BRI ST R S B
#2066 20184F 59-79
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Abstract

In this paper we review some aspects of the theory of flux saturated diffusion
equations. After derivation of this type of equations and a summary of well-posedness
results, the focus will be in some recent results about qualitative properties of solu-
tions, including waiting time phenomena and creation of singularities.

Flux-saturated diffusion equations are a class of parabolic equations of the form

uy = diva(u, Vu),

which have a hyperbolic scaling for large values of the modulus of the gradient, in the

sense that

1
———— M . :: >
Po(v) tlfinoo a(z,tv) - v=:p(z) forall z2>0,

where 1 : RY — [0, +00) is a positively 1-homogeneous convex function, with 1,(0) =
0 and v > 0 otherwise and g is a locally Lipschitz function with ¢(0) = 0 and ¢(2) > 0

if z # 0.

We will mainly consider the following three different equations:
The porous medium relativistic heat equation,

Vu? + v 2| Vul?

the speed limited porous medium equation

ut=1/div( W Vu ) m € (1,+00), (PMRHE)

uVuM-1
uy = vdiv , Me (1,400 SLPME
‘ <\/1 + v2c—2|VuM“1|2) ( ) ( )
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and the nonlinear diffusion in transparent media,

ug = cdiv u’"ﬂ , meR. (NDTM)
|V

where v > 0 is a kinematic viscosity and ¢ > 0 represents a characteristic limiting speed.

In Section 1 we recall two different derivations of these equations: a physical one de-
veloped by Ph. Rosenau and a different one which comes from the mass transportation
theory, first pointed out by Y. Brennier. In Section 2 we collect some results about Equa-
tions (PMRHE) and (SLPME), including existence and uniqueness of entropy solutions,
regularity of solutions, propagation of discontinuity fronts and propagation of the support
and waiting time phenomena. Finally, in Section 3 we analyze Equation (NDTM). We
state the existence and uniqueness of solutions for the Neumann problem and we show
some qualitative properties of the solutions with some examples, such as creation of dis-
continuities in the interior of the support of solutions.

1 From classical diffusion to flux limited one

1.1 Physical derivation of (PMRHE).

The classical theory of heat conduction is based on Fourier’s law ,
q(t, z) = —vVau(t, z), (1.1)

which relates the heat flux g to the temperature u. Coupled with the conservation of

energy,
u +divq =0, (1.2)

it yields the classical linear parabolic heat equation
uy = vAu. 1.3)

As is easily seen, solutions to the Cauchy problem with datum u( with compact support
become everywhere positive for arbitrary small ¢ > 0, i.e., the propagation speed for such
diffusion based models is infinite. In fact, one can rewrite equation (1.3) as a continuity
equation:

ug + div(uV,) = 0. (1.4)
with the velocity V,, given by
Vo= —VE. (1.5)
u

According to (1.5) if |%] diverges to +oo so will V,,. From this naive computation, one
infers two important properties of the solutions:

(a) The speed of propagation of the support of solutions is infinite.
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(b) Discontinuities (“infinite gradients ) are also propagated with infinite speed, which
will give as a result that they are instantaneously smoothed.

However, in any realistic diffusion process, information, particles or individuals cannot
travel faster than a fixed speed ¢ > 0. This is clearly not the case of the heat equation,
according to property (a). Therefore, the classical heat flux is not a realistic one as first
criticized by A. Einstein in [25]. Even if it is true that the tail of the solutions become very
small, there are some biological diffusive processes in which any amount of information
produces some activation. Among these processes, one can find transport of morphogens
[4] or chemotaxis [11].

Ph. Rosenau ([33]), in order to impose a macroscopic upper bound ¢ > 0 on the
allowed free speed, modified the velocity as follows:

yYu

V, = u (1.6)
1+ v2e-2 e

Observe that |V,,| < c. Substituting it in the continuity equation one obtains

vuVu
we= (\/u2 + Vzc“2|Vu|2> 7

i.e (PMRHE) with m = 1. Rosenau also observed, that in the case of the diffusion of heat
in a neutral gas, then both the kinematic speed and the maximal speed ¢ do depend on
the solution itself and that they satisfy v ~ nut, ¢ ~ cyu?. In this case, conservation
of energy gives Equation (PMRHE) with m = g We finally mention that in [24], an
alternative derivation of the saturated diffusion equation (1.7) is given.

1.2 Mass transport derivation of SLPME.

In this Section, Equation (SLPME) is obtained by Monge-Kantorovich’s mass transport
theory. Many mass conservative equations can be recast in the formalism of gradient flows
with respect to the optimal transportation differential structure. This approach was first
used by Jordan, Kinderlehrer and Otto [31] for the linear Fokker-Planck equation and
it has been generalized to many well know equations. M. Agueh, in his PhD thesis [1],
considered the general continuity equation (1.4) in the case that

V, = —Vk*[V(F'(u)))]
Here k* denotes the Legendre transform of the cost function & : RN — [0, 00), that is,

k*(z) = sup {z - z — k(z)}.

z€RN
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The cost functions considered in [1] are strictly convex and coercive, 0 = k(0) < k(z),
for z # 0 and satisfying the growth

Blz|? < k(2) < af|2|? + 1), for z € RN, where o,8>0, ¢> L.

