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A tensor product of certain two simple modules

for finite Chevalley groups
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1 Introduction

Let k be an algebraically closed field of prime characteristic p > 0, and let G be
a simply connected and simple algebraic k-group which is defined and split over the
finite field IF,, (for example, G = SL;41(k) for type A; and G = Spy (k) for type Cp).

The representation theory of G plays an important role to study that of the cor-
responding finite Chevalley groups G(p"). Indeed, a simple kG(p")-module can be
obtained by restricting a simple rational G-module, and a projective indecomposable
kG(p")-module also can be obtained by restricting a certain rational G-module.

In this article, we give some formulas on a direct sum decomposition of a tensor
product of the r-th Steinberg module and a ’small’ simple kG(p")-module, using the
representation theory of G.

2 Preliminaries

We shall use the following standard notation:

T : maximal split torus of G

X = X(T) := Hom(T, k*) : character group

® : root system relative to the pair (G, T)

A= {ay,- - ,q} : set of simple roots for the ordering as in [2]

®* : set of positive roots containing A

0g : highest short root in ®*

: reflection for . € ®* in E:= X @z R

= Ng(T)/T = (sa]a € A) : Weyl group

wyp : longest element of W

) m: G — G : graph automorphism (which induces 7 : X — X)

) FF: G — G : standard Frobenius map relative to F, (if G = SLj41(k), then
() > (aF) |

2) G(p") := {9 € G| F'(n(g9)) = g} : finite Chevalley group (for example, if
= SLy1(K), then G(p) = SLiy1(F,r) if 7 = id and G(p") = SUpy1 (Fpar) if 7 # id)
(13) (-,-) : W-invariant inner product on E = X ®z R

(14) av = 2a/{a,a) : coroot of a € @

(15) w; : fundamental weight with (w;, ) = 6;; (then X = Zé:l Zw;)
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(16) p = 3 Vgcqr @ = iy i
(17) Xt := Y}, Zsow; : set of dominant weights

In this article, all modules are assumed to be finite-dimensional and even rational
for an algebraic group. For a T-module V, set V) := {v € Vl|tv = A(t)v,Vt € T}. If
Vi # 0, this space is called the weight space in V' of weight A € X. Then there is a
direct sum decomposition V' = @, x Va. Let V1 be the i-th Frobenius twist for a
G-module V. Let L()) be the simple G-module with highest weight A € X*. Then
{L(\)|A € Xt} is a set of all non-isomorphic simple G-modules, where L(0) = k is
trivial and L((p"™ — 1)p) = St, is called the n-th Steinberg module. For n € Z, set
X, = {Zi=1 ciw; € XT|e; < p",Vi}, whose elements are called p"-restricted weights.
The symbol ® denotes a tensor product over k.

Theorem 1 (Steinberg). Consider A € X T and its p-adic expansion A = E:?_()l Pihi (A
Xi). Then — €
L()‘) = L()‘O) & L(/\l)m R--® 1 (/\n_l)[n—l]

as G-modules.

It is well-known that {L(A)|\ € X,} is a set of all non-isomorphic simple kG (p")-
modules, where L((p” — 1)p) = St, is the unique simple projective kG (p")-module. Let
U,(X) be the projective cover of the simple kG(p")-module L()) (A € X,).

3 Minuscule weights and (p, a,7)-minuscule weights
Definition 1. X € X is minuscule if (A, o) = 1.

Remark. A minuscule weight is one of the following:
e wy,...,w in type 4; (I > 1),
e w; in type B; (I > 2),
° w in type C; (I 2 3),
® wi,wi—1,w; in type Dy (I > 4),
® Wy,ws in type Fg,
e wr in type Fn.
Definition 2. Consider A € X, and its p-adic expansion A= Z:;& "\ (N € X3).

Suppose that a € Z( satisfies a < p. Then
(i) X is (p, a,7)-minuscule if (\;, ay) < a for each i.
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(ii) A is (p,r)-minuscule if it is (p, p, r)-minuscule.
Remark. If A is (p, a,r)-minuscule, then clearly it is (p, 7)-minuscule.

Example 1. Let G = SL;41(k). Then we have ag = aq + --- + oy and {(w;, o) =
1(1 <i<1), and the (p, a, 1)-minuscule weights (a < p) are

l i
D cwlo<a<p-1,) ¢ <a}
=1 =1

4 Formal characters

Let ZX be the Z-group algebra of X with basis {e(A) | A € X}, whose multiplication
is defined by e(A)e(u) = e(A + p) for A\, p € X.

Definition 3. For a T-module V, define the (formal) character of V' as
ch(V) 1= "(dimxVi)e(}) € ZX.
rex

Proposition 1. Let V) and V, be T-modules. Then the following holds.

(i) ch(V1 @ V2) = ch(V1) + ch(V3).

(ii) ch(Vi ® V3) = ch(V}) - ch(V2).

“(iil) If Vi and V, are G-modules, then ch(V;) = ch(V2) if and only if Vi and Vs have
the same composition factors with multiplicity.

For A € X7, set s(A) := _ cwye(p) € ZX.
Proposition 2. If A € Xt is minuscule, then ch(L()\)) = s(\).

n—1

For A € X* and its p-adic expansion A\ = >\ 5 p'A;, set
sn(A) := s(Ao)s(A)M -+ s(An—)" 7,
where s(p)! = s(p'p).

