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Abstract

Classical Littlewood’s law for the two-period static revenue management of a single
perishable resource is extended to 3 and more period cases. The expected revenue in the
entire period is expressed explicitly in terms of multiple integrals involving the distribution
functions of the demand in each period. Then a set of equations is derived for calculating the
optimal protection levels in each period successively. Our formula complements a variety
of dynamic programming approaches published previously based on Bellman’s optimality
principle. Numerical results reveal that the once popular EMSR heuristic is vulnerable to
significant error in optimal protection levels for multi-period settings.

1 [FCH»IC

SRR T VEDY —CARE TR, Y— Y AFEROHEIH (RS BEBNEEREDKID
Z 5, MEBOERERARTIVOZREL VS FmE, 5N HRANE EEIEED 0127 5.
> T, XHWER (willingness to pay) HDEEBZEREL T AV MH S DOKEMICEE T 2 FE
KL, EDXSICTFRZRIMNTF TOF IR ZRAETH T LATEENLEVIH
HEROBBEM (capacity control of perishable resource) DHENHFTEINTER. TDX
3 IR EE LRI LRZ 12— KT A b (revenue management) &PEHENS [2, 8, 10].

Z DEFIE TIVOHFSIE, 1972 4FIC Littlewood [7) BMRE LTz, AiHICR S BRZ T
TEHELIY—REBHIICEHETLFHRT I VX ARN OSBRI NS 2T IICDONT,
FNENRAICED KD, LYY —RICEZ 2 FHERORBELBME, dhbbmBTvFry
1) 2w b (optimal booking limit) 2 ¥ ¥ X AR DFEDMHERSHEED 57D % Littlewood D
BRI (Littlewood’s law) &I N B BH A NN TH S, HL, BEHICEFIEHICTENEK - TEBED
HHTEIRARICTRITEHTED LWV RA MK T Y F 24 (nested booking) ZIKET 5.

Littlewood @ 2 HARIE 7 I)Vi&, ZD%, ZHHMDBEITDUWT, Belobaba [3] ANIEEZHE
%L, Curry [5], Wollmer [11], Robinson [9] 5%’ Bellman Dz FHERICE D  BiEMRLZ R
# LU, Brumelle and McGill [4] ¥ Markov (REBIEZ/R LT, %FEOERAFPTREOMER
HTEDNTVWE FHEHY 7 Y 27 TOREOHEL Lofe. TNHDETIVIE, BHIOFR
BICHIET 2HRE T T ANEEL TNBDT, FBMETIV (static model) EMHENS. Curry XA
BOAFE, HRNICEETEHE0000 5 <, IWFRELIN S 1 B DRREHICHE 2 A K
WRZRDZDT, BEFELITVHVERLTHS. AETIE, 2HHETF VORKLREE
3HIRILL EDETIVICHER LI RZBIEG TR & L B I1ORT. SHICBUIR#ET v F 7Y
Iy FERALIGEOREOHELSHEROLERT THTRNICEZ 282 8E, Tho bR
D—HEDRFAERE —HT B L BIRT.



2 3SHEARETIVLADILR

AEITIE, Littlewood D 2 AT TV % 3HAMICH 2% 3RE T 5 RITHERE LTz BT IV ORNT %
Y. 3HAETIVICDWT, Phillips [8, p. 160, X 7.7] 1%, 2#i& 1 B0 IE 2 HIEET LD
BEERAILTHA T EERUIZLET, SHMEICOZRERDHFEEREL TWAD, Z0OFHA
LEMEARZETH D, BRIITTN TR,

KREBEEE C £ 95, SHOBSIE, REAMNESHIIC, 3,2, 1 ER, t HOFEL K ITH
REW D, DN L BEEBE ZNEN Fy(x) == P{D; < 2} BXU fi(z) := dFy(x)/dz, t =
1,2,3¢9%. tHOTYFTUIV R (b =b=C) d5. tHICFHNT S LEDORS
;E'Tt [ Pl b, rL>T9>T3 %’ﬂiij‘%

3HMIC DB IERIE, R AR T vF 2 Tlckh, RDX3ICEZBEN5.

R(bg, b3) =73 min{b3, D3} + 72 min{bz — b3 + max{O, by — D3} ,D2}
N

seats not sold in period 3
+r mm{C — by + ma.x{O,bg — bz + max{O,bg - D3} — D2},D1}.

seats not sold in period 2

TOLE, IRSOMFE, 3 74bbRRFNE (expected revenue) lZ XD K 5127 5.

b3
E[R(b2,b3)] =3 [bs —/0 Fs(z)dzx

bs—bg
+r2 [bz —bs— / Fy(z)dx
0

bz C—by
+ [ Ry@)L - Fabs - x)]dm} +or|C—by— / Fi(x)de
0 0

by —bs bs by—
+ /0 Fy(z)[1 — FA(C —x — bs)|dz + /0 Fg,(y)dy/0 ! fe(@)[1 - F(C—z— y)]da::I .