In particular, one recovers with this approach:

2
e the heat equation with k(z) = |—22|-, z € RY,and F(z) = vz log(z) (the Boltzmann

entropy).
e the Porous Medium equation
u =vAuM, M >1,

2
where k(z) = ]Z—2|, F(z) = u;f_dl

e the parabolic p-Laplacian equation

(the Tsallis entropy).

u = div (|Vu[P?Vu),

Y11
E ~+==1,p>1,and F(x) 2 M =142

where k(z) = Pt = sy M = 1+ &5

Equation (1.4) is interpreted as a “steepest decent” of the internal energy functional

Po(RY) 5 u s E(u) = /

F(u(z))dz
RN

with respect to the Monge-Kantorovich distance between W}, where h > 0 a given time-
step size, P, (R"Y) denotes the set of all probability density functions u : RN — [0, 00)
and W} is defined by

Wit )= { [k (55) arte) : e Twu).

where I'(ug, u; ) denotes the set of probability measures in RV x R™ having ug and u; as
marginals, i.e., for any Borel set A C RY,

(A x RV) = u(A) and (R x A) = u(A).

Given a mass density u”_, at time t,_; = (n — 1)h, one defines u! at time ¢, = nh, as
the unique minimizer of the following variational problem

(P): ue;?&lv) {RW (uf_),u) + E(u)}. (1.8)
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The corresponding Euler-Lagrange equation for (P?) is

ut — uh
=r - 21 = div {ulVE* [V (F'(ul))] } + An(h) 1.9)

for n € N, with A,(h) converging to 0 as h — 0. Then, one defines the approximate
solution u” of (1.4), as the time-discrete function

u(t,z) = ul(x) if t € ((n— 1)h,nh)
uh(0, z) = uo,
and deduces from (1.9) that u” satisfies

(uh), = div {u"VEk* [V (F'(u"))]} + A(h) in (0,00) x RY
(1.10)
uh(0, ) = uo(z) z€RN

weakly. Letting b — 0 in (1.10) one then shows that the sequence (u*), converges to a
function u, which solves (1.4) in the weak sense.

Y. Brenier in [14], observed that Equation (SLPME) with M = 1 can be formally
obtained by taking the cost function as

cz(l— l-—J%J;-) if |z <c
k(z) := (1.11)
+00 if |z| >c.

coupled with the Boltzmann entropy. He also gave this equation its now well known name:
. the relativistic heat equation. If instead of choosing the Boltzmann entropy one chooses
the Tsallis entropy then one formally obtains a rescaled version of (SLPME).

The program sketched above can be rigorously done for Equation (SLPME) assuming
that the initial datum is strictly positive inside its support. This was done in [32] and it has
been generalized to some other relativistic costs recently in [13].

2 Equations (PMRHE) and (SLPME): Well-posedness re-
sults and some qualitative properties.

2.1 Notation

For a, b, £ € R we consider the following set of truncations:

Tt={T!,: 0<a<b £<a}, where T.,(r)=max{min{br},a} £



For a given function T’ = T, € T, we denote with the superscript 0 its translation of a
height ¢: that is, we let T* := T+ ¢ = TQ, € T*. For f € Lj,.(R) we let

i) = [ 16s)ds.

We use standard notations and concepts for BV functions as in [2]; in particular, for
u € BV(RY), VuLM, resp. D*u, denote the the absolutely continuous, resp. singular,
parts of Du with respect to the Lebesgue measure £V, J, denotes its jump set and we
assume that u*(z) > u~(z) forz € J,

2.2 Notion of solution. Well posedness

In this section we recall the notion of entropy solution to the Cauchy problem for the
general Equation (0.1) first introduced in [5] and later extended in [7, 18, 20]. The flux a
is assumed to satisfy the following

Assumption 2.1. Let Q = (0,00) x R¥. The function a : @ — R” is such that:

(i) (Lagrangian) there exists f € C(Q) such that V, f = a € C(Q), f(z,) is convex,
f(2,0) =0 forall z € [0,00), and

Co(2)|v| — Do(2) < f(2,v) < Mp(2)(1 + |v]) forall (z,v) € Q

for continuous functions 0 < M,,Cy € C([0,00)) and 0 < Dy € C((0,00)), with
Co(z) > 0 for z > 0;

(ii) (flux) Dya € C(Q); a(2,0) = a(0,v) = 0 and h(z,v) := a(z,v) - v = h(z, V) for
all (z,v) € Q; for any R > 0 there exists My > 0 such that

la(z,v) —a(z,v)| < Mg|z— 2| forall z,2 € [0, R] and all v € RY; 2.1)

(433) (recession functions) the recession functions f° and h°, defined by

Oz,v) = tﬁ?oo %f(z,tv), R%(z,v) = lim %h(z,tv),

t—+o00

exist in Q; furthermore, a function ¢ € Lip,,.([0, 00)) with ¢(0) = 0 and ¢ > 0 in (0, c0)
and a 1-homogeneous convex function v : RN — R with 10(0) = 0 and 9o(v) > 0 for
v # 0 exist such that

Oz, v) = h%(z,v) = p(2)iho(v) forall (z,v) € Q (2.2)

and
la(z, w) - v| < @(2)1o(v) forall (z,v) € Q, w € RV, (2.3)
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We note that in Equation PMRHE (resp. SLPME), ¢(z) = 2™ and 4°(£) = || (resp.
o(z) = 2).

