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Numerical verification method for positivity of solutions to
elliptic equations
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Abstract. In this paper, we propose a numerical method for verifying the positivity of solutions
to semilinear elliptic equations. We provide a sufficient condition for a solution to an elliptic
equation to be positive in the domain of the equation, which can be checked numerically without
requiring a complicated computation. We present some numerical examples.
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1 Introduction

We are concerned with verified numerical computation methods for solutions to the following
elliptic problem:

{ Lu(z) = f(u(z)), =z€4, (1a)
u(z) >0, reN (1b)

with an appropriate boundary condition, e.g., the Dirichlet type
uw(@) =0, z€9Q, (2)

where (2 is a bounded domain (i.e., an open connected bounded set) in R” (n = 1,2,3,---),
f :R — R is a given nonlinear function, and L is a uniformly elliptic self-adjoint operator.

Equation (1a), including the case with (1b), has been widely studied using analytical methods
(see, e.g., [7, 2, 14] and the references therein). Moreover, verified numerical computation
methods, which originate from {11, 15] and have been further developed by many researchers, in
recent years have turned to be effective to obtain, through computer-assistance, existence and
multiplicity results for various concrete examples where purely analytical approaches have failed
(see, e.g., [12, 13, 17, 18]). These methods enable us to obtain a concrete ball containing exact
solutions to (1a), typically in the sense of the norms ||V-|| r2(q) 80d ||| oo (). Therefore, such
methods have the additional advantage that quantitative information of solutions to a target
equation is provided accurately in a strict mathematical sense. However, irrespective of how
small the radius of the ball is, the positivity of some solutions is not ensured without additional
considerations. For example, in the homogeneous Dirichlet case (2), it is possible for a solution
that is verified by such methods not to be positive near the boundary 9.

In this paper, we propose a numerical method for verifying the positivity of solutions to (1a),
in order to verify solutions of (1). Theorem 2.2 provides a sufficient condition for positivity, and
only requires a simple numerical computation. This is a generalization of [22, Theorem 2] and
[23, Theorem 2.2] so that this can be applied to a wider class of elliptic problems. Indeed,
Theorem 2.2 (in this paper) works well for verifying positivity of solutions to the stationary
problem of the Allen-Cahn equation (see Section 3), whereas the previous theorems in [22, 23]
cannot be applied to this problem.
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2 Verification of positivity

Throughout this paper, we omit the expression “almost everywhere” for Lebesgue measurable
functions, for simplicity. For example, we employ the notation u > 0 in the place of u(z) > 0 a.e.
z € Q. Let HY() be the first order L2-Sobolev space on Q. We define H}(Q) := {u € H}() :
u = 0 on 89 in the trace sense}, and H~!(f2) denotes the dual space of H}(f2) with the usual
sup-norm. Moreover, we assume that f(u(-)) € H~1() for each u € H'(Q), and denote

[ H(Q) > H\@),
F { w o (),

We introduce the following lemma that is required to prove Theorem 2.2.

®3)

Lemma 2.1. Let u € H} () be a weak solution to (1) with the boundary condition (2), such
that '

1. F(u) >0 and F(u) # 0;
2. e(u()) < oo, where e(z) := f(x)z™*, z €R.
Theﬁ,
esssup{e (u(z)) : & € Q} > Ay, (4)
where A1 is the first eigenvalue of the problem
(=L¢, v)paa) = A (& V) 2y, Yo € HY () ()
the derivatives on the left side are undérstood in the sense of distributions.

