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Zi?ﬁi‘ﬂi, BHRTEE EOEE S NI HHIK Q WHOBEFER LURIST 2BH <2 b
NERD D —RALEF ERIRE

Az; = \;Bz;, A, Be (Cnxn’ x; € C" \ {0}, rneQccC . (1)

WZOWTEZS. ZZC ERQOERT EOR2I2BWT 2B-ARRERNTHS T35,
70, ED-DITHIR (A, B) I3IXALFRETH 5 L5 5. '

—MRACE A ERRE (1) (269 2B 728k L LT, 2003 FiC8H - BHICXK > THER
T— AV MIBRAERESRR SN (12]. 2OERLRBT AT 4 7%, —RILEAHE
FIRE D EH % B> R

r(z) = ~H(zB — A 'Bv, v,5eC"

ZHA L, I Q NEROME% Cauchy ®1§ﬁ/\'t&u§“5< Kravanja &0 7 /L= Y XA [10]
ERNT, ERE—AY b
1
= o z kr(z)dz

% ER|ZFF> Hankel ﬁ&Uﬂ)—ﬁ%tﬁ{EFﬁE& LTRBETHLVIHDTHD. BER
EB— 2 v MIBEREREL, HE2 X FOFERFICH L TRENREIWEEZ L, B0IE
FIMREERETEZ LD INE THERBIMAENED LN TEXTEY, B - BHOT7T
o —FIZxHd B MR [4,5,13), Polizzi IZ & 5 FEAST ¥ [11] B X U DK RIE [2,14,15]
R, BRARRAEOBEPREIN TV, ST 8] 2R Ihiz. £z, HERX
li BRE—A L MIBEREEETAV LN AR ZEMN S 2O Krylov 5 2R TH

BIZFE B L, block Arnoldi HEIZ S R E— 2 v MUEGEAEE block SS-Arnoldi
;&’e [6] 35 L U DB T B block SS-CAA ¥ [9] ZBI% L 7= .
¥ RERL E@RE—2A Y MIBSERECY L CEAERRERCES MERE
BRSNS [7,8,11]. ABFFETIZ, block SS-CAA ¥ [9] izt LT, B ZMKHEE & b
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B L CIRMEDS BV block Amnoldi 52 8T 5 Z & T, WEHEOHERZK 5. BREIT
BROERE— A MZES< Krylov 5 EREB L OKE TRV 5 Krylov 845 22R D
220D Krylov S5 ZEMEZFIAL-ERE— A NIBEFEMEEL 2D,

AL OWREUTIORT. F28HICBNT, #BEET—2 Y N B AR DR >
WTEET. F3BTHBWT, 2200 Krylov B2 A L-ERT— A v A BAFER
BOERTAT 4 TEBIUDERMNEEEZRET D, EA4HTHEER»LERREOE
PHEEZRIEL, FES5ETE LHEITS

FRXCTEIUTORELZANS. T8IV = [v,0v;,...,0,] € C™IZHL, R(V) =
span{vy, va, ...,V } Z1TH1V ® Range ZM L 5. £/, Aec CV"iTxtL,

K2(A, V) := R([V, AV,..., A= 1V)),
B2(A,V) {Z A’Va ccm}

i=0
% block Krylov #532EM1 & 9 5. F72, KRX TIZI MATLAB REEZ AW 5.

2 BEE—AL MRESERE

FRIX T O DITFIR (A, B) BRALTETH S LET 5. T74PL, Kk
EWIET LD ZERRTAIY ™ = [0, %2, - Un]" BEVX = [m1, 22, , @] BFET 5.

DN I A A
Y (zB—A)X—z[ On—rJ—[ In—r].

