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1 Introduction

In this note, based on our recent papers [13, 14, 11, 12], we give some remarks
on the strong instability of standing wave solutions for nonlinear Scrhrödinger
equations.

First, we consider nonlinear Schrödinger equation of the simplest form:

i\partial_{t}u=-\triangle u-|u|^{p-1}u, (t, x)\in \mathbb{R}\cross \mathbb{R}
^{N} , (1.1)

where  1<p<2^{*}-1 . Here and hereafter,  2^{*}=2N/(N-2) if  N\geq 3 , and
  2^{*}=\infty if  N=1 , 2.

In this section, we give a simple proof for a classical result on the strong
instability of standing waves for (1.1) by Berestycki and Cazenave [1].

It is well known that the Cauchy problem for (1.1) is locally well‐posed
in the energy space  H^{1}(\mathbb{R}^{N}) (see, e.g., [2, Chapter 4]).

Proposition 1.1. Let  1<p<2^{*}-1 . For any  u_{0}\in H^{1}(\mathbb{R}^{N}) there exist
 T_{\max}=T_{\max}(u_{0})\in(0, \infty] and a unique maximal solution

 u\in C  ([0, T_{m}へ  ), H^{1}(\mathbb{R}^{N}))\cap C^{1}([0, T_{\max}), H^{-1}(\mathbb{R}^{N}))

of (1.1) with initial condition  u(0)=u_{0} . The  \mathcal{S} olution u(t) is maximal in the
sense that if   T_{\max}<\infty , then   \lim  \Vert u(t)\Vert_{H^{1}}=\infty.

 tarrow T_{\max}

Moreover, the solution  u(t) satisfies the conservation laws

 \Vert u(t)\Vert_{L^{2}}^{2}=\Vert u_{0}\Vert_{L^{2}}^{2}, E(u(t))=E(u_{0}) (1.2)

for all  t\in[0, T_{\max} ), where the energy  Ei\mathcal{S} defined by

 E(v)= \frac{1}{2}\Vert\nabla v\Vert_{L^{2-}}^{2}\frac{1}{p+1}\Vert v\Vert_{L^{p
+1}}^{p+1}.
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Next, we consider the stationary problem

 -\triangle\phi+\omega\phi-|\phi|^{p-1}\phi=0, x\in \mathbb{R}^{N} , (1.3)

where  \omega>0 is a paramter. Note that if  \phi(x) solves (1.3), then  e^{i\omega t}\phi(x) is a
solution of (1.1). Moreover, (1.3) is written as  S_{\omega}'(\phi)=0 , where

 S_{\omega}(v)=E(v)+ \frac{\omega}{2}\Vert v\Vert_{L^{2}}^{2}
 = \frac{1}{2}\Vert\nabla v\Vert_{L^{2}}^{2}+\frac{\omega}{2}\Vert v\Vert_{L^{2-
}}^{2}\frac{1}{p+1}\Vert v\Vert_{L^{p+{\imath}}}^{p+1}

is  th_{P} action. The set of all ground states for (1.3) is defined by

 \mathcal{G}_{\omega}= {  \phi\in \mathcal{A}_{\omega} :  S_{\omega}(\phi)\leq S_{\omega}(v) for all  v\in A_{\alpha} }, (1.4)

where

 \mathcal{A}_{\omega}=\{\tau)\in H^{1}(\mathbb{R}^{N}):S_{\omega}'(v)=0, v\neq 0
\}

is the set of all nontrivial solutions for (1.3).
The existence of ground states for (1.3) is well known.

Proposition 1.2. Let  1<p<2^{*}-1 and  \omega>0 . Then, the set  \mathcal{G}_{\omega} is not
empty, and it is characterized by

 \mathcal{G}_{\omega}=\{v\in H^{{\imath}}(\mathbb{R}^{N}) : S_{\omega}(v)=
d(\omega), K_{\omega}(v)=0, v\neq 0\} , (1.5)

where

 K_{\omega}(v)=\partial_{\lambda}S_{\omega}(\lambda v)|_{\lambda=1}=\Vert\nabla 
v\Vert_{L^{2}}^{2}+\omega\Vert v\Vert_{L^{2}}^{2}-\Vert v\Vert_{L^{p+{\imath}}}^
{p+1}

is the Nehari functional, and

 d( \omega)=\inf\{S_{\omega}(v) : v\in H^{1}(\mathbb{R}^{N}), K_{\omega}(v)=0, v
\neq 0\} . (1.6)

It is also known that there exists a unique positive radial soliution  \phi_{\omega} of
(1.3) (see [6] for the uniqueness), and the set  \mathcal{G}_{\omega} is given by

 \mathcal{G}_{\omega}=\{e^{i\theta}\tau_{y}\phi_{\omega}:\theta\in \mathbb{R}, y
\in \mathbb{R}^{N}\},

where  \tau_{y}v(x)=v(x-y) .

The following is the classical result by Berestycki and Cazenave [1] (see
also [2, Theorem 8.2.2]).
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Theorem 1.3 (Berestycki and Cazenave [1]). Let  1+4/N<p<2^{*}-1.
Then, for any  \omega>0 , the standing wave solution  e^{i\omega t}\phi_{\omega} of (1.1) is strongly
unstable in the following sense. For any  \varepsilon>0 there exists  u_{0}\in H^{1}(\mathbb{R}^{N}) such
that  \Vert u_{0}-\phi_{\omega}\Vert_{H^{1}}<\varepsilon and the solution  u(t) of (1.1) with  u(0)=u_{0} blows up
in finite time.