Proof. Let ¢1 > 0 (¢y # 0) be the first eigenfunction corresponding to A; (see, e.g., [4, Theorems
. 1.2.5 and 1.3.2] for ensuring the nonnegativeness of the first eigenfunction). Since L is self-
adjoint, it follows that

(F(u),¢1)12¢0) = M1 (u, ¢1)L2(§)'

Therefore,
(F (w), 1) 20y
- [ Pu@)u@) ™ @) b @) ds
<esssup{e (u(z)) : = € Q} (u, ¢1)12(n
A esssup{e (u(e)) + = € O} (F (u),61) (0 -
 The positivity of (F (u), 1) 2q implies (4). O

Using Lemma 2.1, we are able to prove the following theorelﬁ, which provides a sufficient
condition for the positivity of solutions to (1a). '

Theorem 2.2. Let u € C? (Q)NC(Q) be a function satisfyihg (1a) (a boundary value condition
is not necessary) such that u < uw < T in Q for u, w € C(Q). Function u is always positive in
Q, if the following conditions are satisfied:

1. w is positive in a nonempty subdomain Q4 C Q (4 # Q);
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2. 00N = 0, oru =0 on IN_NON if IQ_NON # O, where Q_ is the interior of A\ Qy;
3. there eists a domain O° O Q_ (° £Q_), s.t., ([0, max{u(z) : z € Q>}]) > 0;

4. f([min{u(z) : z € Q-}, 0]) <0 and f (min{u(z) : z € Q_}, 0)) < 0;

5

. For a domain Q0 such that Q- C 0 c Q, e([0,—min{u(z) : z € Q_}]) < A (Q), where
e(z) == f(z) ac‘l,Aand A1(82) is the first eigenvalue of the problem (5) with the notational
replacement ) = Q. .

Proof. Assume that v is not always positive in €, that is, there exists a point z € Q_ such that
u(z) < 0. The strong maximum principle ensures that u cannot be zero at an interior minimum,
i.e., there exists a point € Q_ such that u(z) < 0 (the case that v = 0 in Q_ is generally
allowed, but this case is also ruled out due to Assumption 3; note that (u >)u > 0 in Q2\Q_).
In other words, there exists a nonempty subdomain Q' C Q_ such that u < 0in Q@ and u =0

on 9Q_. Therefore, the restricted function v := —u|g can be regarded as a solution to
—Lv(z) = f-(v(2)) (= - f(-v(z))) =€,
v(z) >0 ' reQ.,
v(z) =0 z €00

Since f—(v(-)) =0, f-(v(")) #0, and f_(v())v()7! < /\I(Q).(< o0) in 2/ due to Assumptions
4 and 5, it follows from Lemma 2.1 that '

M(Q) > sup e(—u(z)) = | sup f-tol=) > A (92),

zeQ . e v(z)

where A; (£2_) is the first eigenvalue of (5) with the notational replacement 2 = Q. Since the
inclusion _ C ) ensures that all functions in Hg (Q.) can be regarded as functions in H} )
by considering the zero extension outside O, the inequality A; (Q’_ ) >\ (fl) follows. Thus, we
have the contradiction that A;(2) > A1 (Q). O

Remark 2.3. Assumption 2 in Theorem 2.2 always holds when u satisfies the homogeneous
Dirichlet boundary condition (2).

Remark 2.4. We may employ the condition that f([0, max{u(z) : z € Q_}+¢]) > 0 fora
positive number €, instead of Assumption 3. Indeed, since T is a continuous function over Q,
there exists a domain Q2 O Q_ such that max{u(z) : z € O°} < max{u(z) : z € Q_} + ¢ for
any e > 0.
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The following corollary is convenient to prove the positivity of a solution u that is proven

to exist in a ball centered around an approximation %. Indeed, in Section 3, we present numer-
ical examples where the positivity of solutions to (1a), that are in balls centered around their
approximations, is verified.

Corollary 2.5. Letu € C? (2)NC(Q) be a function satisfying (1a) (a boundary value condition
is not necessary) such that |u(z) — @(z)] < r for all x € Q, for given 4 € C(Q) and r > 0.
Function u is always positive in Q, if the following conditions are satisfied:

1. 4 —r is positive in a nonempty subdomain Q4 C Q (4 # Q);
2. 00_No =0, oru=0o0n dN_NON if IQ_NOQ # O, where Q_ is the interior of A\Qy;

3. f([0,2r +€]) > 0 for a positive number ¢;



4. f(fm—r,0]) <0 and f([m —r, 0)) <0, where m := min{d(z) : z € N_};

5. For a domain Q) such that Q_ C Q C Q, e([0,~m +7]) < M\ (), where e(z) := f (z) a7t
and A1(S2) is the first eigenvalue of the problem (5) with the notational replacement Q = Q.