In the concept of solution there is an entropy inequality which follows from formally
testing (0.1) by ¢S(u)T'(u) with S,T € T+ and 0 < ¢. In particular, when constructing
a solution as limit of solutions to suitable approximating problems, one needs to argue by
lower semi-continuity on terms of the form

S(u)a(u, Vu) - VT (u) = S(T°(u))W(T*(u), VT°(u))

(see the discussion in [5, §2.2 and 3.2]). This leads to the following entropy inequality:
/0 " hs(u, DT () + hr(u, DS(W)), ¢) dt
< /0+<>° /]RN (Jrs(u)dy — T(u)S(u)a(u, Vu) - V¢) dxdt, 2.4)
where hg(u, DT{u)) is the Radon measure defined by

(hs(u, DT(u)), §) = / $S(T0(w))h(T*(w), VT*(u)) dz
RN
DT°(u) .
+/]RN Do (m) dID sz(TO(u))| forall ¢ € CC(RN) 2.5)
and ¢, are defined through (2.2). This motivates the following definition:

Definition 2.2. Let a such that Assumption 2.1 holds and let 0 < wy € L®(RM) N
LYRN). 0 < u € O([0,+00); LY{(RN)) N L*®((0,00) x RY) is an entropy solution to the
Cauchy problem for (0.1) with initial datum ug if u(0) = ug and:

(1) T2y(u) € L}, ((0,+00); BV(RY)) forall 0 < a < b;

loc
(1) u; = div(a(u, Vu)) in the sense of distributions;
(433) inequality (3.12) holds for any S,7 € T+ and 0 < ¢ € C°((0, +00) x RY).

The following well posedness result is contained in, or follows easily from, earlier
results in [5], resp. [20].

Theorem 2.3. Let Assumption 2.1 be satisfied. Then, for any initial datum 0 < uy €
L*(RN)N L>®(RY) thre exists a unique entropy solution u to (0.1) in (0,7") x R for any
T > 0. Moreover, if u, T are the entropy solutions to (0.1) corresponding to 0 < ug, U €
LYRN) N L*(RY), then

l[(u(t) — @) "l < Il(uo —T)*|l» forallt > 0.

Moreover, in case that uy € BV(2), then the contraction principle above yields that
u(t) € BV(Q) forall ¢t > 0.
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2.3 Regularity results. Asymptotic regimes

In general, one cannot expect solutions to (PMRHE) and (SLPME) to be regular, not even
continuous. In spite of the fact that the equations are of parabolic type (and therefore a
regularizing effect is expected), these equations possess a hyperbolic character for large
gradients. In fact, if the kinematic viscosity v — 0o, then at least formally

m Vu Vu

vu ~cum——
Vu2 + v2c2|Vul? |Vul’

while
VuM-1 Vu

vu ~ cu .

V1+ 22| VuM-1)2 [Vl
Then, one can infer that, at large gradients (or at a jump discontinuity point) solutions to
these equations behave as solutions to (NDTM). In one dimension, and supposing that

near a jump point solutions are monotone non increasing, then close to this jump point,
solutions are expected to behave as solutions to the corresponding Burger’s equation:

u ~ —c(u™),, for (PMRHE), (2.6)

ug ~ —c(u);, for (SLPME). 2.7

On the other hand, if the speed of propagation ¢ — oo then formally solutions converge
to solutions to the classical Porous Medium Equation:

vM
M-1

[ .
up ~ —div(Vu™)  wp ~ div(Vu™)

m
From this heuristic analysis, it is easily seen that these equations posses a parabolic regime
for small gradients and a hyperbolic one for large gradients. Moreover, in some particular
cases, this analysis can be rigorously performed :

Theorem 2.4. Ifuy € L*(RV)NL>®(RY), then ([20]) solutions to (PMRHE) and (SLPME)
converge as ¢ — +00 to solutions to the porous medium equation. Solutions to (1.7) con-
verge as v — +00 to solutions to (NDTM) with m = 1 ([8]).

These phenomena have been first observed numerically in [9] and [17]. In figures 1 and
2 (obtained in [17]) we observe that jump discontinuities can appear at the boundary of
the support and that they are spread through the evolution and that there is a regularizing
effect on small gradients (figure 1). We also observe that jump discontinuities can appear
also at the interior of the support (figure 2).

The first regularity result was obtained in [6] for Equation 1.7, but it can be easily
deduced for (PMRHE) in case m > 1 by the homogeneity of order m of the operator (see

(12].
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Figure 1: Left:

Figure 2: Left: initial datum. Right: solution to PMRHE, m = 4.