T ZT, A =diag(Ai, Mgy .., A) TH D, —RCLEFERRE Az; = \Bx; iXr BOFR
DEAE A, Az, .., A BE O — r BOBREFELFFD, ST 2E/FBFX7 b
3G THB. Fe, XE = [B,8,..., B = XL LU, X, o= @, 20,20, X, =
(@1, @, . . ., B, X =[]\ € Q), Xq = [&:| N € Q, Ag := diag(\; € Q) LEL .
LM € NEAANNRTA—=F,V € CLRFIITAS L 2T5IL T 5. %=, 175
SeCrIM g e CoL g YUTOL D ICARBMC LY BET . '

S =[S0, 515+, Sm-a],  Ski= -l:-j{zk(zB — A)'BVdz. (2)
2mi Jp

Z DR AT S B LV S ITx L, A TFOEEMBRY S0, M (7] R 2SR SN,

EBE 1 —BEERERE () OEEEEm B m < LM ZHL, rank(S) =m &15. =
DB, ITARY 3Io.
R(S) = R(Xa).

EBE 2 175 S RUTO LI BRSNS,
Sp = XA XV = CkS,, Cq:= XoAoXE.
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Algorithm 1 The block SS-RR method
Input: LMNEN(SGRVGC""L(z,,w])forj—l2 N
Output: Approx1mate eigenpairs ()\,,:z:,) fori=1,2,.
1: Compute S = Z;V=1 i2¥(2;B — A)"'BV, and sct S [So,Sl, NG
2: Compute low-rank approx. of S using the threshold 4:
S = (U1, U] [T, 0; O, Sy [Wh, WaE = U5, WH
3: Compute eigenpairs (6;,t;) of UF AU t; = ;U BUt,;,
and compute (Xi,:'i-,-) = (6;, Ult,-) fori=1,2,...,m

EHE 12 R(S) BRABROEE L 2, € Q DBESH, WHZEHR(S)
CESREEIC L D HBOBENAHETETSHS 2 L 2ERT 5. SEOEHRT—
Ay MNUEAERET EROEE ], 2 K ESMENRE S0, BEMS (2) & N AL
AIEE 0 L )

N
§ = [§0, §1, ey §M—1], §k = ijzf(sz - A)_lBV

=1

013 IR B 2 T A ) XLIRHERS. T2 T, zﬂiiﬁﬁ)ﬁ,wﬂiﬁﬁtﬁ‘é

EWMTEORESND.

2.1 block SS-RR %

ﬁfﬂ‘]&*ﬁi{-—/\)‘ v MEFERED—DTh D block SS-RR ¥ [5] 1%, EE 112% '
S, #HZEM R(S) iIcE-S< Rayleigh-Ritz Dk % —ix{LE A ERIRE (1) L—ﬁﬁﬁ‘?‘é
e TEHEND. AL, HEIX N OHEE L UCREREEOLED D, 175 S

DIES > 738l
(0 WH
S = [U1,U2] [O 5, } [WH] U121W1 R

2ITW, UL 2EEE LTRAWS. 20, B6h 5/ BiEEA ERE
UPAUt; = 6;UP BUt;

ThHY, EBEERE (X, B:) = (6;, Urt:) & LTEE &SNS, block SSRRIEQT LY
A & Algorithm 1127



2.2 block SS-CAA i
4751 8, OBFE L LT, LIFOEEAE Y 31 [7].
FE30<k<N-1ZHLT, fFFISRUTFOL S CEBBShS.
=C*8, C:=X.AXE

ZORED, M < NITHL,
R(S) = K5i(C, 50)

ALY SL.
EE 4 M <N L, —BALEFERE (1) 12, RERH ERE

| Cxi=\xi, z€R(X,), MeQcCC (3)
LFLVAEERYER.

WER L, BR 3, 4 ICES% (REEFERE (3) 1283 5 block Arnoldi 5 & LT,
block SS—Arnoldi # [6], 72 DHR & LT block commumcatmn—avoxdmg Arnoldi i
\Z2-3< block SS CAA ¥ [0] ZHRE L.