Remark 2.6. Assumption 3 in Corollary 2.5 is simplified owing to the discussion in Remark
2.4.

3 Numerical example

In this section, we present numerical examples in which the positivity of solutions to (1a) is
verified. All computations were carried out on a computer with Intel Xeon E7-4830 v2 x4
processors, 2 TB RAM, CentOS 6.6, and MATLAB 2012b. All rounding errors were strictly
estimated using the toolboxes of INTLAB version 9 [20] and KV library version 0.4.36 [5] for
verified numerical computations. Therefore, the accuracy of all results was mathematically
guaranteed. Hereafter, B (z,7; || - ||) denotes the closed ball whose center is , and whose radius
is 7 > 0 in the sense of the norm || - ||.

For the first example, we select the case in which —L = A (the usual Laplace operator),
f(u(-)) = u(-)? and F(u) = vP (p = 3,5), and 2 = (0,1)? C R, i.e., we consider the problem of
finding solutions to

~Au=uP? in§, (6a)
u>0 inQ, - (6b)
u=0 on 9. (6c)

We computed approximate solutions & € C(Q) to

—Au=uflu inQ,
{ u=0 on 09, @)

which is displayed in Fig. 1, using a Legendre polynomial basis, i.e., we constructed 4 as

N
A=Y ui;¢idj, wij€R, ®)
ig=1
where each ¢; is defined by
; 1 dP, .
on(z) = mw(l - 50)%(93), n=1,2,3, ©)]

with the Legendre polynomials P, defined by

_(_1)n d\" n(1 _ p\D _
P, = -~ 7 2"(1—-1z)*, n=0,1,2,---. (10)

We proved the existence of solutions u to (7) in an Hj-ball B(d,r1; ||V - || 12(n)) and an L*-
ball B(a,r; || - llLe()) both centered around the approximations @, using Theorem A.1 [17]
combined with the method in [24, 8] (see Section A for details). We then verified the positivity
of the verified solutions using Corollary 2.5. For the problem (7), Assumptions 2, 3, and 4 in
Corollary 2.5 are always satisfied. Therefore, it is only necessary\ to confirm Assumptions 1 and
5, where e(z) = xP~! and Q) = Q. Note that the verified solutions have the regularity to be in
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cr@)nc (m, regardless of the regularity of the corresponding approximations 4. Indeed, for
cach h € L? (Q2), the problem

—Au=~h inQ,
u=20 on 9N

has a unique solution u € H?(), such as when ( is a bounded convex domain with a piecewise
C? boundary (see, e.g., [3, Section 3.3]). Therefore, the so-called bootstrap argument ensures
that a weak solution v € Hg (Q2) to (7) on such a domain Q, is in C* (Q) (C C?(Q2)). Table.1
presents the verification result, which ensures the positivity of the verified solutions to (7)
centered around 4, owing to the condition that e([0, —mgq_ +7]) < (—=mq + 7)P71 < A\ (Q),
where we denote mq_ = min{a(z) : z € Q_} and mq = min{d(z) : = € N}.

5 6
|2
in .
115
5 2
1
2 0
1 .
1 1los
05 05
0 oo 0

p=3, Tg&cu(w) = 6.6232 p=>5, max a(z) ~ 3.1721

Figure 1: Approximate solutions to (7) on Q = (0,1)? for p = 3, 5.

Table 1: Verification results for (6) on Q = (0,1)2, where p = 3 and 5.