Proposition 2.5. Let ug € L}(RY) N L*®°(RY) be such that uy(z) > a > 0 when z € Q
and uo = 0 outside. Q. Assume that ug € W>1(Q) and Vuy € L*®(0). Let u(t) be the
entropy solution of (PMRHE) with u(0) = wuo. Then for any ¢ > 0, u(t) is a Radon
measure in RV,

Next result is the main one in [6]:

Proposition 2.6. Assume that 2 C R” is a C»! open bounded convex set. Let uy €
LYRN) N L*(RY), up(z) > a > 0 when z € Q and up = 0 outside Q. Assume that
ug is log-concave in Q. Let u(t, x) be the entropy solution of (1.7) with u(0, z) = uo(x).
Then u(t) is log-concave in ©(¢) and u is smooth in Q7 i.e. C»*/2 in the time variable
and C%* in space. ‘

In the one dimensional setting, and for Equation 1.7, more can be obtained by studying
the equation in Lagrangian coordinates. Let u be the entropy solution to 1.7 corresponding
to the initial datum o with mass equal to one. Let

a(t) := minsuppu(t) b(t) := maxsuppu(t).
Then, the inverse distribution function ¢ defined by

o(t,n)
/ u(t,z) ,dr=n for0<n<1
a(t)

is a weak diffeomorphism between [a(t), b(t)] and [0, 1]. Letting v(¢,n) := u(t, ®(¢,n)),
formally v is a large solution to a dual problem. More explicitly,

VoL, .
%= (m) Oy o9

v = +00 on (0,7) x {0,1}



In [17] (see [16] for an improvement), this equation is solved and sufficient regularity
of solutions is obtained to invert this change of variables and to show next result:

Theorem 2.7. Let 0 < ug € L°(RY) be such that either there exists a > 0 with up > «
in (a(0),5(0)) and u = 0inR™\ {[a(0), 5(0)]} or up € W,2°(a, b) and up(z) — Oasz —
a, b . Then, the entropy solution to (1.7) satisifies u(t) € BV (R), u(t) € Wh'(a—t,b+t)
for almost any ¢ € (0, 7T'), and u(t) is smooth inside its support.

The regularity in time obtained in Proposition 2.5 together with the fact that u €
BV (RY) (true if vy € BV(RY) is enough to derive a Rankine-Hugoniot condition
for the velocity of a discontinuity jump. In fact, in this case, it is easily seen that v &
BVioe((0,T) x RY) and then, one can consider v = (v, 14); i.€ the normal to a jump set
(space-time). The speed of the discontinuity set is defined as

Vg (t, .'L')
|va(t, z)|
Proposition 2.8. Let u € BV ((0,T) x R¥) be the entropy solution of (PMRHE) (resp.

(SLPME)) with 0 < u(0) = ug € L®(R") N L®(RY). Then, the speed of the disconti-
nuity set is given by

v(t,z) == HN-! —ae. on J,(t,2).

(resp.v =1).

A0
t

u

)" — (W™ (8)”
)*—u(t)”

2.4 Propagation of the support. Waiting-time phenomena

The finite speed of propagation property is proved in [27, Theorem 1.2] for a class of
equations of the form (0.1) which includes (PMRHE) and (SLPME) (see [27, Assumption

1.1]).

Theorem 2.9. If 0 < uy € L®(R") has compact support, then the entropy solution u to
the Cauchy problem for (0.1) with initial datum wu, is such that

supp(u(t)) C supp(uo) + B(0,Vt) forallt >0 2.9
where
V= esssup ¢'(z) (2.10)
2€(0,[|uolleo)

From the result above and from the the formal asymptotics as v — oo discussed in
Section 2.3, one can infer that the qualitative behavior of solutions of Equations (PMRHE)
and (SLPME) is quite different. This has been highlighted also by numerical simulations
as in [15, 9, 17]. For instance, (2.6) suggests that (PMRHE) may yield to the formation
of jump discontinuities if m > 1, whereas (SLPME) may not. Moreover, Proposition 2.8
suggests that the speed of propagation of the support (in case the datum is continuous)
is formally given by mu™~! = 0 for (PMRHE) and by 1 for (SLPME). For this reason,
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in the former case the formation of a discontinuity is expected to be not only sufficient
([19]), but also necessary for the support to expand.

The aforementioned difference manifests itself also in the waiting time phenomenon,
a positive time before which the solutions’ support does not expand around a point zo €
RY. This phenomenon is known to occur for various classes of degenerate parabolic equa-
tions, such as the classical porous medium equation (see [34]). Concerning (PMRHE) and
(SLPME), after numerical and formal arguments in [9, 17], rigorous sufficient conditions
for a positive waiting time have been recently given in [27].

Theorem 2.10. A positive constant C, depending only on N and m (resp. M), exists such
that if

esssup |z — zol”#——luo(:c) =L <400 if u solves (PMRHE), or (2.11)
z€RN

esssup |z — xol_ﬂ%uo(x) =L < 400 if u solves (SLPME), (2.12)
z€RN

then the entropy solution to the Cauchy problem for (PMRHE), resp. (SLPME), is such
that

CL'™™ if u solves (PMRHE)

CL'™™ if u solves (SLPME) (2.13)

u(t,rg) =0 forall t<T,:= {
This result provides a lower bound T, on the waiting time. We have recently obtained
the corresponding upper bound result in [28].