Lemma 1. For a (p, r)-minuscule weight u € X,, the character ch(L(p)) can be written
uniquely as

ch(L(w)) = ) buse() (be € Z0).

KEXy

Example 2. Let G = SL3(k), p = 3, and

X = {cw; + cows|cy, c2 € Z} = {(c1, ¢2)|e1, c2 € Z}.
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Take (6,1) = (0,1) + 3(2,0) € X,. Then

ch(L(0,1)) = e(0,1)+e(l,~1) +e(~1,0) = s(0,1),

ch(L(2,0)) = e(2,0)+e(—2,2) +e(0,—2)
‘ +e(0,1) + e(1,—1) + e(—1,0)
= 5(2,0)+s(0,1),

ch(L(6,1)) = ch(L(0,1) ® L(2,0)M)
c¢h(L(0,1)) - ch(L(2,0)H)

= 5(0,1) - (s(2,0)M + s(0, 1))
= 59(6,1) + s2(0,4).

5 Main results

The following is a result by Anwar in 2011, which gives a direct sum decomposition
of a tensor product of the r-th Steinberg module St, and a simple G-module L(\) for
a (p, r)-minuscule weight .

Theorem 2 ([1, Theorem 2]). Suppose that A € X, is (p, r)-minuscule, and let ch(L(\)) =
Y xex, busr(k) with b, € Zxo. Then

St, ® L(\) & @ b.T((p" —1)p+ k)
KEX,

as G-modules, where T(u) s the indecomposable tilting module with highest weight
pwe Xt

Now we describe the main results, which are analogous to Theorem 2 for kG(p").
These are also generalizations of Tsushima’s results in [3].

Theorem 3 ([4, Theorem 3.4]). Suppose that A € X, is (p,p—1,r)-minuscule, and let
ch(L(A)) = X .ex, besr(k) with be € Zxo. Then

St, ® L(A\) = ( @ b Ur((p" — 1)p+ won)) ® eSt,
KEXr

as kG(p")-modules, where

. 1 if A= (p" — D)w for some minuscule weight w,
“ 1 0 otherwise.



Theorem 4 ([4, Theorem 3.3]). Suppose that A € X, is (p,r)-minuscule, and let
ch(L(X)) = > ,cx, brsr(k) with by € Zso. Moreover, for a p-adic expansion A =
Z:;& p'A;, suppose that there exists an integer j € {0,1,--- ,7—1} such that (\j, o) <
p—1 and \j # (p — 1)w for any minuscule weight w. Then

St, ® L(A) 2 @B buUr((p" — 1)p + wok)

REX,
as kG(p")-modules.
Example 3. Consider G(p") = SL3(Fs2) (I = 2,p = 5,7 = 2). Then A = {o4, a2},
X = {cyw + cawsler, c2 € Z} = {(c1, e2)|c1, 2 € Z},

X* = {(er,e2)ler, ¢2 € Zxo}

and
Xz = {(cr,ea)ler, 2 € {0,1, -+, 24}}.

Since

ch(L(3,11))
= ch(L(3,1) ® L(0,2)M)
(s(3,1) + 5(1,2) + 8(2,0) + 5(0,1)) - (s(0,2)H + s(1,0)1)
52(3,11) + 82(1, 12) + 52(2,10) + s2(0,11)
+82(8,1) + 82(6,2) + 52(7,0) + s2(5,1),

ch(L(15,11))
= ch(L(0,1) ® L(3,2)1)
5(0,1) - (s(3,2)M + s(1,3) + 5(4, 0)
+2s(2, DY + 25(0,2)1M + 25(1, 0)H)
$2(15,11) + s2(5, 16) + 52(20,1) + 285(10,6) + 2s2(0, 11) + 2s4(5, 1),

Il

and

ch(L(24,0))

ch(L(4,0) ® L(4,0)1

(s(4,0) + s(2,1) + s(0,2) + s(1,0))

(5(4,0)M + s(2, 1) + 5(0,2)M + 5(1,0)1])

= 52(24,0) + 52(22,1) + 52(20, 2) + 52(21,0) + 52(14, 5) + s2(12,6)
+85(10,7) + s2(11,5) + s2(4, 10) + $2(2, 11) + 52(0, 12) + s2(1, 10)
+52(9,0) + 32(7,1) + s2(5,2) + 52(6,0),
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we obtain

Sty ® L(3,11) = Uy(13,21) & Us(12,23) & Ua(14, 22) @ Up(13, 24)
OU(23,16) @ Ux(22,18) @ Us(24, 17) @ U(23,19)

and

Sto ® L(24,0)
> Uy(24,0) @ Ux(23,2) & Ux(22,4) & Uz(24, 3) & Uz(19, 10) & U(18,12)
®U2(17,14) @ U(19, 13) & Ux(14,20) & U,(13, 22) @ U(12, 24)
®U (14, 23) & Ux(24, 15) @ U,(23,17) & Us(22,19) @ U (24, 18) & Sty

by Theorem 3, and

Sty ® L(15,11) = Uy(13,9) @ Us(8, 19) @ Us(23,4) & 2U,(18, 14)
B2U(13, 24) @ 2U5(23, 19)

by Theorem 4.
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