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On Rieffel’s theorem
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Department of Mathematical Sciences
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Abstract

Let 6 € R\ Q. We defined a notion of quantum 2-torus Tp in [1} and
studied its model theoretic properties. In the subsequent paper [2],
we introduced the notion of geometric equivalence and also of Morita
equivalence between such quantum 2-tori.

We showed that this notion is closely connected with the funda-
mental notion of Morita equivalence of non-commutative geometry.
Namely, we proved that the quantum 2-tori Ty, and Ty, are Morita
Zglli_z for some < Z 2 ) € GLy(Z).
This is our version of Rieffel’s Theorem [4] which characterizes Morita

equivalent if and only if 6, =

equivalence of quantum tori in the same terms.
In this note we reconsider the relation between the original version
of Rieffel’s theorem and our model theoretic version.

1  Quantum 2-torus 7,

In this section we give a quick review of the construction of a quantum
2-torus Ty described in [1].

Let 8§ € R\ Q and put ¢ = exp(27mif). Let C* = C\ {0}. Consider
a C*-algebra A, generated by operators U,U 1.V, V! satisfying

VU=qUV, UU'=UU=VvV1i=Vv1iv=1I

Let Ty = ¢Z = {¢" : n € Z} be a cyclic multiplicative subgroup of C*.
From now on in this note we work in an uncountable C-module M
such that dim M > |C].

*joint work with Boris Zilber, Oxford University
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1.1 Quantum line bundles

For each pair (u,v) € C* x C*, we will construct two Ag-modules
My vy and My, o so that both M, ., and M, ,, are sub-modules of
M.

The module M), ., is generated by linearly independent elements
labeled {u(yu,v) € M : v € I'y} satisfying

u u<fyu7 ’U) = ’yuu(”yu, U), (1)

Vo oulyu,v) = vu(q yu, v).
Next let ¢ : C*/I'g — C* such that ¢(z['y) € 2T’y for each zl'y €
C*/Ty. Put @ = ran(¢). We call ¢ a choice function and ® the system

of representatives.
Set for (u,v) € ®2

Pou(uv) = {yu(uv): 7€ Ty,
U0) = U,er, o - ulyu,v) = {m -ulyw,v) : 11,72 € Tg}.
(2)
And set
U¢ = U(u,v)€<I>2 U(“:”)
- {Wl ) U("}/QU7U) . <’U,, U> € 4)2’»7/1',}/2 S PG}: (3)
FUy, = {z-u(yuv) : (u,0) € 82,5 €F* 4 € Ty},

We call I' - u(u, v) a I'-set over the pair (u,v), Uy a I'-bundle over
C* x C*/T', and C*Uy a line-bundle over C*. Notice that Uy can
also be seen as a bundle inside U<u’v> M,y - Notice also that the line
bundle C*Uy is closed under the action of the operators U and V'
satisfying the relations (1).

We define the module M,, generated by linearly independent
elements labeled {v(yv,u) € M : vy € I'} satisfying

U : v(yv,u) = uv(gy,u), (@)
Voo v(yo,u) = yvvive, u),

and also

U=l u(yu,v) =yl ta(yu, v),

V=l u(yu,v) = v ta(gyu, v).

()

Similarly a I'-set I'- v (v, u) over the pair (v, u), a I'-bundle V4 over
C*/T' x C* , and C*V4 a line-bundle over C* are defined.

To define the line bundles C*Uy and C*Vy, we do not need any
particular properties of the element g = exp(27if) or the choice func-
tion ¢. Therefore we have:



Proposition 1 (Proposition 2 [1]) Let F, F' be fields and q € T,
q € " such that there 1s an field isomorphism i from F to F' sending
q to q'. Then i can be extended to an isomorphism from the T'-bundle
U, to the I'-bundle Uy and also from the line-bundle F*Uy, to the
line-bundle (F*)'Uy . The same is true for the line-bundles F*V and
(F')*Vy.

In particular the isomorphism type of I'-bundles and line-bundles
does not depend on the. choice function.