Theorem 2.11. Let 0 < ug € L®(RN) N L}(RY). Let u be the solution to the Cauchy
problem for (PMRHE) (resp. (SLPME)) with initial datum ug and let

t, = sup {t >0: zo € RV \ supp(u(r)) forall7 € [0, t]} :

If g € SV exists such that

lim essinf uo(z)|z — zo| "1 > L € (0,+00] if usolves PMRHE), (2.14)

p—0t zE€B(z0+pv0,0)

or

lim  essinf wo(z)|z — xol_ﬁ > L € (0,+00] ifusolves (SLPME), (2.15)

p—0* z€B(o+pv0,p)
then a positive constant C, depending on m (resp. M) and N, exists such that

CL*™ if u solves (PMRHE)

b <Tui= { CL'M  if u solves (SLPME). (2.16)

In particular, ¢, = 0if L = 4o00.
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The results in Theorem 2.11 are sharp. Indeed, comparing Theorem 2.11 with (2.11)-
(2.12) one sees that the growth exponents in (2.14)-(2.15) are optimal. Note that the
growth exponent 2/(M — 1) coincides with that of the limiting porous medium equa-
tion, whereas 1/(m — 1) does not. In addition, comparing Theorem 2.11 with (2.13), we
see that the upper bound T, on the waiting time given in (2.16) is also optimal, in terms
of scaling with respect to L.

This result is proved by comparison with suitable subsolutions. The first result that
we obtained is that there is a comparison principle between entropy subsolutions (defined
below) and solutions.

Definition 2.12. Let 7 > 0 and let a such that Assumption 2.1 holds. A nonnegative
function w € C([0,7); L}(RV))N L*®([0, 7] x R¥) is an entropy subsolution to equation
(0.1)in (0, 7) x RV if:

(i) Ty(u) € L},.((0,7); BV(RY)) forall 0 < a < b;

(i1) inequality (3.12) holds for any S,T € 7 and any nonnegative ¢ € C((0,7) X
RM).

Theorem 2.13. Let 7 > 0 and let a such that Assumption 2.1 holds. Let u be an entropy
solution to the Cauchy problem for (0.1) with initial datum uo € L®(RY) N L}(R") and
u be an entropy subsolution to equation (0.1) in (0, 7). If »(0) < wug, then u(t) < u(t) for
allt € (0, 7).

We now explain the construction of subsolutions for (PMRHE). As we have previously
observed, in this case, it is natural to look for subsolutions with a jump discontinuity at
the boundary of their support. Imposing a vertical contact angle on the boundary, we look
at subsolutions of the form:

u(t,z) = ﬁ (1 + /7(t)? - |z]2) XQo (L, ). (2.17)

Coupled with Rankine-Hugoniot condition as given by Proposition 2.8 and with a homo-
geneity condition in the interior of the support, yields that 2.17 with the choice of

Aty = [(m-1)A+yt)]7T, 2.18)
r(t) = 7o+ ﬁ log(1 + ~vt), (2.19)
Q = {(t,z): t€(0,T), z € B(0,7(t))} (2.20)

is a candidate to be a subsolution. In fact, the following result confirms it.

Proposition 2.14. Let N > 1, m > 1, T > 0 and r; > 0. Then there exist a value v, > 1
such that the function u defined by (2.17)-(2.20) is a subsolution to (PMRHE) for any
v > yoandany ro € [%,7].
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The case for Equation (SLPME) is easier in the sense that subsolutions are continuous
but computations are much more involved.

Theorem 2.15. If b > 0,4 > 1 K > 0, and w > 0 are such that
2N(M -1 1
MY o < , @2.21)
2
VIt+EEe—1+L)

holds, then for any s > 0 and any ¢ € R¥ the function

1

u(t, z) = brow (f o )_—ﬁ (1 . |_§—_$K> . 2.22)

s s+uwt (s+wt)? ),

is a subsolution to (SLPME) in (0, -%) x RY.

In Figures 3 and 4 we plot the initial datum with the critical growth and the subsolu-
tions-at some time ¢ > 0.

04 04

0.2 02

0.2 0.4 06 0.8 1.0 0.2 04 0.6 0.8 1.0

Figure 3: PMRHE, m = 2. Left: initial datum (blue) and subsolution at time ¢ = 0
(orange). Right: initial datum (blue) and subsolution at time ¢ = 2 (orange).

025 025

0.20 - 0.20 -

Figure 4: SLPME , m = 2. Left: initial datum (blue) and subsolution at time ¢ = 0
(orange). Right: initial datum (blue) and subsolution at time ¢ = 1 (orange).
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3 Nonlinear diffusion in transparent media.

The mechanism and the dynamics of shock formation for solutions to (PMRHE) is not
yet fully understood. Since, as explained in Section 2.3, (NDTM) and (PMRHE) formally
coincide where |Vu| > 1, in particular at a discontinuity front, NDTM) may be seen as
a prototype equation for investigating such phenomena. More generally, in flux-saturated
diffusion equations such as (PMRHE), one expects to see strong interplays between hy-
perbolic and parabolic mechanisms: the scaling invariance of (NDTM) with respect to x
should make these interplays more transparent and easier to study qualitatively.