228 by & by DBIEL E[R(bo, b3)] WHREZE S 5 by = b3, b3 = b3 B3RS BTHIT, KD 1
BRI R ZE R T 5.

%&271’3)1 = {ra—ri[l = F1(C - by)]} {[1 — Fs(bs)][1 — Fa(bz — bs)] + /Obs F3(@)[1 — Fa(bs — z)]dz} ,
%f)’;f”a)l =[1 - Fa(bs)] {7"3 — 12l = Fa(bz — bs)] — 1 /Obrba fo(@)1 - A(C—z— bg)]da:} .

WoT, WMEDLESRMSF

OB[R(ba,b9)] _ . OE[R(ba,bs)]
Obs ’ 0Obs

Y UT, 2HIDRET v F2 7Y 2w b b % Littlewood DRI ry = r1[1 — F(C — b3)] B B3R
b, ThE3HIORET vF2 57U Iy R b Icxd 3R

=0

by —b3
T3 =7o[l — Fo(by — b3)] + 71 /0 fo(z)[1 = F(C — x — b3)]dx

KRALZARRNERNT, b 2RI L.
R by = b}, by = b} I BT BB E[R(b2, b3)] DREA « FU/NMEICDWTIE, 2 BERIMS HRED

O2E[R(ba, b3))]

02E[R(bs, bs)]
02 <0, T omel

2
b <o, 8%E[R(bs,b3)]
bo=b3,ba=b3 b3

=0
by=b},b3=b} 9by0bs by =bj,ba=b}
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LEBDT, B E[R(by,b3)] IER by = b5, by = b IV THAERES T LW GH 5.
BT vFU 73y kb &b ORDDIC

vy =C-b ; y:=C-b3(>y)
TEZRINZRETOT Y23 LA (optimal protection level) yi & yi ZHV 3 &,

y3—yi
r3 = 7 {[1 = Fi(yD)I = Fa(ys — 1)l +/0 fa(@)[1 = Fi(ys — I)]dﬂf}
= 1 (P{D1>yi,D2>y5 —yi} + P{D1+ D2 > y35,D2 < y3 — y7})
MELNS. TOBEHIRDLIICELEATES [1).

r3 =711 P{Dy > yi,D1 + D2 > y5}.

3 4HRETIVLADILIR

RIS, AHIRICDTZ2 ARET S RADETVOMBKHERERY. SHOBSX, HEDEISTH
2, 4,3,2, 1HAL T, BVLICHN R t FlOFELZ R THERELE D, OO L EEEzZ
NTFN Fy(z) := P{D; < 2} BT fi(z) := dFy(z)/dz, t =1,2,3,4 £ T 5. tOTvyF
U3y b 95 HERNICEREZRSTFEEVDT, b =b =C FRERE £95%. t
WKFNTBEEORESE R HEL, ri>ry>13> 1y ZIRET 5.

4 HEIC DB BRI RD X S iIc5Z2 515,

R(bz, b3, b4) ES min{b4, D4} + 73 min{b3 — by + max{O, by — D4} s D3}
N ———

seats not sold in period 4
“+7rg min{b2 — b3 + max{O, by — by + max{O, by — D4} — Dg}, D2}

seats not sold in period 3
+7r1 min{C — by + max{0, by — b3 + max{0,bs — by + max{0,by — D4} — D3} — D2}, D1 }.

seats not sold in period 2

COHFHEIZRDL SIS,

ba b3 —ba by
E[R(bz, [)37 b4)] =T4 /0 [1 — F4(IL')]d(L’ + 173 /0' [1 — F3(I)]d€l + /[; F4($)[1 — F3(b3 - (l?)]dfl}

ba—bs ba—by
+ 7o /0 1 - Fy(x)]dz + /0 F3(x)[1 — Fa(by — . — by)]dz

ba b3 —y
+ /0 F4(y)dy/0 fa(@)[1 — Fa(by —z — y)]dﬂﬂ]
C—bo ba—b3
+7 {/0 1 —Fl(x)]dzv+/0 Fy(2)[1 — F1(C — z — b3)]dz
b3 —by b2—ba—y
w7 R [ @0 - AC o -y blde

by bz —z bo—y—z
+ F4(z)dz/0 fg(y)dy/) fo(@)l-F(C—-z—-y— z)]dm} .