Note that when  1<p<1+4/N , for all  \omega>0 , the standing wave solution
 e^{i\omega t}\phi_{\omega} of (1.1) is orbitally stable in the following sense (see [3]). For any  \varepsilon>0

there exists  \delta>0 such that if  u_{0}\in H^{{\imath}}(\mathbb{R}^{N}) satisfies  \Vert u_{0}-\phi_{\omega}\Vert_{H^{1}}<\delta , then

the solution  u(t) of (1.1) with  u(0)=u_{0} exists globally and satisfies

  \sup_{t\geq 0}\inf_{\theta\in \mathbb{R},y\in \mathbb{R}^{N}}\Vert u(t)-
e^{i\theta}\tau_{y}\phi_{\omega}\Vert_{H^{{\imath}}}<\varepsilon.
The proof of finite time blowup for nonlinear Schrödinger equation (1.1)

relies on the virial identity (1.7) below. We define

 \Sigma=\{v\in H^{1}(\mathbb{R}^{N}):|x|v\in L^{2}(\mathbb{R}^{N})\}.

Proposition 1.4. Let  1<p<2^{*}-1 . If   u_{0}\in\Sigma , then the solution  u(t) of
(1.1) with  u(0)=u_{0} satls.fies  u\in C([0, T_{\max}), \Sigma) . Moreover, the function

 t \mapsto\Vert xu(t)\Vert_{L^{2}}^{2}=\int_{\mathbb{R}^{N}}|xu(t, x)|^{2}dx
is in  C^{2}[0, T_{\max}) , and satisfies

  \frac{d^{2}}{dt^{2}}\Vert xu(t)\Vert_{L^{2}}^{2}=8P(u(t)) , t\in[0, T_{\max}) , (1.7)

where

 P(v)= \Vert Vv\Vert_{L^{2-}}^{2}\frac{\alpha}{p+1}\Vert v\Vert_{L^{p+{\imath}}}
^{p+1}, \alpha=\frac{N(p-1)}{2}.
For the proof of Proposition 1.4, see, e.g., [2, Proposition 6.5.1].
Note that by the scaling  v^{\lambda}(x)=\lambda^{N/2}v(\lambda\prime x) for  \lambda>0 , we have

 \Vert\nabla v^{\lambda}\Vert_{L^{2}}^{2}=\lambda^{2}\Vert\nabla v\Vert_{L^{2}}^
{2},  \Vert v^{\lambda}\Vert_{L^{2}}^{2}=\Vert v\Vert_{L^{2}}^{2},  \Vert v^{\lambda}\Vert_{L^{p+1}}^{p+1}=\lambda^{\alpha}\Vert v\Vert_{Lp+1}^{p+
1},
and

 E(v^{\lambda})= \frac{\lambda^{2}}{2}\Vert\nabla v\Vert_{L^{2}}^{2}-
\frac{\lambda^{\alpha}}{p+1}\Vert v\Vert_{Lp+1}^{p+1},
 P(v^{\lambda})= \lambda^{2}\Vert\nabla v\Vert_{L^{2}}^{2}-\frac{\alpha\lambda^{
\alpha}}{p+1}\Vert v\Vert_{L^{p+{\imath}}}^{p+1}=\lambda\partial_{\lambda}
E(v^{\lambda})=\lambda\partial_{\lambda}S_{\omega}(v^{\lambda}) .
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Remark also that  \alpha>2 if  p>1+4/N,
The proof of Theorem 1.3 by Berestycki and Cazenave [1] is based on the

fact that  d(\omega)=S_{\omega}(\phi_{\omega}) can be characterized as

 d( \omega)=\inf\{S_{\omega}(v) : v\in H^{{\imath}}(\mathbb{R}^{N}), P(v)=0, 
v\neq 0\} (1.8)

for the case  1+4/N<p<2^{*}-1 . Using this fact, it is proved in [1] that if
  u_{0}\in \mathcal{B}_{\omega}\cap\Sigma , then the solution  u(t) of (1.1) with  u(0)=u_{0} blows up in finite
time (see Theorem 1.7 below), where

 \mathcal{B}_{\omega}=\{v\in H^{1}(\mathbb{R}^{N}) : S_{\omega}(v)<d(\omega), 
P(v)<0\} . (1.9)

On the other hand, Zhang [15] and Le Coz [7] give alternative proofs of
Theorem 1.3. Instead of considering the minimization problem (1.8), they
proved that

 d( \omega)\leq\inf\{S_{\omega}(v) : v\in H^{1}(\mathbb{R}^{N}), P(v)=0, 
K_{\omega}(v) <0\} (1.10)

holds for all  \omega>0 if  1+4/N<p<2^{*}-1 . Using this fact, it is proved in
[15, 7] that if   u_{0}\in \mathcal{B}_{\omega}^{ZL}\cap\Sigma , then the solution  u(t) of (1.1) with  u(0)=u_{0}
blows up in finite time, where

 \mathcal{B}_{\omega}^{ZL}=\{v\in H^{1}(\mathbb{R}^{N}) : S_{\omega}(v)
<d(\omega), P(v)<0, K_{\omega}(v)<0\}.