N T1 T2 mq  (—ma+7r)Pt < A1(2)
150 6.636469152e-13  4.363745213e-12 0 1.904227228e-23  (19.7 <) 272
5| 150 7.088374332e-13  1.724519836e-10 0 8.844489601e-40 ”

In the next example, we consider the stationary problem of the Allen-Cahn equation:

~Au=u—v® inQ, (11a)
u>0 in Q, (11b)
u=20 on 0%, (11c)

where € > 0. We again constructed approximate solutions @ to (11a) with (11c), i.e., to

{ —Au=¢e"%(u—v?) inQ,

u=20 on 09, (12)

using a Legendre polynomial basis. These solutions are displayed in Fig. 2. Using Theorem
A.1, we again verified the existence of solutions to (12) in the balls B(i,r1; ||V - ||12(q)) and
B(a,ro; |-l Leo()), Which are also C?-regular. For the problem (12), Assumption 2 in Corollary
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2.5 is always satisfied as well. Therefore, it is necessary to confirm Assumptions 1, 3, 4, and
5, where e(z) = £72(1 — 22). Note that Assumption 3 is satisfied if 2ry < 1, and Assumption
4 is satisfied if —mq_ + r2(< —mq +72) < 1. We present the verification results for ¢ = 0.1,
0.05, and 0.025 in Table 2, which ensure the positivity of the verified solutions to (12) centered
around @, owing to the condition that e([0, —mq_ + 7)) < 672 < /\1(f2), where we set () =
(0,1)%\[0.009765625, 0.990234375]% and proved Q2_ C  in all the cases. The upper and lower
bounds for the first eigenvalue /\1(9) were numerically computed with verification using the
method in [9, 8] with a piecewise linear finite element basis.

e=0.1 e=10.05
Figure 2: Approximate solutions to (12) on Q = (0,1)2.

Table 2: Verification results for (11) on = (0,1)2.

g N 1 2 ma > e? (D) €

0.1 |60 5.820766091e-15 4.685104029¢-14 -2.5439¢-3 1.0e+2  [0.9585,1.0032]e+5
0.05 | 60 9.584445593c-10 3.937471380c-08 -9.9354e-3  4.0e+2 "

0.025 | 80 1.385525794e-08 2.611277945¢-06 -3.0570e-2 1.6e+3 "

A Verification theorem for elliptic problems

In this section, we apply the method summarized in [16, 17, 18] to a verified numerical compu-
tation for solutions to (la) with (2). Hereafter, we denote V = H} () and V* = H™1(Q). We
assume that F' defined in (3) is Fréchet differentiable, and there exists ¢ € L>() such that

Flu=qu forueV, (13)

where F} is the Fréchet derivative of F' at 4 € V, i.e., we may regard F} as an L* function.
Indeed, when we select F as in the examples of Section 3, this is true. We endow V with inner
product

(v = (Vo V) ey +7 (5 ) 2
and norm ||-||y; := +/(:, ")y, where 7 is a nonnegative number chosen as
T > —Fi(z) (a.e. z € Q). (14)

Note that, since the norm ||-||;, monotonically increases with 7, the usual norm ||V-|| L2(@) 18
bounded by |-, for any 7; therefore, B(@,71; ||V - || 2()) € B(@,71; || - |lv) for any r1 > 0 and
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7> 0. The L-innér product and the L2-norm are simply denoted by (-,-) and ||-||, respectively,
if no confusion arises. By defining F : V — V* as

(F(u),v) :=(Vu, Vo) = (F (u),v) foru,veV,
we first re-write (la) with (2) as
F(u)=0in V*, (15)

and discuss the verified numerical computation for (15). In other words, we first consider the
existence of a weak solution to (1a) with (2) (a solution to (15) in V'), and then we discuss its
H?-regularity if necessary. The norm bound for the embedding V < L () is denoted by Cp,
i.e., Cp is a positive number that satisfies

lull oy < Cpllully  for all ue V. (16)
Since an explicit upper bound for Cp, is important for the verification theory, formulas that give
such an upper bound are provided in B.

