tau$)d $\tau$)ds
=\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{t}u( $\tau$)(\int_{ $\tau$}^{t}(t-s)^{ $\alpha$-1}(s- $\tau$)^{n- $\alpha$-1}ds)d $\tau$
=\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\cdot\frac{ $\Gamma$( $\alpha$) $\Gamma$(n- $\alpha$)}{ $\Gamma$(n)}(t- $\tau$)^{n-1}
=\displaystyle \frac{ $\Gamma$(n- $\alpha$)}{ $\Gamma$(n)}\int_{0}^{t}(t- $\tau$)^{n-1}u( $\tau$)d $\tau$
= $\Gamma$(n- $\alpha$)I_{0+}^{n}u(t) .

Since

I_{0+}^{ $\alpha$}(C_{1}t^{n-1}+C_{2}t^{n-2}+\cdots+C_{n})=C_{1}t^{ $\alpha$+n-1}+C_{2}t^{ $\alpha$+n-2}+\cdots+C_{n}t^{ $\alpha$},
we have

 $\Gamma$(n- $\alpha$)I_{0+}^{n}u(t)=C_{1}t^{ $\alpha$+n-1}+C_{2}t^{ $\alpha$+n-2}+\cdots+C_{n}t^{ $\alpha$}.
Hence, for some C_{1}, C_{2} ,

. . .

, C_{n} , we obtain that

I_{0+}^{n}u(t)=C_{1}t^{ $\alpha$+n-1}+C_{2}t^{ $\alpha$+n-2}+\cdots+C_{n}t^{ $\alpha$}.
Since D_{0+}^{n}I_{0+}^{n}u(t)=u(t) and D_{0+}^{n}(C_{1}t^{ $\alpha$+n-1}+C_{2}t^{ $\alpha$+n-2}+\cdots+C_{n}t^{ $\alpha$})=C_{1}t^{ $\alpha$-1}+C_{2}t^{ $\alpha$-2}+
. . . +C_{n}t^{ $\alpha$-n} , we have

u(t)=C_{1}t^{ $\alpha$-1}+C_{2}t^{ $\alpha$-2}+\cdots+C_{n}t^{ $\alpha$-n}.
ロ

The following lemma can be found in [4].
Lemma 3. Let  $\alpha$>0 and let u\in L(a, b) . Then we have

D_{0+}^{ $\alpha$}I_{0+}^{ $\alpha$}u=u.

Proof. Let n=[ $\alpha$]+1 . By (1), we have

D_{0+}^{ $\alpha$}I_{0+}^{ $\alpha$}u=\displaystyle \frac{1}{ $\Gamma$( $\alpha$) $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dx^{n}}\int_{0}^{x}\frac{1}{(t-s)^{ $\alpha$-n+1}}(\int_{ $\tau$}^{t}(s- $\tau$)^{ $\alpha$-1}u( $\tau$)d $\tau$)ds
=\displaystyle \frac{1}{ $\Gamma$( $\alpha$) $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dx^{n}}\int_{0}^{t}(l^{t}(t-s)^{n- $\alpha$-1}(s- $\tau$)^{ $\alpha$-1}u( $\tau$)ds)d $\tau$
=\displaystyle \frac{1}{ $\Gamma$( $\alpha$) $\Gamma$(n- $\alpha$)}\cdot\frac{d^{n}}{dx^{n}}\int_{0}^{t}u( $\tau$)(l^{t}(t-s)^{n- $\alpha$-1}(s- $\tau$)^{ $\alpha$-1}ds)d $\tau$
=\displaystyle \frac{1}{ $\Gamma$(n)}\cdot \frac{f^{ $\iota$}}{fx^{n}}\int_{0}^{t}(t- $\tau$)^{n-1}u( $\tau$)d $\tau$.
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Since \displaystyle \int_{0}^{t}(\int_{0}^{t}\cdots(\int_{0}^{t}u(s)ds)\cdots ds)ds=\frac{1}{(n-1)!}\int_{0}^{t}(オー s)^{n-1}u(s)ds , we have D_{0+}^{ $\alpha$}I_{0+}^{ $\alpha$}u=u. \square 

The following lemma can be found in [1]. See also [2].

Lemma 4. Let  $\alpha$>0 . Let u\in C(0,1)\cap L(0,1) satisfying D_{0+}^{ $\alpha$}u\in C(0,1)\cap L(0,1) . Then

I_{0+}^{ $\alpha$}D_{0+}^{ $\alpha$}u(t)=u(t)+C_{1}t^{ $\alpha$-1}+C_{2}t^{ $\alpha$-2}+\cdots+C_{n}t^{ $\alpha$-n}

for some C_{1}, C_{2} ,
. . .

, C_{n}\in \mathbb{R} and n=[ $\alpha$]+1.

Proof. By Lemma 2, we have D_{0+}^{ $\alpha$}(I_{0+}^{ $\alpha$}D_{0+}^{ $\alpha$}u-u)=D_{0+}^{ $\alpha$}I_{0+}^{ $\alpha$}D_{0+}^{ $\alpha$}u-D_{0+}^{ $\alpha$}u=D_{0+}^{ $\alpha$}u-D_{0+}^{ $\alpha$}u=0.
By Lemma 3, there exists C_{1}, C_{2} , \cdots ,  C_{n}\in \mathbb{R} such that I_{0+}^{ $\alpha$}D_{0+}^{ $\alpha$}u(t)-u(t)=C_{1}t^{ $\alpha$-1}+C_{2}t^{ $\alpha$-2}+
. ..+C_{n}t^{ $\alpha$-n}. \square 

3 Applied results to fractional order boundary value

problems

Using Lemma 4, we obtain the following [1]. For the sake of completeness, we show the proof.