Remark that the method of [15, 7] does not need to solve the minimization
problem (1.8).

The following lemma is a modification of the ideas of Zhang [15] and Le
Coz [7], and it was introduced in [12] (see also [13, 14, 11]).

Lemma 1.5. Let  1+4/N<p<2^{*}-1 and  \omega>0 . If  v\in H^{1}(\mathbb{R}^{N}) satisfies
 P(v)\leq 0 and  v\neq 0 , then

 d( \omega)\leq S_{\omega}(v)-\frac{1}{2}P(v) .

Proof. Consider the function

 (0, \infty)\ni\lambda\mapsto K_{\omega}(v^{\lambda})=\lambda^{2}\Vert\nabla 
v\Vert_{L^{2}}^{2}+\omega\Vert v\Vert_{L^{2}}^{2}-\lambda^{\alpha}\Vert 
v\Vert_{L^{p+1}}^{p+1}

for  \lambda>0 . Then,   \lim_{\lambdaarrow+0}K_{\omega}(v^{\lambda})=\omega\Vert v\Vert_{L^{2}}^{2}>0.
Moreover, since  \alpha>2 , we have   \lim_{\lambdaarrow+\infty}K_{\omega}(v^{\lambda})=-\infty . Thus, there exists

 \lambda_{0}\in(0, \infty) such that  K_{\omega}(v^{\lambda_{0}})=0.

4



5

Then, by the definition (1.6) of  d(\omega) , we have  d(\omega)\leq S_{\omega}(v^{\lambda_{0}}) .
Moreover, since  \alpha>2 , the function

 (0,  \infty)\ni\lambda\mapsto S_{\omega}(v^{\lambda})-\frac{\lambda^{2}}{2}P(v)
=\frac{\alpha\lambda^{2}-2\lambda^{\alpha}}{2(p+1)}\Vert v\Vert_{L^{p+1}}^{p+
{\imath}}+\frac{\omega}{2}\Vert v\Vert_{L^{2}}^{2}
attains its maximum at  \lambda=1.

Thus, using  P(v)\leq 0 again, we have

 d( \omega)\leq S_{\omega}(v^{\lambda_{0}})\leq S_{\omega}(v^{\lambda_{0}})-
\frac{\lambda_{0}^{2}}{2}P(v)\leq S_{\omega} (  v ) —   \frac{1}{2}P(v) .

This completes the proof.  \square 

Once we have the key Lemma 1.5, the rest of the proof is the same as in
the classical argument of Berestycki and Cazenave [1].

Lemma 1.6. Let  1+4/N<p<2^{*}-1 and  \omega>0 . The set  \mathcal{B}_{\omega} defined
by (1.9)  i_{c}S^{1}in\uparrow)arlant under the flow  0.f(1.1) . That  iS , if  u_{0}\in \mathcal{B}_{\omega} , then the
solution  u(t) of (1.1) with  u(0)=u_{0} satisfies  u(t)\in \mathcal{B}_{\omega} for all  t\in[0, T_{\max} ).

Proof. Let  u_{0}\in \mathcal{B}_{\omega} and let  u(t) be the solution of (1.1) with  u(0)=u_{0}.
Then, by the conservation laws (1.2), we have

 S_{\omega}(u(t))=E(u(t))+ \frac{\omega}{2}\Vert u(t)\Vert_{L^{2}}^{2}=
S_{\omega}(u_{0})<d(\omega)
for all  t\in[0, T_{\max} ).

Next, we prove that  P(u(t))<0 for all  t\in[0, T_{\max} ). Suppose that this
were not true. Then, there exists  t_{0}\in(0, T_{\max}) such that  P(u(t_{0}))=0.
Moreover, since  u(t_{0})\neq 0 , it follows from Lemma 1.5 that

 d( \omega)\leq S_{\omega}(u(t_{0}))-\frac{1}{2}P(u(t_{0}))=S_{\omega}(u(t_{0})) .

This contradicts the fact that  S_{\omega}(u(t))<d(\omega) for all  t\in[0, T_{\max} ).
Therefore,  P(u(t))<0 for all  t\in[0, T_{\max} ).  \square 

Theorem 1.7. Let  1+4/N<p<2^{*}-1 and  \omega>0 . If   u_{0}\in \mathcal{B}_{\omega}\cap\Sigma , then
the solution  u(t) of (1.1) with  u(0)=u_{0} blows up in finite time.

Proof. Let   u_{0}\in \mathcal{B}_{\omega}\cap\Sigma and let  u(t) be the solution of (1.1) with  u(0)=u_{0}.
Then, it follows from Lemma 1.6 and Proposition 1.4 that   u(t)\in \mathcal{B}_{\omega}\cap\Sigma for
all  t\in[0, T_{\max}) .
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Moreover, by the virial identity (1.7), the conservation laws (1.2) and
Lemma 1.5, we have

  \frac{1}{16}\frac{d^{2}}{dt^{2}}\Vert xu(t)\Vert_{L^{2}}^{2}=\frac{1}{2}P(u(t)
)
 \leq S_{\omega}(u(t))-d(\omega)=S_{\omega}(u_{0})-d(\omega)<0

for all  t\in[0, T_{\max} ), which implies  T_{\max}<\infty.  \square 

Finally, we give the proof of Theorem 1.3.