EH 3 £V block Bi® communication-avoiding Arnoldi i## [3] ERWS &, 175
8.5, =[50, 5, .., Bur] OBURS

C8=8.Dy, Dyim [OL»LM}
Inm

BLOQR LR

§ QM+1RM+1’
= QRS = Q%41 (1 LM)RS;, (1: LM, 1: LM)

H 5 K5(C, Sp) it 3 block Arnoldi B OITHIRIIL
(@WICQY = Hy;, Hy = DRy Di(Ryy)™

TEZ b, R OEA R block Hessenberg 175 HY OE#E A MR, SR 5%
BCEB. 22T, Dy = s, Opars] ThB.
e, ERLEOBENS, 75 S DIET v 738

d_ A0 pO O Y O W 0 H
S = Qu Ry = Qus[Ur1, Ura) 0 Tu Wi ~ QuUriZrm Wiy

ERVD L, L RE/NFHEEA AR

U HyUrit; = 6;t;

24



25

Algorithm 2 The block SS-CAA method

Input: LMNGNJERVEC"XL(zj,wj)for]—12 N
Output: Approx1mate eigenpairs (/\,,:z,) fori=1,2,.
: Compute S = 3N w;25 (2B — A)"' BV, and set S+ = [SO,SI, -y S

1: =1¢
2 [QM+1’RII:\|/I+1] = qr(S+)
3: Set RY, := RS, (1:LM,1:LM), Q% = Q%,,(;, 1: LM)
4 Compute low-rank approx. of Ry, usmg the threshold ¢:
Ry = [Uri, Ur2)[Er1, O; O, Tga) [WR1>WR2]H ~ Upi S WE
5. Compute eigenpairs (8;,t;) of US, RSy, (1: LM, L+1: LM +L)W312Rit = 0;t;,
and compute (Xi, z;) = (Bi,Q%',,Umt ;) fori=1,2,.

Ly, SEREAEE 0 E) = (6;,QLUmt:) £ LTELNS. =T, {5475
UngﬁURl ’j:

UR HyUry = UR RSy 1 (1: LM, L+1: LM + L)W, S5t

L LCHHMCHATHETH S [9]. block SS-CAA DT VT Y X4 % Algorithm 2 IZ
Zae

block SS-CAA 1%, Rayleigh-Ritz DE¥EZ EHEMA T2 block SS-RR &L %72 9,
block communication-avoiding Arnoldi @212 &3 X/ MREE A ERE BT 5720
HE :‘AZ FOE CEMMENRSH B, FTz, block SS-CAA i block SS-RR % & 7] UE 4y 7:'3
M R(S) DEREREEZRAVREETH D10, MFEIZER UHEELTT [9].

2.3 BAZEMREEBERIBERE

BHRE— A v MEFERECBT 2 BERES OERIZ, ASTFI VT L THED
BERZ M OHZEERLBBRT 7 ANE—E LTRZON,

N -
Wi

Si= X AF(ANKFV, fON) =Y 2,
g=1 77

LELILRTED. ZORD, BAZERIR(S) £FA LEEET— AV MIEGERE

74 NZ— f(\) OBREIGCBECERRNZFEOND. ZOWEEZFIAL, 74V

F—REEAT D ZLIC Lo TEEOBELER TE 32 LML T3 [7,8,11].
R, 1731 S Db v i, FITRNE 5P =V L L,

5 = ij zB—A)BSYY v=1,2....6-1, 0)

J=1

9.=[5°,89,...,8% ], 8§9:= E% (2B = A)"'BSY (5)

7=1



Algorithm 3 The block SS-CAA method with Tteration technique

Input: L, M,N,f eNde R,géo) =Ve C"XL,(zj,wj) forj =12,...,N
Output: Approximate elgenpalrs (A, T;) for 1 = 1,2,
1: Compute S = E szJ k(z;B — A)"1BS -0 for v —1 2,...,4-1

2: Compute 56 = Z] W (z]B A)~1BSIHY , and set S(e) [S(l) 59 ..., 89
3 [QM+1»R 1l = qr(Sf))

4: Set RSy := RYy,,(1:LM,1: LM), —QM+1( 1:LM)