A.1 Hj error estimation

We use the following verification theorem for obtaining Hi error estimations for solutions to
(15).

Theorem A.1 ([17]). Let F : V — V* be a Fréchet differentiable operator. Suppose that . € V,
and that there exist 6 > 0, K > 0, and a non-decreasing function g satisfying

IF (@)ly~ <6, (17)

lully < K || Full,. forallueV, (18)

”’Fi{t+u - -F{I”L;(v,w) <g(lully) forallueV, (19)
and

g(t) =0 as t—0. (20)

Moreover, suppose that some o > 0 exists such that

65%—G(a) and Kg(a)<1,

t
where G(t) := / g(s)ds. Then, there ezists a solution u € V to the equation F(u) = 0 satisfying
R :

= lly <o (21)
Furthermore, the solution is unique under the side condition (21).
Note that, the Fréchet derivative F of F at @ € V is given by
(Fou,v) = (Vu, Vo) — (Fju,v)  for u,v € V.
Residual bound ¢
For 4 € V that satisfies Ad € L? (), the residual bound 6 is computed as
C2[|Ad+ F(a)]| L2 q) (< )5

the L2-norm can be computed by a numerical integration method with verification. .
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Bound K for the operator norm of ]-'1'1_1

We compute a bound K for the operator norm of _7-‘3"1 by the following theorem, proving
simultaneously that this inverse operator exists and is defined on the whole of V*.

Theorem A.2 ([19]). Let & : V — V* be the canonical isometric isomorphism, i.e., ® is given
by
(i’u v):=(u,v)y foruveV

If the point spectrum of <I>‘1]~' ' (denoted by ap(<I> YFLY) does not contain zero, then the inverse
of F, exists and

Ilfa‘lllgw-,w <k (22)
where
po =min {|u| : p€ap (@ F,)U{1}}. (23)
The eigenvalue problem <I>'1.F1’2u = pu in V is equivalent to
(Vu, Vo) — (Fju,v) = p(u,v)y, forallve V.

Since ¢ = 1 is already known to be in o (tI> 1F! ) it suffices to look for eigenvalues y # 1. By
setting A = (1 — )~ 1, we further transform this elgenvalue problem into

Find u € V and A € Rs.t. (u,v)v =A((r + F))u,v) for allveV. (24)

Owing to (14), (24) is a regular eigenvalue problem, the spectrum of which consists of a sequence
{A&}32, of eigenvalues converging to +oco. In order to compute K on the basis of Theorem A.2,
we concretely enclose the eigenvalue A of (24) that minimizes the corresponding absolute value
of |y| (= 11— )\_1]), by considering the following approximate eigenvalue problem

Find u € Viy and AN € R ' (25)
st (un,vN)y = AN (r+ Fé)uN,vN) for all vy € Vi,

where Vi 'is a finite-dimensional subspace of V.
~ We estimate the error between the kth eigenvalue A; of (24) and the kth eigenvalue AY of
(25), by considering the weak formulation of the Poisson equation

(u,v), = (h,v)Lz(m-‘ forallv eV (26)

for given h € L2 (Q); it is well known that this equation has a unique solution u € V for each
h € L_2 (€2). Moreover, we introduce the orthogonal projection Py : V — Vy defined by

(Pfu—u,vn)y =0 forallue€ V and vy € Vy.
The following theorem enables us to estimate the error between Ak aﬁd )\fcv .
Theorem A.3 ([24, 8]). Suppose that there exists a positive number C}, such that
l[un = PRunlly < CF bl 2 27
for any h € L?(Q) and the corresponding solution uy, € V to (26). Then,
p a <M <A,
M A(CH) T+ Flll oy + 1

where F, is regarded as an L™ function owing to (13).