Lemma 5. Let h\in C[0 , 1 ] and 1< $\alpha$\leq 2 . Then the unique solution of the problem

\left\{\begin{array}{l}
D_{0+}^{ $\alpha$}u(t)+h(t)=0,\\
u(0)=u(1)=0
\end{array}\right.
is

u(t)=\displaystyle \int_{0}^{1}G_{ $\alpha$}(t, s)h(s)ds
where

G_{ $\alpha$}(t, s)=\{ \displaystyle \frac{}{}\frac{1}{\mathrm{r}, $\Gamma$( $\alpha$)\mathrm{t}^{ $\alpha$)}}(t^{ $\alpha$-1}(1-s)^{ $\alpha$-1})(t^{ $\alpha$-1}(1-s)^{ $\alpha$-1}-(t-s)^{ $\alpha$-1})
(0\leq s\leq t\leq 1) ,

(0\leq t\leq s\leq 1) .

Proof. By Lemma 4, we have

u(t)=-\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{t}(t-s)^{ $\alpha$-1}h(s)ds+C_{1}t^{ $\alpha$-1}+C_{2}t^{ $\alpha$-2}
for some C_{1}, C_{2}\in \mathbb{R} . By u(0)=0 , we have C_{2}= O. Moreover, by u(1)=0 , we have

C_{1}=\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{1}(1-s)^{ $\alpha$-1}h(s)ds . Thus we obtain that u(t)=-\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{t}(t-s)^{ $\alpha$-1}h(s)ds+
\displaystyle \frac{1}{ $\Gamma$( $\alpha$)}\int_{0}^{1}(1-s)^{ $\alpha$-1}t^{ $\alpha$-1}h(s)ds=\int_{0}^{1}G_{ $\alpha$}(t, s)h(s)ds . 口

Using Lemma 5, we obtain the following.
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Theorem 6. Let f be a mapping of [0, 1]\times[0, \infty ) into [0, \infty ) such that  f is continuous and

nondecreasing with respect to second argument. Let 1< $\alpha$,  $\beta$\leq 2 . Assume that there exists

 $\lambda$\in[0,  $\Gamma$( $\alpha$) $\Gamma$( $\beta$)) , for any u,  v\in[0, \infty ) with  u\geq v and t\in[0 , 1],

0\leq f(t, u)-f(t, v)\leq $\lambda$(u-v) .

Then the problem

\left\{\begin{array}{l}
D_{0+}^{ $\beta$}(D_{0+}^{ $\alpha$}u(t))=f(t, u(t)) ,\\
u(0)=u(1)=(D_{0+}^{ $\alpha$}u)(0)=(D_{0+}^{ $\alpha$}u)(1)=0
\end{array}\right. (4)

has a unique nonnegative solution.

Proof. We first show that the unique solution of the problem (4) is

u(t)=\displaystyle \int_{0}^{1}G_{ $\alpha$}(t, s)(\int_{0}^{1}G_{ $\beta$}(s, r)f(r, u(r))dr)ds
where G_{ $\alpha$} is the function in Lemma 5. In fact, let y(t)=-D_{0+}^{ $\alpha$}u(t) . Then the problem

\left\{\begin{array}{l}
D_{0+}^{ $\beta$}(D_{0+}^{ $\alpha$}u(t))=f(t, u(t)) ,\\
(D_{0+}^{ $\alpha$}u)(0)=(D_{0+}^{ $\alpha$}u)(1)=0
\end{array}\right.
is equal to the problem

\left\{\begin{array}{l}
D_{0+}^{ $\beta$}y(t)+f(t, u(t))=0,\\
y(0)=y(1)=0.
\end{array}\right.
By Lemma 5, we have the unique solution

y(t)=\displaystyle \int_{0}^{1}G_{ $\beta$}(t, s)f(s, u(s))ds,
that is,

D_{0+}^{ $\alpha$}u(t)+\displaystyle \int_{0}^{1}G_{ $\beta$}(t, s)f(s, u(s))ds=0.
Furthermore, by Lemma 5, the problem

\left\{\begin{array}{l}
D_{0+}^{ $\alpha$}u(t)+\int_{0}^{1}G_{ $\beta$}(t, s)f(s, u(s))ds=0,\\
u(0)=u(1)=0
\end{array}\right.
has the unique solution

u(t)=\displaystyle \int_{0}^{1}G_{ $\alpha$}(t, s)(\int_{0}^{1}G_{ $\beta$}(s, r)f(r, u(r))dr)ds.
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Let X=\{u\in C[0, 1] |u(t)\geq 0\} . Then (X, d) is a complete metric space where d is

defined by d(u, v)=\displaystyle \sup_{0\leq t\leq 1}|u(t)-v(t)| for u, v\in X . We define a mapping T of X by

(Tu ) (t)=\displaystyle \int_{0}^{1}G_{ $\alpha$}(t, s)(\int_{0}^{1}G_{ $\beta$}(s, r)f(r, u(r))dr)ds
for u\in X . Using Theorem 1, we obtain the unique fixed point of T . This is the unique
solution of (4). For more details, see [5]. 口

In the case that  $\alpha$= $\beta$=2 in Theorem 6, we have the following.

Corollary 7. Let f be a mapping of [0, 1]\times[0, \infty ) into [0, \infty ) such that  f is continuous and

nondecreasing with respect to second argument. Assume that there exists  $\lambda$\in[0 , 1), for any

u, v\in[0, \infty) with u\geq v and t\in[0 , 1],

0\leq f(t, u)-f(t, v)\leq $\lambda$(u-v) .

Then the problem

\left\{\begin{array}{l}
u =f(t, u(t)) ,\\
u(0)=u(1)=u''(0)=u''(1)=0
\end{array}\right.
has a unique nonnegative solution.
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