In [29], we study this equation in a bounded domain 2 with Lipschitz continuous
boundary 99, coupled with homogeneous Neumann boundary conditions or with nonho-
mogenous Dirichlet ones and with m € R. For simplicity of the exposition, we will focus
on the degenerate case (m > 1) and homogeneous Neumann boundary conditions. We
observe that, in the particular case that m = 0, Equation (NDTM) is the well know Total
Variation Flow. As we will see later, the case m # 0 is totally different from the usual
Total Variation as seen from the qualitative properties of their solutions. The first step to
obtain well posedness of the problem

. m VU ) .
up = div (u lv—ul-) in (0,T) x

um|§z| v=0 on 0 -1
u(0,z) = ug in (0,7)
is to study the associated elliptic problem, for 0 < f € L>®(Q):
u— f=div (umﬂ) in (0,7) x Q
[Vl (.2)
um|VZ| v=0 on 0N

In order to introduce the concept of solution for this problem, we need several previous
notations and results:

3.0.1 Divergence-measure vector-fields
Let
Xm(Q) = {z € L°(4RY) : divae M(Q)}.

In [10, Theorem 1.2} (see also [3, 23]), the weak trace on 02 of the normal component
of z € Xu(Q) is defined as a linear operator [-,v] : Xp(2) — L®(0N) such that
|| [2, 1] | zo(a0) < ||2]|oo for all z € X ,(€2) and [z, v] coincides with the point-wise trace
of the normal component if z is smooth:

[z,v](z) = z(z) - v(z) forallz € 89 ifz € C*(Q,R™).
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It follows from [23, Proposition 3.1] that div z is absolutely continuous with respect to
HN-1, Therefore, givenz € X((f2) and u € BV (2) N L°(Q), the functional (z, Du) €
D'(Q2) given by

((z, Du), ) == —/u*npd(divz)—/qucpd:r (3.3)
Q Q

is well defined, and the following holds (see [19]).

Lemma 3.1. Letz € X () and u € BV(Q) N L*>(2). Then the functional (z, Du) €
D'(2) defined by (3.3) is a Radon measure which is absolutely continuous with respect
to | Du|. Furthermore

/Q u* d(divz) + (z, Du)(Q) = /6 Q[z,z/]u dH™ !, (3.4

div(uz) = u*divz + (z, Du) as measures. 3.5)
The notion of solution is then the following one ([29]).

Definition 3.2. A function u :  — [0, +00) is a solution of problem (3.2) with data
0< feL®®)ifu e TBVH(Q)N L*®(N) and there exist w € L>(Q2; RY) such that
IW|loo < 1and z :=u™w satisfies

u— f=divz inD'() (3.6)
2 Y\Ym+1
‘D(T(“)) —| < (2z,DT(u)) as measures for any T € T, 3.7
m+1
and
[2,0] =0 SR

By approximating the problem with

{ u— f=div ((5 + |ul)mlvv—u"'5 + EVu) in Q

(3.9)
((s + |u))™ o + sVu) v=0 on 0Q,

|Vule

suitable a-priori estimates and lower semicontinuity results permit us to obtain the fol-
lowing result.

Theorem 3.3. There exists a unique solution u of (3.2) with data f in the sense of Defi-
nition 3.2. Furthermore #V=1(J,) = 0 and it holds

(w, DTb(u)) = |DT (u)| fora.e. 0 <a<b< oo, (3.10a)
and
(Ta(u)™*!

forae.0 <a < b< +oo. (3.10b)
m+1

(2. DT2(w) = |
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We note that the property that the jump set is empty (in a measure theoretically sense)
in the elliptic case is a property which also holds for the corresponding elliptic resolvent
equations for (PMRHE) and (SLPME).

Next step is to associate an accretive operator in L!() to the problem 3.1.

Definition 3.4. (u,v) € Bifand only if 0 <u € TBVH(Q) NL>®(Q),0 < v e LX(N)
and w is an entropy solution of problem (3.2).

Proposition 3.5. B is an accretive operator in L!(Q) with D(B) dense in L!(Q)*, satis-
fying the comparison principle and the range condition

L®(Q)* ¢ R(I + B).

We denote by B the closure in L(§2) of the operator B. Then, it follows that B is
accretive in L!((2), it satisfies the comparison principle, and verifies the range condition
71
D(B)L @ _ LY(Q)* C R(I + AB) for all A > 0. Therefore, according to Crandall-
Liggett’s Theorem (c.f, e.g., [22]), for any 0 < up € L!() there exists a unique mild

solution u € C([0, T]; L'(£2)) of the abstract Cauchy problem
u'(t) + Bu(t) 30, u(0) = u. (3.11)

Moreover, u(t) = S(t)ug for all t > 0, where (S(t))s>o is the semigroup in L*(Q)*
generated by Crandall-Liggett’s exponential formula, i.e.,

S(t)up = lim (1 + %B) Up.

n—00

We point out that, contrary to the case of Total Variation, the operator is not completely
accretive and then it is not a contraction in the L* norm. If this were the case, then the
fact that the jump set is a null set, would be transferred to the parabolic case. We will see
in Example 3.8 below that this is not the case.

The definition of solution for the parabolic problem is the following one.