0
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BAEL E[R(by, bs, by)] WHBEZEN D by, by, ba DAE b3, b5, b5 &, E[R(bs, bs, ba)] D 1 BERM %
Bz 0BT THELNZROABRREZIERICENTROENS.

b; —b3
re=ri L= Fi(C—B)], 15 =ra[L— Fa(b] —b)] + rl/ Fa(@)[1 = Fi(C — 2 — b3)dz,
0
by —b%
ra =13 [1— Fs(b — b)] + 72 / F3(@)[L — Fo(Bf — z — b}))dz
0

b3-b; b3y}
+r /0 o)y /0 F@)1 = Fy(C — —y - b)ldx.

X5, ThBOBHIZTNTEAMATSHS T LEHMDHT EANTES.
FED ry~rg 1, BETYFYTY I b bs~bE DROVIC, BETOF Y3 VLA

yi=C—bl,, 1<t<3
EHNT, DL ICREINSD.
ra =711 [1 = Fi(y7)] = P{D1 > yi},
r=ra P> —yiben [ Rl - GG - ol
=r1(P{D1>y;, D2 >y; —yi} + P{D2 < y; —y{, D1+ D2 > y3}),

Y3 —Y3
ra=rs P{Ds > 45 — 43} + 72 / F5(@)[1 = Fa(y — v} — 2))de
0

Y3 —vs Y3—yyi
o /0 F3(y)dy /0 fa(@)1- Fi(g—2—y))ds
=n (P{Dl > y{,Dl + Dy > y;,Dg, > y§ —y;}
+ P{D1 > yi, D2 + D3 > y3 —y1, D3 < y3 — y3}
+ P{D1+D2+D3 > y3,D2+D3 < y3—y7, D3 < y3—y5}) -
TNEDERIXROREAZETH S [1).

ro = T‘1P{D1 > yr}, r3 = ’!'1P{D1 > yf,Dl + Dy > yS},
T4 =T'1P{D1 >yf,D1 + Do >y;,D1 + Do+ Ds3 >y§}.

CoORzRBE, BIZE, y3id BHILIREOREIMA 27b0RET 0T 3LV &
RADDONEYTHHI LIS,

4 Brumelle-McGill DEH

Brumelle and McGill [4] i&, THBOXRA FT v F 2 FETIUCTDONT, BWVCHZHFED
HERZBH {D1, Dy, ..., D1} IEHL, {yf,v5,..., 5} WEHORETOT7 723 VL)V
THBIDDREFIFMEER, RDOT - 1 HOFREMNRO IO L THBH T LZFAHIL.

Ti+1 =r1P{D1>yI,D1+D2>y§,...,D1+D2+-~-+Dt>y{‘} 1<t<T -1

CORERIZ, T=2DFKICIE, ro=rP{D; >y} £% D, Littlewood DIERIIC—T 3. £
fe, T=3¢T=4DFRE, ThETNAROBRIC—ETS. LML, y; (t>2) OFFEER,
Brumelle-McGill DEE TIZHBETIRAWVWD T, AREOHRWAERIZEHRETH 3.
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5 THARETIV

Lot —RD T HEE T IVICBETS 5. i, RS ARMCT, T-1,...,2, 1%
BT 5. t HOFBEEEXITHEREE D, OH MR L BEEREZNEFN F(z) .= P{D; <z}
BEU fi(z) == dFy(z)/dz, 1<t < T E$5%. tHICFHRIZLEZOREE r, HEL, tHIO
TwFyFUIvbZEbhEL U<t<T), UTZRET 5.

br<bp 1 <SS =C 5 rr<rr1<---<rp<rI

T AR D7 RS E[R(b, b, . .., br-1,b7)] (b1 = C IEER) HHEZELS &L EDT Y
FUTVUIY by, .., bro1, br OREIEDS, ... b5 |, bh I ZROFERE, t =20D8DTt=T
ECIHICHE CLICKDRDBENTES.