5. Compute low-rank approx. of RSy usmg the threshold ¢:

RS = [Uri, Ure][Er1, O; O, Bro] [Wai, Wea]? & Upi S W
6: Compute eigenpairs (6;,;) of Uf, RSy, (1: LM, L+1: LM+ L)Wg,Sg1t; = 8it;,
and compute ()\1;, ﬁ,) = (0,', Q%Uth,) for i = ]., 2, . .,777,

DREFBEIC LV BONATFI SO B 5. ok, 1751 50 1%
5 = XA (A KTV
L&, EEOR W), B) LB T AN —OREBERL, F = X, f(A)XE 23 m
EE S ZERMEL LTRR T 3.
50— ks, 8O = Fty.
K%M EERT—A L MUBHEREORECEL, UTFOEEANR Y o [7,8].

TH 5 (\, 7)) B RLEAERE Az, = \Bx; DBAEXNTHB L L, |f(M )| > i)
55, PO BXV Py 2HHZEM R(SO) ot 2 EXHES L UL [
span{x;, Tz, ..., Ty} KT EEERE THD LT 5. 175 PLylV,CV,...,CM V]
ING I THBHETH &, BEEEY I\/lfwi,i =12,...,LM &CS'GJLL'(', Prus; = x;
BT Mvs; € KS(C,V) BSME—TFEL,

FOrams)|f

- f)
BEY D, 22T, a= X )o) Xell2, B = @i — sill2 Th 5.
block SS-CAA EICx L CREZERA Liz7 V3 ) X A% Algorithm 3 I1ZR.

(I = PO)a]|s < of; . i=1,2,....LM,

3 220 Krylov #4522 % Fl A Lf;*ﬁi% — XA MYER
EfE%
R, SR T 1 V¥ —BNEEEEAEICR LT, Lanczosiz-»_gfx REZERT

HYBENRR SN [1]. FAHFETIE, _0?4747&»7@%:&— v MR A ERRE
DREICEAT S.
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31 EAMTAFAT

23R LI &L 51T, EFRE—A v MUEFERAEETIE, REHFHE (9), (5)Ick '9‘51353
2=
R(SY) = R(FV)

BERIN, BROBEHRE— AL F&2FIH L TR E N7z block Krylov 34y 28R
R(5®) = R(S, 8., 841 = KR (C, 8) = K§(C, F*V)

ERWCELEABSHEEND:

AR T, B ZEfIREE% block Arnoldi JEIZEE T3 2 L CINEHEOHES R 5.
BT ZER R(FYV) OERBRTHESNS F'V,r=1,2,... L Z2TRY A
- As7Z block Krylov #4522

KQ(F,FV) = R([FV, F*V,...,F*V))

REXD. ¥, £ SN block Krylov #5422/ KP(F, FV) 23 L, %ﬁ@*ﬁ%-’&—
AV IEFRALTIEKRT S, ARENDIEHEMIT

R(T®), T® .=[SW, 83 . 50

b5 £t C = X,AXH F = X, f(A)XH X WFFIF & C W78 CF = FC Th s
RICEBTS L, BHNBZEME
(ﬂ%‘KWCFW+K(OF%3+ KR FY)
= KP(F,FV) + K)(F,CFV) + - + K{(F,C"~'FV)
=: K(C,F,FV)

LELZLENTE, 5yZEM K% o(C, F, FV) iZ7T#72 2 D DFR¥ATH % # 2 block Krylov
BYEMERIZLENTES. £,

KR(C,F'V) C K& ((C,F,FV)

THDHIcd, BREZEROERET— 2 v FMUBEHEMRE L LR L TRVWEEOB A X
RRHETEOZLAHIFSND.