Proof: Let ¢ be an isomorphism from F to F’ sending ¢ to ¢’. Set
i(x-u(yu,v)) = i(z)-u(i(yu),i(v)). Then this defines an isomorphism
from F*Uy, to (F')*Uy. [

1.2 Pairing function

Recall next the notion of pairing function (- |-) which plays the role of
an inner product of two ['-bundles Uy and V:

1) : <V¢ X Uy) U (Upx Vy) =T (6)
having the following properties:
- (u(u,v)|v(v,u)) =1,
2. for each r,s € Z, (U"Vu(u,v)|U"Viv(v,u)) = 1,

—

w

. for Y1,72, 73,74 € Fa

(ru(y2u, v)|[v3v(vav, u)) = (y3v (710, u)|n1u(y2u, v)),

>

(mu(yau, v)lav(nav,u)) = 1 ys(a(rau, v)v (v, v)), and
cdor v €T -vord €1 -u, (¢°v(v,u)|¢g"u(v/,v)) is not defined.

ot

Proposition 2 (Proposition 3 [1]) The pairing function (6) de-
fined above satisfies the following: for any m,k,r,s € N we have

(¢*v (g™ v, u)|qg u(qFu,v)) = ¢"~*~F™ (7)

and

_ _km+s—r

(g u(q"u, v)|g*v(g™v,u)) = q = {(¢*v(q™v,u)|q"u(q"u, v)) L.

(8)
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1.3 Quantum 2-torus

We call the three sorted structure (Ug, Vg, (-|-)) a quantum 2-torus
and denoted by Tpy.

From Proposition 1 we know that the structure of the line-bundles
does not depend on the choice function. The next proposition tells us
that the structure of the quantum 2-torus qu(C) depends only on C,
g and not on the choice function.

Proposition 3 (cf. Proposition 4.4, [6]) Given q € F* not a root
of unity, any two structures of the form T>(F) are isomorphic over F.
In other words, the isomorphism type of TzZ(IF) does not depend on the
system of representatives ®.

Remark 4 In our construction of quantum line bundles and quantum
2-tori, the C*-algebra Ag does not play a magor role, but a minor one.

2 Geometrically equivalent quantum 2-
tori

Let 6 € R\ Q. Note that this 6 has no relation with the one used in
the previous section.
From now on we work in the structure C? = (C, +, -, 1, z%) (raising

to real power ¢ in the complex numbers).
We define

2% = exp(0 - (Inz + 27iZ)) = {exp(8 - (Inz + 27ik)) : k € Z}.

0

as a multi-valued function and by y = 2" we mean the relation 3z (z =

exp(z) Ay = exp(z20)).

Notation 5 Cy(z,y) denotes the binary relation y = z% as defined
above.

Let 61,05 € R\ Q. Set ¢; = exp(2mif;) and g2 = exp(27ify). Put
Lo, = (q1) and Ty, = (g2).

Definition 6 Let a,b € C*.

(1) We say that Cy sends the coset a-I'y, of Iy, to the coset b-T'g,
of FGz of

VCBI ea-I‘gl Vy’ EC*<y'€b-P92 <:>Cg(l‘/,y,)).



(2) We say that Cy sends the cosets of T'g, to the cosets of Ty, if Cy
gwes rise to a one-to-one correspondence from the cosets of Iy,
to the cosets of I'y,.

Let ®; be the system of representatives for a choice function ¢y :
C*/Ty, — C*. Let Ty, be quantum 2-tori constructed as explained in
the previous section.

Suppose (u,v) € ($1)*. We identify the modules M, , constitutes
the quantum 2-torus Ty, with its canonical basis denoted by Ej, .
Put

By = {¢™u(q"u,v) : l,n € Z}.

We see the I'y;-bundle Uy, as a bundle inside (J,, ,ye(@,)2 Mu,0)- Thus
knowing the set of bases of Uy, that is the set U(um)e(q)l)z By vy, We
can determine the quantum 2-torus Ty, .

Let @9 be the system of representatives for a choice function ¢, :
C* /Ty, — C*. Let Ty, be quantum 2-tori constructed as explained in
the previous section.

We define a similar set Ej, .y which is a canonical basis for M|,/
where (v/,v') € (®2)? and the set Utw v)e(@2)2 Bl vy determines the
quantum 2-torus Tp,.

We now introduce the notion called geometric equivalence between
quantum 2-tori.

Definition 7 (Geometric equivalence) We say that the quantum
2-torus Ty, 1s geometrically equivalent to Ty,, written Ty, >4 Ty,, if
(1) Cy sends the cosets of T'y, to the cosets of I'y,, and

(2) there is a one-to-one correspondence Lg from U<u,v) By to
U vy By such that for each (u,v) € (®1)? and (v/,v') €
(@5)? satisfying Co(u,u’) and Cy(v,v') we have

Lo(qi"u(giu, v)) = g5 u(ggu’,v")).

We call Lg a geometric transformation from U, .y Ejuwy t0 Uy vy B vy

and we simply write as
Ly : E|u,v) — E{u’,v’)-

For a geometric transformation Ly, we have the following diagrams,
for each (u,v) € (®1)? and (v/,v') € (®2)%
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u((q1)"u,v) —2—  u((gs)", ')

|o : v|

(1) wu((g1)"u, v) —2 (g2)"u'u((gs)™, o)
and

u((q) ", v) — 2 u((g)", )

lv . V[
va((q1) " (g1)"u, v) — 2 v'u((g2) " (g2)™, o)

Conversely, the existence of such diagrams is sufficient for Ly to
be a geometric transformation.