Definition 3.6. Let 0 < uy € L*(2). 0 < u € C([0, +00); L}(£2)) N L*®((0,00) x )
is an entropy solution to the Cauchy problem for (3.1) with initial datum ug if u(0) = uo
and there exists w € L®((0,7) x  with |w||e < 1 such that z(t) := u™w(t) € X,(Q2)
forall ¢t € [0, T], and

(i) T2y(u) € Lj,o((0,+00); BV(Q)) forall 0 < a < b;
(17) u; = div(z) in the sense of distributions;

(431) [z(t),v] = 0 HN"1— a.e.on Q forall t € [0, 7] and
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(7v) the entropy inequality
/ " hs(u, DT(w)) + hr(u, DS(w)), 6) dt
0
+o0
< / / (Jrs(w)d, — T(u)S(u)z - V) dzdt, (3.12)
0 Q

holds for any S,T € 7+ and any nonnegative ¢ € C>((0,+00) x Q). Here
hs(u, DT(w)) is the Radon measure defined by

(hs(u, DT(u)), ¢) := /Q¢S(T°(U))U'"|VT°(U)I dz

+/¢d|D3JS¢(T°(u))| forall ¢ € C.(Q?) (3.13)
Q

The existence part of next result is proved by showing that the semigroup solution is
in fact an entropy solution. The contraction principle follows from a Kruzhkov’s doubling
variables technique (in space-time) (see [30]).

Theorem 3.7. For any initial datum 0 < uy € L'(Q) there exists a unique entropy
solution w to (3.1) in (0, T") x §2 for any 7" > 0. Moreover, if u, @ are the entropy solutions
to (3.1) corresponding to 0 < ug, Uy € L*(Q2) N L®°(RY), then

| (u(t) —@(t)) |l < |[(uo — o) T|ls forallt > 0.

We finish with two illustrating examples. In the first one we see that even the source
f has jump discontinuities, solutions to (3.2) do not, while this property is lost in the
parabolic case (see Figure 5).

Example 3.8. Let Q := [-2,2],m = landyp = f = 3X[-1,y- Then, the solution to
(3.2) is exactly

_1 1
u(z) = " Tx(-2,-yupa) + € Xy oy X =33
For a proof, it suffices to take

W(SC) = (2 - |1‘|)X[_2‘_1]U[1'2] - SianX[—l,—%]U[%,l] — 2$X[_%y%]

The solution to (3.1) is instead

u(t,z) = T3 o X3t i+
In this case one can take
. -2z
w(t, ) = T o Xl-3-th+0-

75



76

—_—
251
20
15

J?

0.5

2 o
Figure 5: Regularity. Magenta: initial datum, blue: solution to (3.2).
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Figure 6: Regularity. Magenta: initial datum, blue: solution to (3.1)

Contrary to the case of the Total Variation Flow (i.e. m = 0), new discontinuities can
appear during the evolution (see [21] for regularity results for the Total Variation Flow).

Example 3.9. Creation of discontinuities. Let m = 2, 2 = [-10, 10] and

uo = X[-3,-2ui2,3) + (3 = [Z])X[~2,-nup,2) + 2X(-1,1)-
The solution (up to time ¢* in which it becomes a characteristic function in a time depen-
dent interval) is given by

3—|| 3-VI6t+1 )
u(t,z) = Xaw) + — o T 5; XB(®) ch(t) ift <3
xp) + 9(t)xEq) ifl<t<t

with A(t) := [-3 —t,—=2 — 2] U [2+ 2t,3 + t], B(t) := [-2 — 2t,—V16t + 1] U
[V16t + 1,2 + 2t] and C(¢) := [-V/16¢ + 1,/16t + 1],

641+ W (2 (G2 - 1)) —64(1+W(‘”‘(‘;4i—1))
-1 )
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D(t) :=[-3-t¢,,34+ ¢\ E(t),

o(t) == —
()

with W being the Lambert W function and ¢* being the first time in which D(t*) = §.

We observe that a discontinuity is created at time ¢t = % and that then the evolution
follows by Rankine- Hugoniot condition and conservation of mass property. Here we
prefer not to give an explicit form of the vector field w.

0.5

Figure 7: Creation of a discontinuity in 3.1, m = 2. Magenta: initial data, blue: solution
attimet = %, green: solution at time t = %

References

[1] M. Agueh, Existence of solutions to degenerate parabolic equations via the Monge-
Kantorovich Theory, PhD Thesis, georgia Tech, Atlanta, 2001.

[2] L. Ambrosio, N. Fusco and D. Pallara, Functions of Bounded Variation and Free
Discontinuity Problems, Oxford Mathematical Monographs, 2000.

[3] F. Andreu, V. Caselles, and J.M. Mazon, Parabolic Quasilinear Equations Min-
imizing Linear Growth Functionals. Progress in Mathematics, vol. 223, 2004.
Birkhauser.

[4] F. Andreu, J. Calvo, J. M. Mazén, J. Soler, On a nonlinear flux-limited equation
arising in the transport of morphogens, J. Diff. Equations, 252(10) (2012), 5763—
5813.

[5] Andreu F., Caselles V., Mazén J. M. (2005). The Cauchy problem for a strongly
degenerate quasilinear equation. J. Euro. Math. Soc. 7, no. 3, 361-393.



[6] F. Andreu, V. Caselles, and J.M. Mazon, Some regularity results on the “relativis-
tic” heat equation, J. Diff. Equations 245 (2008), 3639-3663.