3.2 PhEMREEE

B EM KN (C, F, FV) &S EHRE— A v MUBEGEAREOR b #2283,
block SS-RR & & FRICETOREESRZ b TO AR L, —RILEAMERIRE (1) i3 L
THBIZ Rayleigh-Ritz ORELZERT 5 2L Th 5. 175 TO OIET > 7380 %

¥ O WE
TO = [Upy, UTz] [ s S } [ W};l } ~ UnSmWh,
T2 ‘
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LT3 E, Bond/NRIEEAERE,
UR AUt = ,UE BUt;

L%, ZOEREHFRIHFEICL VTNV TIEDH B b OO, FEATHI UR, AUr,, UE, BUr, %83
WARTAVERDY, ZOHBEa X "NRKEL 2B,

Z ORISR ERRT 5 T AR TIE, L2 KW ,(C, F, FV) ® Krylov #5422/ &
LTOMEEFRIAL, KN ,(C, F, FV) iIZ%4 5 block Arnoldi @2 01751k H 2 ¥ 5.
FHTO oEgns, T =80, 89, 50 r+5 e,

v
CT® =T¥DY, DY =@@Di, v=12...1¢
©og=1

PE Y 3Lh, 4751 7O, TO 0 QR 9%
TV = QWRW, T =QVRY, v=12,.. 1 (6)

LB L, FRIRRL LT

(QW)ICQW = HY, HY = DYRYDY(RV)?, v=1,2,....0
/%5, ZZT, _
Dg/).:= éDz
. =1
ThB. EEL, T8 TY 0 QR HMBITERMIIT
QY. RY OB|HITHIE LTRY T Z LR T& 5. =

QR 1 ESOHE=A F THAMETHS.
block SS-CAA & & RIRIZATS TO IES » 7 35

TENTE, £ QW RV 1%
DI, QR 5 (6) 1iX TV @

o , ; , , .2(1/) Io) W(V) H y .
7 - g = qoip, v | 39, | [ W < oot
r2 | | (Wr2)

2475 2 & T, INFMER ERIE
(Ux))" DY RY DYWL (B1) 't = bt

AELND. ERBEERHE N, Z:) = (6, QUUYE) XV EShE. REEOT NI
Y X A% Algorithm 4 (2R EN B!

4 HIERER

RETIL, REIE (Algorithm 4) DEELRKROLERE— A MIEFEMAETH
% block SS-RR ¥ (Algorithm 1) c‘: Heg L, BEET 5. T A MERRIX
A:z:i = )\iBa:i,
A= dl&g(—4999, —49.98; ... ,4991), B = I, /\i.G [—1, 1]



Algorithm 4 A proposed method

Input: L, M,N,L€N,§ e R, 5 =V € CL, (z;,w;) for j =1,2,...,N
Output: Approximate eigenpairs (’)\\,,?z:\,) fori=1,2,...,m
1: forv=1,2,...,¢ do:

Compute 5 = S w2k (2B — A)"1BSYY

Set 59 = [3, 8. 3% 1 and 8 = [, 3 5¥)

Set T®) = [T-1, §®)] and T = [T¥~ 5]

Compute QR factorizations 7 = Q¥R from Q¥ R¥~"

Set Q¥ , R s.t. T®) = QW R® as submatrices of QS’_’), Rif )

Compute low-rank approx. of R using the threshold §:

R® = [UR, URNIER, 0; 0, SNWRy), Wil ~ UL (W)™

8  Compute eigenpairs (6;, 2;) of (US)EDY RY DWW (SU))-1t; = 0t
‘and compute (i, Z;) = (6;, Q(")Ul({i)ti) fori=1,2,...,Mm

9: end for

L, m=20ROBENERDD. /T A—FZ(M,N,£,6) = (4,16,5,1071%) & L, %]
B 22 A X LM BRBROBEESH LY /A SWBAE L =3 (LM = 12 <m = 20),
L=4(LM=16<m=20), S LVE& L =5 (LM =20=m=20), KEVEAL =6
(LM =24 >m =20) OBFROBEZ BT 5. BOBKIIPLO, BRI 8801048
A& L, NRBEFRIE AW CHERS 21T 5. BEERIZ MATLAB2016a T/To 7-.
Fig. 1124 LIZB1F 5F&3E ) M A %RT. Fig 1ITR &N 3 X 512, block SS-RR ¥
SRS A X LM BB L R 2 BEEEK LV NSWBE (LM < m) ot LTS
/BB ERTERY. ZHIF, block SS-RR IENHEET Z WA LMY A X LM BREIT
EbPR—ETHIRCRET S, —F, RREOCESZEMY A X LMLIZREERK L1
BRETHERT B 723, I8R5y LM AN EWBE BV T HEEEDORLEA % 23+ E
TERERBB/LN.