re =711 [1— Fyo1(bf_y — b}))
by_1—b;
+ Tt—z/ fe—1(@e—1)[1 — Fi—a(bj_y — w1 — b])]dzs 1
0
b:—l_bt
+ Tt—e./ fr—1(@s—1)dzs—1
0
by _p—zi—1-b;
/ ft—2(@t—2)[1 — Fy_3(bj_3 — Ts—2 — T¢—1 — b} )]dxs_2
0
by_1—b; by _p—Te—1-b;
+ T:—4/ fim1(@e—1)dziy / fr—o(zi—2)dzs_o
0 0
by _3—Tt_2—Te—1-b}
/ Ji—s(@t—3)[1 — Fy_a(bj_y — T4—3 — Tr—2 — T4—1 — b})]dzi_3
0
+ e
by_,—b by _p—zr-1-b;
+ 7‘1/ fz—l(xt—l)dwt—1/ fi—o(zi_2)day o
0 0
by _3—Ti2—Ti—1—b}
/ ft—s(zt—s)d$t—3 ce
0
by —T3—T4——Tt1—b]
/ f2(il72)[1—F1(C—.’L‘2-—.’1,‘3—-~'—1L’t_1 —b:)]d{L’g
0
PlziE, t=5&L 6 DFFELUTOLSICES.
by b3
rs = 14 [1— Fa(b] — b)) + m/ Fa(@o)[L — Fa(b; — 74 — b2)]des
0
bl b3 b3 —za—b3
wra [ fian)don [ Jolwa)[L = Fa(B — w3 — 4 — b2))das
Jo Jo

b} b2 b3 —za—b3
+7”1/ f4(x4)dx4/ f3(as)dzs
0 0

b —z3—x4—by
/ fo(z2)[1 — F1(C — z2 — 23 — 4 — b})|d2,
0
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b5 —bg
re =5 [L— Fo(B — b)) + 4 / Folas)[L — Fa(b} — w5 — b3)ldas
0
bl — b bl — x5 b
+rg / fo(as)dzs / Fa(@a)[1 = Fy(b} — 24 — w5 — b)) daa
0 0
b —b3 b —z5—b7
+ Tz/ f5(1‘5)dfl75/ fa(za)dzy
0 0

by —x4—x5—bg
/ f3(ﬂ?3)[1 — FQ(b; — X3 — T4 — T5 — bg)]dmg
0

b2 —bz bl —ws—b] bl —za—ws—b]
+1"1/ fs(l‘s)dms/ f4(934)d$4/ fa(x3)dzs
0 0

0

by —x3—x4—x5—bg
/ fQ(.’L‘g)[l - F] (C — &Ly — X3 — T4 —IT5 — bg)]dlz
0

6 el

ZHME 7T /VICDOWTIE, Belobaba [3] H1EZ& L7z EMSR (expected marginal seat revenue) &
MHENBERE T 0T 7 > a Y LAN)WERS BIEMGEEE (EMSR-a &£ EMSR-b 4% 5 (2, 8, 10))
D, BERFEIRICHNTEHENERCHETHZ C hLERENEVE S, 2LOMZER
HETHEDNI[S, p. 163]. BEHEDXEK[9, 11] BN I N TV 5 Z DEREDOEAFIZSEIC L
T, 5BXT 6 HEETIMCDONT, RREOBERIC X SRR L BT % Efilff| 2 Table 11<R
9. INHDHRERS L, EMSRIE 1 IHZFIIER (Littlewood DIERD 1IZ—BT M,
ZNLEORBEII B RN LA gD, BL FRRICERERVD) , HRIEEORKER T
773 Y LNVOREEICS E D BIRTRA.

ARIHD BRI X 2 BUEFHEIC X S ERMS OB L ETH 5. Robinson [9] 1, ZhFM
HEZERSOFRICEEA Wz Monte Carlo IEZRREL TWBN, RFFK TR/ VIV ED
Mathematica T{T>7z.

7 HBbLYIC

AT, SHCBNT (TyFJYIy FORDI) FRTEEDSTEEREBICV AT
LZED, ZO—HMEFHICEVRETE KWOD S EEDO T Z RS 5317 v 7 (buy-up) 1&
BWERGELT. &z, REBERZBA TFHNZRINIZA—N—TvF 2 TE6EVEREL
Te. TNLOERZWO ANIcETIVEARDTETHEICHNTT ST L LARETH 5.

T OWIZRIZ TR 29 FFER 2RISR (MBI E SRS EBME (C) (—K) HEERS
17K00435 27 TWVE T,
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Table 1: ZHRIDEHIETIVICITT 5 EMSR I & B ROBER T E 5
(t BHOBBIZH py, 7EL 0 DIERDICHES LARET B)

(a) Belobaba [3, p.132], & Robinson [9, Table I11] /35 X Z{EX

KeREREE C = 107

HINIPRES e BE7arr7yarylN )

re m o | EMSR-a EMSR-b  R{#f#

105 20.3 8.6 | 13.3506 13.3506  13.3506

83 334 15.1| 454259 481994  48.7414

57 19.3 9.2 | 725511 742725  76.6402

39 29.7 13.1| 90.1224 102.5888  100.1929

35

U W N =

(b) Wollmer [11, Fig. 2] & Talluri and van Ryzin [10, p. 48] D735 X X % E
RERE C = 119

H | #se T BRE7O77arN)b (y)
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