Proof of Theorem 1.3. First, by the elliptic regularity theory,  \phi_{\omega}\in\Sigma

(see, e.g., [2, Theorem 8.1.1]).
Next, since  S_{\omega}'(\phi_{\omega})=0 and  \alpha>2 , the function

 (0,  \infty)\ni\lambda\mapsto S_{\omega}(\phi_{\omega}^{\lambda})=
\frac{\lambda^{2}}{2}\Vert\nabla\phi_{\omega}\Vert_{L^{2}}^{2}+\frac{\omega}{2}
\Vert\phi_{\omega}\Vert_{L^{2}}^{2}-\frac{\lambda^{\alpha}}{p+1}
\Vert\phi_{\omega}\Vert_{L^{p+1}}^{p+{\imath}}
attains its maximum at  \lambda=1 , and we see that

 S_{\omega}(\phi_{\omega}^{\lambda})<S_{\omega}(\phi_{\omega})=d(\omega) , 
P(\phi_{\omega}^{\lambda})=\lambda\partial_{\lambda}S_{\omega}(\phi_{\omega}
^{\lambda})<0

for all  \lambda>1.

Thus, for  \lambda>1 ,  \phi_{\omega}^{\lambda}\in \mathcal{B}_{\omega}\cap\Sigma , and it follows from Theorem 1.7 that the

solution  u(t) of (1.1) with  u(0)=\phi_{\omega}^{\lambda} blows up in finite time.
Finally, since   \lim_{\lambdaarrow 1}\Vert\phi_{\omega}^{\lambda}-\phi_{\omega}
\Vert_{H^{{\imath}}}=0 , the proof is completed.  \square 

2 NLS with double power nonlinearities

In this section, we consider nonlinear Schrödinger equations with double
power nonlinearities:

 i\partial_{t}u=-\triangle u-a|u|^{p-1}u-b|u|^{q-1}u, (t, x)\in \mathbb{R}\cross
\mathbb{R}^{N} , (2.1)

where  1<p<q<2^{*}-1 . For simplicity, we consider the case  a>0 and
 b>0 only.

The energy for (2.1) is defined by

 E(v)= \frac{1}{2}\Vert\nabla v\Vert_{L^{2-}}^{2}\frac{a}{p+1}\Vert v\Vert_{L^{p
+1}}^{p+1}-\frac{b}{q+1}\Vert v\Vert_{L^{q+1}}^{q+1}.
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The Cauchy problem for (2.1) is locally well‐posed in the energy space
 H^{1}(\mathbb{R}^{N}) , and the same statement as in Proposition 1.1 holds.

Next, we consider the stationary problem

 -\triangle\psi+\omega\phi-a|\phi|^{p-1}\phi-b|\phi|^{q-1}\phi=0, x\in 
\mathbb{R}^{N} , (2.2)

where  \omega>0 . The action is defined by

 S_{\omega}(v)= \frac{1}{2}\Vert\nabla v\Vert_{L^{2}}^{2}+\frac{\omega}{2}\Vert 
v\Vert_{L^{2-}}^{2}\frac{a}{p+1}\Vert v\Vert_{Lp+1}^{p+1}-\frac{b}{q+1}\Vert 
v\Vert_{Lq+1}^{q+1}.
The existence of ground states for (2.2) is also well known, and we have

the same statement as in Proposition 1.2. However, the uniqueness of positive

radial solutions for (2.2) is not known for the whole range of parameters  p,

 q,  a,  b and  \omega.

2.1 The case  1+4/N\leq p<q<2^{*}-1

First, we give a simple proof of the following theorem, which is included in
Berestycki and Cazenave [1], by the same argument as in Section 1.

Theorem 2.1 (Berestycki and Cazenave [1]). Assume that  1+4/N\leq p<
 q<2^{*}-1 ,  a>0,  b>0 . Let  \omega>0 and  \phi_{\omega} be a ground state of (2.2). Then,
for any  \omega>0 , the standing wave solution  e^{i\omega t}\phi_{\omega} of (2.1) is strongly unstable.

For (2.1) with initial data   u(0)=u_{0}\in\Sigma , we have the virial identity (1.7)
with

 P(v)= \Vert\nabla v\Vert_{L^{2}}^{2}-\frac{a\alpha}{p+1}\Vert v\Vert_{L^{p+
{\imath}}}^{p+1}-\frac{b\beta}{q+1}\Vert v\Vert_{L^{q+1}}^{q+1},
  \alpha=\frac{N(p-1)}{2}, \beta=\frac{N(q-1)}{2}.

The following lemma is the key for the proof of Theorem 2.1.

Lemma 2.2. Assume that  1+4/N\leq p<q<2^{*}-1 ,  a>0,  b>0 . If

 v\in H^{1}(\mathbb{R}^{N}) satisfies  P(v)\leq 0 and  v\neq 0 , then

 d( \omega)\leq S_{\omega}(v)-\frac{1}{2}P(v) .
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Proof. Consider the function

 (0, \infty)\ni\lambda\mapsto K_{\omega}(v^{\lambda})

 =\lambda^{2}\Vert\nabla v\Vert_{L^{2}}^{2}+\omega\Vert_{V}\Vert_{L^{2}}^{2}-
\lambda^{\alpha}a\Vert v\Vert_{L^{p+1}}^{p+1}-\lambda^{\beta}b\Vert v\Vert_{L^{q
+1}}^{q+1}.