5 FEDH

AT, 250 Krylov S5 25 2 FIE LR E— A~ FIEGEREZRE L
o WRE— AL NEUEHEREO TS ZRY A X LM OREIAREDOMRIIK &

29

SEBEREZD. LIELERD, —RICHBOBFEE m IIRATH B0, TS

ZEMVA X LM OB RREIITOERELI RS D2 EHFe RTRBULETHS.
Tk LT, BRIEIIE 2R Y A XORECH L THEREICe AR FTHY, LM
DREZLOTHEICEVBEOELEAX2HETE 5 Z ERBEERN» LRI

SHROBREL LT, L) KRB L TREEZEA L 0L RIET 5
TERETFLNS.
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Fig. 1: Relative residual 2-norms.

© ABF%4E JST/ACT-], JST/CREST, S KM RRATIE T 1 7 5 ADEH EZ 1T /.

SE ik

[1] H-R Fang, Y. Saad, A filterd Lanczos procedure for extreme and-interior eigenvalue
problems, SIAM J. Sci. Comput., 34(2012), 2220-2246. '

[2] S. Giittel, E. Polizzi, T. Tang, G. Viaud, Zolotarev quadrature rules and load bal-

ancing for the FEAST eigensolver, arXiv:1407.8078.

[3] M. Hoemmen, Communication-avoiding Krylov subspace methods, PhD thesis, Uni-

versity of California, Berkeley (2010).

30



[4] T. Ikegami, T. Sakurai, U. Nagashima, A filter diagonalization for generalized eigen-
value problems based on the Sakurai-Sugiura projection method, J. Comput. Appl.
Math., 233(2010), 1927-1936.

[5] T. Ikegami, T. Sakurai, Contour integral eigensolver for non-Hermitian systems: a
Rayleigh-Ritz-type approach, Taiwan. J. Math., 14 (2010), 825-837.

[6] A.Imakura, L. Du, T. Sakurai, A block Arnoldi-type contour integral spectral pro-
jection method for solving generalized eigenvalue problems, Applied Mathematics
Letters, 32 (2014), 22-27.

[7] A. Imakura, L. Du, T. Sakurai, Error bounds of Rayleigh-Ritz type contour
integral-based eigensolver for solving generalized eigenvalue problems, Numer. Alg.,
71(2016), 103-120.

(8] A.Imakura, L. Du, T. Sakurai, Relationships among contour integral-based methods
for solving generalized eigenvalue problems, J. Ind. Appl. Math., 33 (2016), 721-750.

[9] ‘A. Imakura, T. Sakurai, Block Krylov-type complex moment-based eige’hsolvers for
~solving generalized eigenvalue problems, Numer. Alg., (accepted).

[10] P. Kravanja, T. Sakurai, M. van Barel, On locating clusters of zeros of analytic
functions, BIT, 39 (1999), 646—682.

[11] E. Polizzi, A density matrix-based algorithm fér solving eigenvalue problems, Phys.
‘Rev. B, 79 (2009), 115112.

[12] T. Sakurai, H. Sugiura, A projection method for generalized eigenvalue problems
using numerical integration, J. Comput. Appl. Math., 159 (2003), 119-128.

[13] T. Sakufai, H. Tadano, CIRR: a Rayleigh-Ritz type method ‘with counter integral
for generalized eigenvalue problems. Hokkaido Math. J., 36 (2007), 745-757.

[14] P. T. P. Tang, E. Polizzi, FEAST as a subspace iteration eigensolver accelerated by
approximate spectral projection, SIAM J. Matrix Anal. Appl., 35(2014), 354-390.

[15] ‘G. Yin, R. H. Chan, M.-C. Yeung, A FEAST algorithm for generalized non-
‘Hermitian eigenvalue problems, arXiv:1404.1768.

31