The mequahty on the right is well known as a Rayleigh-Ritz bound, which is derived from
the min-max principle:

Ar = min max M S.AkN’
HiCV \ veH;\{0} ||‘w“L2(Q)
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where we set a = /7 + Fa] and the minimum is taken over all k-dimensional subspaces Hj, of -

V. Moreover, proofs of the inequality on the left can be found in [24, 8]. Assuming the H2-
regularity of solutions to (26) (e.g., when € is convex [3, Section 3.3]), [24, Theorem 4] ensures
the left inequality. A more general statement, that does not require the H2-regularity, can be
found in [8, Theorem 2.1].

Remark A.4. When the H?-reqularity of solutions to (26) is confirmed a priori, e.g., when Q
is convex 3, Section 3.3], (27) can be replaced by

lu — PRully, < CFll—Au+ Ul 2y forallue HY(Q)NV. (28)

We can compute an explicit value of C% with T = 0, for Viy spanned by a Legendre basis {¢i}i";1
using [6, Theorem 2.3], and may employ O = Clo\n/l +7(C%)2, since

llu = PRull? < Jlu— PRul? = |V (u = PRu) | +7 [Ju — PRul®
<V (= PRu)| + m(CR |V (u = PRu)|I* = (1+7(CR)) |V (u— PR ||”
< (1+7(C%)?) (CR)? -Aul? < (1+7(C})) (CR)? II-Bu+ rul?,

where the last inequality follows from [24, Lemma 1].

Local lipschitz bound F}, -

A concrete construction of a function g satisfying (19) and (20) is important for our verification
process.  For the nonlinearity F(u) = au + buP with p > 2 and a,b € L>(Q) (this form is
applicable to the concrete nonlinearities in Section 3), one can employ

2 .
o) = Bl ey 20~ CE 1Kt ([l ooy + Cprat)

where 6 and K are the respective constants in (17) and (18) for 4 € V. This selection can be
found in [10, Theorem 3.1].

A.2 L error estimation

In this subsection, we discuss a method that gives an L™ error bound for a solution to (1a) with
(2) from a known H{} error bound, that is, we compute an explicit bound for |ju — | Loo() for
a solution u € V to (1a) with (2) satisfying

u—ally <p (20) .

with p > 0 and & € V. We assume that € is convex and polygonal to obtain such an error
estimation; this condition gives the H2-regularity of solutions to (1a) with (2) (and therefore,
ensures their. boundedness) a priori. More precisely, when 2 is a convex polygonal domain, a
weak solution u € V to (26) and h € L2 () is H2-regular (see, e.g., [3, Section 3.3]). A solution



~ u satisfying (29) can be written in the form u = @ + pw with some w € V, |wl};, < 1. Moreover,
w satisfies

—Apw =F (4 + pw) + Al in Q,
w=0 on 9%,

and therefore is also H2-regular if Ai € L%(2). We then use the following theorem to obtain
an L* error estimation.

Theorem A.5 ([16]). For all u € H? (),
lull ooy < eollullza(my + el Vull L2y + c2lluzzll L2y

with

y 1/2
cj [ / |z — mo|21dz] , (7=0,1,2),
lQl zoen

where ugzy denotes the Hesse matriz of u, || is the measure of Q, and
Y0 =1, 71 = 1.1548, ~9 = 0.22361.
For n = 3, other values of y9, 71, and 2 have to be chosen (see [16]).

Remark A.6. The norm of the Hesse matrix of u is precisely defined by

. . 2
”uzzl|L2(Q) = \' Z
ij=1

Moreover, since Q2 is polygonal, ||uzz| r2(q) = | Aullf2(q) for all u € H2(Q)NV (see, e.g., [3]).

82y |?

6zi 3.’1:j

2@)

Remark A.7. Ezplicit values of each c; are provided for some special domains Q in [16, 17].
According to these papers, one can choose, for Q = (0,1)2,

. . 2 Y3 28
co = "0, 01—\/;71, and ¢z = — 3V

Applying Theorem A.5, we obtain the following corollaries.