Then,   \lim_{\lambdaarrow+0}K_{\omega}(v^{\lambda})=\omega\Vert v\Vert_{L^{2}}^{2}>0 . Moreover, since  \beta>\alpha\geq 2 , we have

  \lim_{\lambdaarrow+\infty}K_{\omega}(v^{\lambda})=-\infty . Thus, there exists  \lambda_{0}\in(0, \infty) such that  K_{\omega}(v^{\lambda_{0}})=0.

Then, by the definition (1.6) of  d(\omega) , we have  d(\omega)\leq S_{\omega}(v^{\lambda_{0}}) .
Moreover, since  \beta>\alpha\geq 2 , the function

 (0,  \infty)\ni\lambda\mapsto S_{\omega}(v^{\lambda})-\frac{\lambda^{2}}{2}P(v)
 = \frac{\alpha\lambda^{2}-2\lambda^{\alpha}}{2(p+1)}a\Vert v\Vert_{L^{p+1}}^{p+
1}+\frac{\beta\lambda^{2}-2\lambda^{\beta}}{2(q+1)}b\Vert v\Vert_{L^{q+1}}^{q+1}
+\frac{\omega}{2}\Vert v\Vert_{L^{2}}^{2}

attains its maximum at  \lambda=1.

Thus, using  P(v)\leq 0 again, we have

 d( \omega)\leq S_{\omega}(v^{\lambda_{0}})\leq S_{\omega}(v^{\lambda_{0}})-
\frac{\lambda_{0}^{2}}{2}P(v)\leq S_{\omega}(v)-\frac{1}{2}P(v) .

This completes the proof.  \square 

Once we have the key Lemma 2.2, Theorem 2.1 is proved in the same way
as Theorem 1.3

2.2 The case  1<p<1+4/N<q<2^{*}-1

Next, we consider the case  1<p<1+4/N<q<2^{*}-1 . For this case, it is

known that the standing wave solution  e^{i\omega t}\phi_{\omega} of (2.1) is orbitally unstable for
sufficiently   1a_{l}rge\omega (see [10]), while  e^{i\omega t}\phi_{\omega} is orbitally stable for sufficiently
small  \omega (see [4] and also [9, 8] for more results in one dimensional case).

The following theorem is proved by Ohta and Yamaguchi [13].

Theorem 2.3 (Ohta and Yamaguchi [13]). Let  1<p<1+4/N<q<2^{*}-1,
 a>0,  b>0 . Let  \omega>0 and  \phi_{\omega} be a ground state of (2.2). If  E(\phi_{\omega})>0,
then the standing wave solution  e^{i\omega t}\phi_{\omega} of (2.1) is strongly unstable.

Corollary 2.4. Let  1<p<1+4/N<q<2^{*}-1,  a>0,  b>0 . Let  \omega>0

and  \phi_{\omega} be a ground state of (2.2). Then there exists  \omega_{1}>0 such that the
standing wave solution  e^{i\omega t}\phi_{\omega} of (2.1) is strongly unstable for all  \omega\in(\omega_{1}, \infty) .
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Proof of Corollary 2.4. Since  P(\phi_{\omega})=0 , we see that  E(\phi_{\omega})>0 if and only
if

  \frac{(2-\alpha)a}{p+1}\Vert\phi_{\omega}\Vert_{Lp+1}^{p+1}<\frac{(\beta-2)b}
{q+1}\Vert\phi_{\omega}\Vert_{Lq+1}^{q+1} . (2.3)

Note that   0<\alpha<2<\beta . Moreover, as in the proof of Theorem 2 of [10],
we can prove that

  \lim_{\omegaarrow\infty}\frac{||\phi_{\omega}||_{Lp+{\imath}}^{p+1}}
{||\phi_{\omega}||_{L^{q+1}}^{q+{\imath}}}=0.
Thus, there exists  \omega_{1}>0 such that (2.3) holds for all  \omega\in(\omega_{1}, \infty) .  \square 

In the following, we give a proof of Theorem 2.3, which is slightly different
from that in [13] (see Remark 2.8 below).

The key lemma for the proof of Theorem 2.3 is the following.

Lemma 2.5. Let  1<p<1+4/N<q<2^{*}-1 ,  a>0,  b>0 . If  v\in H^{1}(\mathbb{R}^{N})
satisfies  E(v)\geq 0,  P(v)\leq 0 and  v\neq 0 , then

 d( \omega)\leq S_{\omega}(v)-\frac{1}{2}P(v) .

Proof. Consider the function

 (0, \infty)\ni\lambda\mapsto K_{\omega}(v^{\lambda})

 =\lambda^{2}\Vert\nabla v\Vert_{L^{2}}^{2}+\omega\Vert_{V}\Vert_{L^{2}}^{2}-
\lambda^{\alpha}a\Vert v\Vert_{Lp+}^{p+1} ı  -\lambda^{\beta}b\Vert v\Vert_{L^{q+1}}^{q+1}.

Then,   \lim_{\lambdaarrow+0}K_{\omega}(v^{\lambda})=\omega\Vert v\Vert_{L^{2}}^{2}>0 . Moreover, since   0<\alpha<2<\beta , we have

  \lim_{\lambdaarrow+\infty}K_{\omega}(v^{\lambda})=-\infty . Thus, there exists  \lambda_{0}\in(0, \infty) such that  K_{\omega}(v^{\lambda_{0}})=0.

