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Consistency proof of a fragment of PV with substitution in
bounded arithmetic

Yoriyuki Yamagata
National Institute of Advanced Industrial Science and Technology (AIST)

1 Summary

This paper presents proof that Buss’s S7 can prove the consistency of a fragment of Cook
and Urquhart’s PV [4, 3] from which induction has been removed but substitution has
been retained. This result improves Beckmann’s result [1], which proves the consistency
of such a system without substitution in bounded arithmetic 53.

Our proof relies on the notion of “computation” of the terms of PV [5]. In our work,
we first prove that, in the system under consideration, if an equation is proved and either
its left- or right-hand side is computed, then there is a corresponding computation for
its right- or left-hand side, respectively. By carefully computing the bound of the size of
the computation, the proof of this theorem inside a bounded arithmetic is obtained, from
which the consistency of the system is readily proven.

This result apparently implies the separation of bounded arithmetic because Buss and
Ignjatovié¢ stated that it is not possible to prove the consistency of a fragment of PV
without induction but with substitution in Buss’s S} [2]. However, their proof actually
shows that it is not possible to prove the consistency of the system, which is obtained by
the addition of propositional logic and other axioms to a system such as ours. On the
other hand, the system that we have considered is strictly equational, which is a property
on which our proof relies.

References

[1] A.Beckmann. Proving consistency of equational theories in bounded arithmetic. Jour-
nal of Symbolic Logic, 67(1):279-296, mar 2002.

[2] S. R. Buss and A. Ignjatovié¢. Unprovability of consistency statements in fragments of
bounded arithmetic. Annals of pure and applied Logic, 74:221-244, 1995.



[3] S. Cook and A. Urquhart. Functional interpretations of feasibly constructive arith-
metic. Annals of Pure and Applied Logic, 63(2):103-200, sep 1993.

[4] Stephen A Cook. Feasibly constructive proofs and the propositional calculus (pre-
liminary version). In Proceedings of seventh annual ACM symposium on Theory of
computing, pages 83-97. ACM, 1975.

[5] G. Kahn. Natural semantics. In Annual Symposium on Theoretical Aspects of Com-
puter Science, pages 22-39. Springer, 1987.

National Institute of Advanced Industrial Science and Technology (AIST)
1-8-31 Midorigaoka

Ikeda

Osaka 563-8577

Japan

E-mail address: yoriyuki.yamagata®@aist.go.jp

E IR R RN RS WA W2

112