Corollary A.8. Let u be a solution to' (7) with p > 2, satisfying (29) for & € V such that
Ad € L% (Q). Moreover, let cg, c1, and cz be as in Theorem A.5. Then,

[Ju — a”LC"’(Q) < cgCap + clp+ (30)

L2<n)) '

Proof. Let us denote F'(u) = |ulP " u in this proof. Due to Theorem A.5, we have

2(p—1
_3 2p— p 2 L ap=l A
(2P zppcs\/l|u||L(g;plf)(m C’Gg 11))+"Au+lul” Ly

lle = @ll ooy = P llwll poo () :
<o (@ llollz + e ol + 2 18l

<p (coCz +ec1+e IIAW||L2(Q>) .

134



The last term || Aw|| L2(q) s estimated by

PllAwllpq) = IIF (4 + pw) + Adll| 12
= ||F (@+ pw) — F () + F (@) + Adll| 12
S |IF (@ + pw) = F (@)l 20y + 1A% + F (@)l 12(q) -

Since the mean value theorem ensures that

[ F @t -F@)f e
= [ (p [ P @rat) a
=L (Pw(:v) /0 ' plie) + pto(z) P dt>2 e
0 [[wie? ([ 106e) + st dt)2 ds

1
5p2p2/nw(9:)2/0 li(z) + ptw ()P~ dtdz

. 1
< ey [ [+ o,

. .
. 2(p-1
=p’p? lelis(n)/o ”"Jr”“’t”L(gv—z)(m d

L, 2(p-1)
<p*p* ||w||%3(n)/(; (||u||L6<p-1)(n)+tP ”w”LG(P—l)(Q)) dt

e 2 ot 2(p—1)
<2%r=1) lp?pzllwl!is(g){IIUIIi%’ip_lf)(Qﬁ /0 (to ol oo ) dt}

2(p—1)
B . 12(p—=1 p 2(p-1
=273 0% |w| Za <HUIIL(GIZP—2)(Q) top—1 "w"L(SIZ”‘z’(ﬂ))

2(p—1)

(»
- ~112(p—1 14 ~2(p—1
<2P=3p?p2C% (IluHL(GZZP—B)(Q) + -1 Ce((;fa))) .

it follows that

_ op3 [\ 21 PP o1 X R
PllAW] 12y < 2'1) ZPPCS\/”U”L(GIZ;;-B)(Q) + 21)—_106((5_1)) + |Ad + F (@)] p2(q) -

Consequently, the L error of u is estimated as asserted in (30). 0O

Corollary A.9. Let u be a solution to (12) satisfying (29) for @4 € V such that At € L? ().
Moreover, let ¢y, c1, and co be as in Theorem A.5. Then, .

Ju = ] oy < coCap+ep+ ez (p£™2Ca (1 + 3 [l (31)
+30C12 |9l r2(qy + PZsz) +||Ad+e7(a - ﬁa)”m(n)) :
Proof. Let us denote F(u) = ¢72(u — u3) in this proof. Due to Theorem A.5, we have

flw - ﬁ||Loo(n) =p ”w“Loo(n)
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<0 (co llll 2y + 1 lwlly + 2 18wl 2y )

p (0002 +e+e2 ||Aw||L2(Q)) :
The last term ||Aw| 12(q) is estimated by

» Pl AW 2y = IIF (@ + pw) + Adl| 2
= |IF (& + pw) — F (@) + F (@) + Adll| 12(q
<|IF (@ + pw) = F (@)l g2qy + |1 A% + F (@) 2q -

Since the mean value theorem ensures that

[ # @t o) - F (@) o |
:/( x)/ F +tpw(x))dt)2dx
- [ (@ / &2 <1—3<ﬁ<x)+tpw(m)>2}dt)2dz
e [ wior ([ {1-3(6(0) + tou m)>2}dt) da
e [[wte ([ (13 - stp@)ite) - 3% utay) dt>2 do

1 ) 2
( / (1 - 34® — 6tpwi — 3t*p°w?) dt)
0 .