Then, by the definition (1.6) of  d(\omega) , we have  d(\omega)\leq S_{\omega}(v^{\lambda_{0}}) .
Next, we consider the function

 g( \lambda):=S_{\omega}(v^{\lambda})-\frac{\lambda^{2}}{2}P(v)
 = \frac{\alpha\lambda^{2}-2\lambda^{\alpha}}{2(p+1)}a\Vert v\Vert_{Lp+{\imath}}
^{p+{\imath}}+\frac{\beta\lambda^{2}-2\lambda^{\beta}}{2(q+1)}b\Vert v\Vert_{Lq+
1}^{q+1}+\frac{\omega}{2}\Vert v\Vert_{L^{2}}^{2}

for  \lambda>0 . Then, we have

 g'(1)=\partial_{\lambda}S_{\omega}(v^{\lambda})|_{\lambda=1}-P(v)=0.
Moreover, since  P(v)\leq 0 and  E(v)\geq 0 , we have

 g(1)=S_{\omega}(v)- \frac{1}{2}P(v)\geq S_{\omega}(v)\geq\frac{\omega}{2}\Vert 
v\Vert_{L^{2}}^{2}=g(+0) .
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Further, since   0<\alpha<2<\beta , there exists  \lambda_{1}\in(0,1) such that  g'(\lambda_{1})=0,
 g'(\lambda)<0 for  \lambda\in(0, \lambda_{1})\cup(1, \infty) , and  g'(\lambda)>0 for  \lambda\in(\lambda_{1},1) . Thus,  g(\lambda)
attains its maximum at  \lambda=1.

Therefore, using  P(v)\leq 0 again, we have

 d( \omega)\leq S_{\omega}(v^{\lambda_{0}})\leq S_{\omega}(v^{\lambda_{0}})-
\frac{\lambda_{0}^{2}}{2}P(v)\leq S_{\omega} (  v ) —   \frac{1}{2}P(v) .

This completes the proof.  \square 

By the key Lemma 2.5, we have the following Lemma 2.6 and Theorem
2.7 as in Section 1.

Lemma 2.6. Let  1<p<1+4/N<q<2^{*}-1,  a>0,  b>0 . The set

 \mathcal{B}_{\omega}^{{\imath}}=\{v\in H^{1}(\mathbb{R}^{N}) : S_{\omega}(v)<d(
\omega), P(v)<0, E(v)\geq 0\} (2.4)

 iS invariant under the flow of (2.1).

Theorem 2.7. Let  1<p<1+4/N<q<2^{*}-1 ,  a>0,  b>0 . Let  \omega>0

and  \phi_{\omega} be a ground state of (2.2). If   u_{0}\in \mathcal{B}_{\omega}^{1}\cap\Sigma , then the solution  u(t) of
(2.1) with  u(0)=u_{0} blows up in finvte time.

Remark 2.8. In [13], instead of (2.4), the set

 \mathcal{B}_{\omega}^{2}=\{v\in H^{1}(\mathbb{R}^{N}) :  \Vert v\Vert_{L^{2}}^{2}=\Vert\phi_{\omega}\Vert_{L^{2}}^{2},0<E(v)
<E(\phi_{\omega}) ,

 P(v)<0, K_{\omega}(v)<0\}

is defined, and it is proved that if   u_{0}\in \mathcal{B}_{\omega}^{2}\cap\Sigma , then the  (s(h_{J_{-t}}ionu(t) of (2.1)
with  u(0)=u_{0} blows up in finite time. Remark that  \mathcal{B}_{\omega}^{2}\subset \mathcal{B}_{\omega}^{1}.

Finally, we give the proof of Theorem 2.3.

Proof of Theorem 2.3. By the elliptic regularity theory,  \phi_{\omega}\in\Sigma.
Next, we consider the function

 (0, \infty)\ni\lambda\mapsto S_{\omega}(\phi_{\omega}^{\lambda})

 = \frac{\lambda^{2}}{2}\Vert\nabla\phi_{\omega}\Vert_{L^{2}}^{2}+\frac{\omega}
{2}\Vert\phi_{\omega}\Vert_{L^{2}}^{2}-\frac{a\lambda^{\alpha}}{p+1}
\Vert\phi_{\omega}\Vert_{L^{p+1}}^{p+1}-\frac{b\lambda^{\beta}}{q+1}
\Vert\phi_{\omega}\Vert_{L^{q+}}^{q+1} ı.

Since  0<\alpha<2<\beta,  S_{\omega}'(\phi_{\omega})=0 and  E(\phi_{\omega})>0 , there exists  \lambda_{1}\in(1, \infty)
such that

 S_{\omega}(\phi_{\omega}^{\lambda})<S_{\omega}(\phi_{\omega})=d(\omega) ,  P(\phi_{\omega}^{\lambda})=\lambda\partial_{\lambda}S_{\omega}(\phi_{\omega}
^{\lambda})<0,  E(\phi_{\omega}^{\lambda})>0
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for  \lambda\in (1,  \lambda ı). Thus, for  \lambda\in(1, \lambda_{1}),  \phi_{\omega}^{\lambda}\in \mathcal{B}_{\omega}^{1}\cap\Sigma , and it follows from
Theorem 2.7 that the solution  u(t) of (2.1) with  u(0)=\phi_{\omega}^{\lambda} blows up in finite
time.