3 Rieffel’s theorem
Recall

Definition 8 Two algebras A and B are said to be Morita equivalent
if the categories A-mod and B-mod of modules are equivalent.

For quantum tori this notion was studied by M.Rieffel and in the
particular case of 2-tori we have the following

Theorem 9 (Rieffel) Let Ag, and Ay, be (the coordinate algebras
of ) quantum 2-tori. Then Ay, and Ay, are Morita equivalent if and

only if there exist integers a,b,c,d such that ad — bc = £1 and 0y =
a91 +b

091+d'

For quantum tori Ty, and Tp, constructed as in the previous sec-
tion, we say that Ty, and T}, are Morita equivalent if their coordinate
algebras Ay, and Ay, are Morita equivalent. We shall prove a theorem
stating that: Ty, and T}, are Morita equivalent if and only if Ty, and
Tk, are geometrically equivalent.

Of course, in light of Rieffel’s theorem it is enough to prove that
the geometric equivalence of Ty, and Tp, amounts to the condition

_ab; +b a b
0y = @ d for some < . d ) € GLo(2Z).




3.1 Relations giving rise to geometric trans-
formations

mit M2

Proposition 10 For each <
ma1  MM22

) € GLy(Z), the binary re-

lation o4
mii mi2
Colx 0=—"
@( ay)a m219+m22
corresponding to
my10+mio

Yy = xma 0+mog

18 positive quantifier-free definable in the structure Cy.

Proof: Observe the following immediate equivalences:
o y=1" = Cy(z™,y)
o y =zt = Co(z™, yz ")
o« y=g0= Cy(y, )
o y=azmm =3 =y = Cy(y™, zy™)
It follows

my160+mio
y = xm210+m2 ym215+m22 — pmub+miz
(ym21x"m11)0 = g2y M2

Ce(ymm x M , iz y*mzz)

i

Lemma 11 Suppose that Cy sends the cosets of I'q, to the cosets of
['y,. Then there is a geometric transformation from Ty, to Ty,, hence
we have Ty, ~¢ Ty, .

Proof: Once we know the correspondence between the cosets of I'y,
and the cosets of I'y,, it is easy to define a geometric transformation
Ly from Ty, to Tp,, and we have Ty, =~ Ty, [ |
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3.1.1 Main theorem
We now show the main theorem.

Theorem 12 Let 61,62 € R\ Q. Then Ty, =~ Ty, if and only if

% b
By = a0y + for some ( Z Z ) € GLa(Z).

N ch +d

Proof: By Lemma 11 Ty, ~¢ Ty, if and only if Cy sends cosets of 'y,
to I'p,. In particular, Cp induces a group isomorphism I'g, = (g1) to
Ly, = (go) :

exp(2mi(Z61 + 7)) —— exp(2mi((Z6 + 2)8)) = exp(2mi(Z02 + Z)).

The isomorphism is completely determined by the images of ¢; =
exp(27if;) and 1 both in T [theta; - Lhus it suffices to know the images
of #; and 1 by this isomorphism i.e., multiplication by #. Hence we
have

. wherea, b, c,d € Z and |ad —bc| = 1.

0, —2 % 6,0 = aby+b
1 — 0 = cbs+d

It follows that

6
g2l o a 9)
1
Solving for 0, we get
dé, — b
fo = ——o . 1
2 —cl1 +a (10)

Since |ad — bc| = 1 we have

(_dc “ab):j:@ Z)leGLg(Z).

And this completes the proof. |

3.2 Relation between modularity and Morita
equivalence

Let Ay, and Ay, be (the coordinate algebras of) quantum 2-tori Tp,
and TQQ.

Combining Rieffel’s Theorem and Theorem 12, we see that the
following three properties are equivalent:
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(1) C*-algebras Ay, and Ay, are Morita equivalent,
2) quantum-tori Ty, and Ty, are geometrically equivalent,
1 2 g y

(3) there exist integers a, b, ¢, d such that ad — bc = +1 and

P _a91+b
2_691+d.

Keeping this relation in mind, we introduce an equivalence relation
Ey(61,02) over R\ Q defined as follows; we work in the structure
C% = (C,+,-,1,2%) (raising to real power 6 in the complex numbers),
and take 61,0, € R\ Q. Put

Eg(@l,ﬁg) <~ Tgl ~p ng.

Our next objective is to investigate the structure (R \ Q)/FEy.
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