1 2
/ (1 - 30% — 6tpwis — 3t*p*w?) dt
0 L8(Q)

<p’e™* ||w||is(n)

L3 ()

=p’e ||w||ia(n)
4||w||L3<Q (14 3|2 yo qy + 32 Wil oy + 22 02 o
) (0] @ @
2
<p’e™! ”w”L3(Q) 1+ 3|7 120y + 3pllal Lz o) wll Lz +P “W”LIZ(Q)
() @
<p*e'C} (1 +3 [l 12(q) + 30C12 18] 12y + £ C12)
it follows that

pllAW] L2
<pe~’Cy (1 + 3 1@l[712() + 30Ch2 18] 12y + P20122) +[|Ad+ F (@)l 2 -

Consequently, the L* error of u is estimated as asserted in (31). O

B Simple bounds for the needed embedding constants

The following theorem provides the best constant in the classical Sobolev inequality with critical
exponents.
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Theorem B.1 (T. Aubin [1] and G. Talenti [21]). Let u be any function in WH4(R") (n > 2),
where q is any real number such that 1 < q < n. Moreover, set p = ng/(n—gq). Then,

u € LP (R™) and
(/R (@) d:c)% <7 (/Rn V() gdw)%

holds for

3m

i (=R _T+5)r®)
T, = (n_q) {r(g)r(12+n__§)}’ (32)

where |Vuly = ((Ou/0z1)? + (u/0z2)% + - + (Bu/axn)z)l/z, and T’ denotes the gamma func-
tion.

The following corollary, obtained from Theorem B.1, provides a simple bound for the em-
bedding constant from Hy (Q) to LP(§2) for a bounded domain Q.

Corollary B.2. Let @ C R"(n > 2) be a bounded domain. Let p be a real number such that
p € (n/(n—1),2n/(n—2)] ifn > 3 andp € (n/(n—1), ) if n = 2.. Moreover, set ¢ = np/(n+p).
Then, (16) holds for
2-q
Gy () = 195 T,
where T}, is the constant in (32).

Proof. By zero extension outside 2, we may regard u € H} () as an element u € W7 (R™);
note that ¢ < 2. Therefore, from Theorem B.1,

1

ull oy < T ( [1vu@s dx)a- (33)

Holder’s inequality gives

2—

s ([ it ([2) "

~lo% ([ |Vu<z)|§dx)%,

that is,

P
q 2-g
([ 1vu@izdz)" <o 19ula, (34)
where || is the measure of 2. From (33) and (34), it follows that
1g .
llell Loy < 19U Tp IVl 2y -

For any 7 > 0, it is true that [[Vul|j2iq) < [|ully- ]
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Remark B.3. The case that p = 2 is ruled out in Corollary B.2, but it is well known that

ey < il
where A1 is the first eigenvalue of the following problem:
(Vu, Vo) = A(u,v) forallveV. (35)
Note that, when Q = (0,1)%, A\; = 272,

The use of the following theorem enables us to obtain an upper bound of the embedding
constant when the first eigenvalue A; of (35) is concretely estimated. We employ the smaller of
the two estimations of Cp derived from-Corollary B.2 and Theorem B.4.

Theorem B.4 ([18]). Let A, denote the first eigenvalue of the problem (35).
a) Letn=2andp € [2,00). With the largest integer v satisfying v < p/2, (16) holds for

pras2 L .
cp(ﬂ)é_(%)_ B(Z-1)- (Z-v+2)] (n+2r) 77,

p (P P 1 iy —
where2(2 1)- (5 1/+2)—12fz/—1. '
b) Letn >3 andpe€ [2,2n/(n—2)]. Withs:=n(p~' — 271 +n"1) €[0,1], (16) holds for

Cp(R) = (ﬁn(;_l 2)>1_s (Mfﬂ)%.
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