Finally, since   \lim_{\lambdaarrow 1}\Vert\phi_{\omega}^{\lambda}-\phi_{\omega}\Vert_{H^{1}}=0 , the proof is completed.  \square 

Remark 2.9. It is proved in [10] that if  \partial_{\lambda}^{2}E(\phi_{\omega}^{\lambda})|_{\lambda=1}<0 , then the standing
wave solution  e^{i\omega t}\phi_{\omega} of (2.1) is orbitally unstable. We remark that  E(\phi_{\omega})>0
implies  \partial_{\lambda}^{2}E(\phi_{\omega}^{\lambda})|_{\lambda=1}<0 for the case where  1<p<1+4/N<q<2^{*}-1,
 a>0,  b>0 . We conjecture that the standing wave solution  e^{i\omega t}\phi_{\omega} of
(2.1) may be strongly unstable under the assumption  \partial_{\lambda}^{2}E(\phi_{\omega}^{\lambda})|_{\lambda=1}<0 . See
[11] for a related result on nonlinear Schrödinger equations with a harmonic
potential.

3 NLS with delta potential

In this section, we consider nonlinear Schrödinger equations with a delta
potential in one space dimension:

 i\partial_{t}u=-\partial_{x}^{2}u-\gamma\delta(x)u-|u|^{p-1}u, (t, x)\in 
\mathbb{R}\cross \mathbb{R} , (3.1)

where  \gamma>0 is a constant,  \delta(x) is the delta measure at the origin, and
  1<p<\infty . The energy for (3.1) is defined by

 E(v)= \frac{1}{2}\Vert\partial_{x}v\Vert_{L^{2}}^{2}-\frac{\gamma}{2}|v(0)|^{2}
-\frac{1}{p+1}\Vert v\Vert_{L^{p+1}}^{p+1}
for  v\in H^{1}(\mathbb{R}) , and the Cauchy problem for (3.1) is locally well‐posed in the
energy space  H^{{\imath}}(\mathbb{R}) .

We study the strong instability of standing wave solutions  e^{i\omega t}\phi_{\omega}(x) of
(3.1), where  \omega>\gamma^{2}/4 , and

  \phi_{\omega}(x)=\{\frac{(p+1)\omega}{2} sech2  ( \frac{(p-1)\sqrt{\omega}}{2}|x|+\tanh^{-1}(\frac{\gamma}{2\sqrt{\omega}}))\}^
{\frac{1}{p-1}} (3.2)

which is a unique positive solution of

 -\partial_{x}^{2}\phi-\gamma\delta(x)\phi+\omega\phi-|\phi|^{p-{\imath}}\phi=0,
x\in \mathbb{R} . (3.3)

The following theorem is proved by Fukuizumi, Ohta and Ozawa [5].
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Theorem 3.1 (Fukuizumi, Ohta and Ozawa [5]). Let  \gamma>0 and  \omega>\gamma^{2}/4.

(i) When  1<p\leq 5 , the standing wave solution  e^{i\omega t}\phi_{\omega} of (3.1) is orbitally
stable for any  \omega\in(\gamma^{2}/4, \infty) .

(ii) When  p>5 , there exists  \omega ı  =\omega l  (p, \gamma)\in(\gamma^{2}/4, \infty) such that the stand‐
ing wave solution  e^{i\omega t}\phi_{\omega} of (3.1) is orbitally stable for  \omega\in(\gamma^{2}/4, \omega_{1}) ,
and orbitally unstable for  \omega\in(\omega_{1}, \infty) .

The following theorem is proved by Ohta and Yamaguchi [14].

Theorem 3.2 (Ohta and Yamaguchi [14]). Let  \gamma>0,  p>5,  \omega>\gamma^{2}/4 , and
let  \phi_{\omega} be the.function defined by (3.2). If  E(\phi_{\omega})>0 , then the standing wave
solution  e^{i\omega t}\phi_{\omega} of (3.1) is strongly unstable.

We repeat the same argument as in Subsection 2.2 to give a proof of
Theorem 3.2 slightly different from [14].

We define the functionals  S_{\omega},  K_{\omega} and  P by

 S_{\omega}(v)= \frac{1}{2}\Vert\partial_{x}v\Vert_{L^{2}}^{2}-\frac{\gamma}{2}
|v(0)|^{2}+\frac{\omega}{2}\Vert v\Vert_{L^{2}}^{2}-\frac{1}{p+1}\Vert 
v\Vert_{L^{p+1}}^{p+{\imath}},
 K_{\omega}(v)=\Vert\partial_{x}v\Vert_{L^{2}}^{2}-\gamma|v(0)|^{2}+\omega\Vert 
v\Vert_{L^{2-}}^{2}\Vert v\Vert_{L^{p+1}}^{p+1},

 P(v)= \Vert\partial_{x}v\Vert_{L^{2}}^{2}-\frac{\gamma}{2}|v(0)|^{2}-
\frac{\alpha}{p+1}\Vert v\Vert_{Lp+{\imath}}^{p+1}, \alpha=\frac{p-1}{2}.
Note that by the scaling  v^{\lambda}(x)=\lambda^{1/2}v(\lambda x) for  \lambda>0 , we have