[7] F. Andreu ,V. Caselles , J.M. Mazén and Moll S. Finite propagation speed for
limited flux diffusion equations, Arch. Rat. Mech. Anal. 182 (2006), 269-297.

. [8] F. Andreu,V. Caselles , J.M. Mazo6n and Moll S. 4 diffusion equation in transparent
media, J. Evolution Eq. 7(1) (2007), 113-143.

[9] F. Andreu, V.Caselles, J. M. Mazon, J. Soler and M. Verbeni, Radially symmet-
ric solutions of a tempered diffusion equation. A porous media, flux-limited case,
SIAM J. Math. Anal. 44 (2012) 1019-1049.

[10] G. Anzellotti, Pairings Between Measures and Bounded Functions and Compen-
sated Compactness, Ann. di Matematica Pura ed Appl. IV (135) (1983), 293-318.

[11] N. Bellomo, A. Bellouquid, J. Nieto and J. Soler, Multiscale biological tissue mod-
els and flux-limited chemotaxis for multicellular growing systems, M3AS 20:07
(2010) 1179-1207

[12] Ph. Bénilan and M.G. Crandall, Completely Accretive Operators, in Semigroups
Theory and Evolution Equations, Ph. Clement et al. editors, Marcel Dekker, 1991,
pp. 41-76.

[13] J. Bertrand, A. Pratelli and M. Puel, Existence of Kantorovitch potentials for rela-
tivistic costs, preprint

[14] Y. Brenier, Extended Monge-Kantorovich Theory, in Optimal Transportation
and Applications: Lectures given at the C.LM.E. Summer School help in Martina
Franca, L.A. Caffarelli and S. Salsa (eds.), Lecture Notes in Math. 1813, Springer-
Verlag, 2003, pp. 91-122.

[15] J. Calvo, J.M. Mazén, J. Soler and M. Verbeni, Qualitative properties of the solu-
tions of a nonlinear flux-limited equation arising in the transport of morphogens,
Math. Models Methods Appl. Sci. 21, suppl. 1 (2011), 893-937.

{16] J. Calvo, J. Campos, V. Caselles, O. Sanchez and J. Soler, Qualitative behavior for
Sux-saturated mechanisms: Traveling waves, waiting time and smoothing effects,
preprint.

{17] J. A. Carrillo, V. Caselles and S. Moll S, On the relativistic heat equation in one
space dimension, Proc. London Math. Soc. 107 (2013), 1395-1423.

[18] V. Caselles An existence and uniqueness result for flux limited diffusion equations,
Discrete Contin. Dyn. Syst. 31(4) (2011), 1151-1195.

'[19] V. Caselles On the entropy conditions for some flux limited diffusion equations, .
Differential Equations 250(8), (2011), 3311-3348.

78



[20] V. Caselles, Flux limited generalized porous media diffusion equations, Publica-
cions Matematiques 57 (2013), 155-217.

[21] V. Caselles, A. Chambolle and M. Novaga, Regularity for solutions of the total
variation denoising problem,Rev. Mat. Iberoamericana 2(1) (2011), 233-252.

[22] M.G. Crandall and T.M. Liggett, Generation of Semigroups of Nonlinear Trans-
formations on General Banach Spaces, Amer. J. Math. 93 (1971), 265-298.

[23] G.-Q. Chen and H. Frid, Divergence-measure fields and hyperbolic conservation
laws, Arch. Ration. Mech. Anal., 147 (2),(1999), 89-118.

[24] A. Chertock, A. Kurganov and P. Rosenau, Formation of discontinuities in flux-
saturated degenerate parabolic equations, Nonlinearity 16 (2003), 1875-1898.

[25] A. Einstein, Zur Theorie der Brownschen Bewegung, Annalen der Physik. 19
(1906), 371-381.

[26] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Functions,
Studies in Advanced Math., CRC Press, 1992.

[27] L. Giacomelli, Finite speed of propagation and waiting time phenomena for degen-
erate parabolic equations with linear-growth Lagrangian, SIAM J. Math. Anal.
47 (2015), 2426-2441.

[28] L. Giacomelli, S. Moll and F. Petitta, Optimal waiting time bounds for some models
of flux-saturated diffusion equations, Comm. Partial Diff. Equations, accepted.

[29] L. Giacomelli, S. Moll and F. Petitta, Nonlinear diffusion in transparent media: the
resolvent equation, submitted.

[30] L. Giacomelli, S. Moll and F. Petitta, Nonlinear diffusion in transparent media, in
preparation.

[31] R. Jordan, D. Kinderlehrer and F. Otto The variational formulation of the Fokker-
Planck equation, SIAM J. Math. Anal. 29 (1998), 1-17.

[32] R. J. McCann and M. Puel, Constructing a relativistic heat flow by transport time
steps. Ann. Inst. H. Poincar Anal. Non Linaire 26(6) (2009), 2539-2580.

[33] P. Rosenau, Tempered Diffusian: A Transport Process with Propagating Front and
Inertial Delay, Phys. Review A 46 (1992), 7371-7374.

[34] J. L. Vazquez The porous medium equation. Mathematical theory. Oxford Mathe-
matical Monographs. The Clarendon Press, Oxford University Press, Oxford, 2007.

79