 S_{\omega}(v^{\lambda})= \frac{\lambda^{2}}{2}\Vert\partial_{x}v\Vert_{L^{2}}
^{2}-\frac{\gamma}{2}\lambda|v(0)|^{2}+\frac{\omega}{2}\Vert v\Vert_{L^{2-}}^{2}
\frac{\lambda^{\alpha}}{p+1}\Vert v\Vert_{Lp+1}^{p+{\imath}},
 P(v^{\lambda})= \lambda^{2}\Vert\partial_{x}v\Vert_{L^{2}}^{2}-\frac{\gamma}{2}
\lambda|V(0)|^{2}-\frac{\alpha\lambda^{\alpha}}{p+1}\Vert v\Vert_{L^{p+1}}^{p+1}
=\lambda\partial_{\lambda}S_{\omega}(v^{\lambda}) .

Moreover, we define

 d( \omega)=\inf\{S_{\omega}(v) : v\in H^{{\imath}}(\mathbb{R}), K_{\omega}(v)=
0, v\neq 0\} . (3.4)

Then, we have  d(\omega)=S_{\omega}(\phi_{\omega}) for the case  p>1,  \gamma>0 and  \omega>\gamma^{2}/4.

Lemma 3.3. Let  \gamma>0,  p>5,  \omega>\gamma^{2}/4 . If  v\in H^{1}(\mathbb{R}) satisfies  E(v)\geq 0,
 P(v)\leq 0 and  v\neq 0 , then

 d( \omega)\leq S_{\omega}(v)-\frac{1}{2}P(v) .
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Proof. Consider the function

 f(\lambda):=K_{\omega}(v^{\lambda})=\lambda^{2}\Vert\nabla v\Vert_{L^{2}}^{2}-
\gamma\lambda|V(0)|^{2}+\omega\Vert v\Vert_{L^{2}}^{2}-\lambda^{\alpha}\Vert 
v\Vert_{L^{p+1}}^{p+1}
for  \lambda>0 . Then,   \lim_{\lambdaarrow+0}f(\lambda)=\omega\Vert v\Vert_{L^{2}}^{2}>0 . Moreover, since  \alpha>2 , we have

  \lim_{\lambdaarrow+\infty}f(\lambda)=-\infty . Thus, there exists  \lambda_{0}\in (  0 , oo) such that  K_{\omega}(v^{\lambda_{0}})=0.
Then, by (3.4), we have  d(\omega)\leq S_{\omega}(v^{\lambda_{0}}) .

Next, we consider the function

 g( \lambda):=S_{\omega}(v^{\lambda})-\frac{\lambda^{2}}{2}P(v)
 = \frac{\lambda^{2}-2\lambda}{4}\gamma|v(0)|^{2}+\frac{\alpha\lambda^{2}-
2\lambda^{\alpha}}{2(p+1)}\Vert v\Vert_{Lp+1}^{p+1}+\frac{\omega}{2}\Vert 
v\Vert_{L^{2}}^{2}

for  \lambda>0 . Then, we have

 g'(1)=\partial_{\lambda}S_{\omega}(v^{\lambda})|_{\lambda=1}-P(v)=0.
Moreover, since  P(v)\leq 0 and  E(v)\geq 0 , we have

 g(1)=S_{\omega}(v)- \frac{1}{2}P(v)\geq S_{\omega}(v)\geq\frac{\omega}{2}\Vert 
v\Vert_{L^{2}}^{2}=g(+0) .

Further, since  \alpha>2 , there exists  \lambda_{1}\in(0,1) such that  g'(\lambda_{1})=0,
 g'(\lambda)<0 for  \lambda\in(0, \lambda_{1})\cup(1, \infty) , and  g'(\lambda)>0 for  \lambda\in(\lambda_{1},1) . Thus,  g(\lambda)
attains its maximum at  \lambda=1.

Therefore, using  P(v)\leq 0 again, we have

 d( \omega)\leq S_{\omega}(v^{\lambda_{0}})\leq S_{\omega}(v^{\lambda_{0}})-
\frac{\lambda_{0}^{2}}{2}P(v)\leq S_{\omega}(v)-\frac{1}{2}P(v) .

This completes the proof.  \square 

By the key Lemma 3.3, we have the following theorem, which improves
Theorem 1.6 of [14] (see Remark 2.8 above).

Theorem 3.4. Let  \gamma>0,  p>5,  \omega>\gamma^{2}/4 , and define

 \mathcal{B}_{\omega}^{1}=\{v\in H^{1}(\mathbb{R}) : S_{\omega}(v)<d(\omega), 
P(v)<0, E(v)\geq 0\}.

If   u_{0}\in \mathcal{B}_{\omega}^{1}\cap\Sigma , then the solution  u(t) of (3.1) with  u(0)=u_{0} blows up in
finite time.

The proof of Theorem 3.2 is exactly the same as in that of Theorem 2.3.

Remark 3.5. We conjecture that the standing wave solution  e^{i\omega t}\phi_{\omega} of (3.1)
may be strongly unstable under the assumption  \partial_{\lambda}^{2}E(\phi_{\omega}^{\lambda})|_{\lambda=1}<0 (see also
Remark 2.9).
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