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1. INTRODUCTION

The purpose of this paper is to explain the idea of the author’s recent papers [2],
[3] and his further research plan intuitively. We consider the following (25)-th order

dispersive equaions:

(8 +i0%)u = F(0¥ ', 0¥ '5,...,u,w), (t,z)e[-T,T]xT, (1.1) |

and (27 + 1)-st order dispersive equations:
(0 + 07 Yy = F(0% ', 0% uy,...,u), (t,z)€[-T,T]xT, (1.2)
for j =1,2,3,.... We give the initial condition:
u(0,z) = ¢ € H*(T). (1.3)

The unknown function u and the initial data ¢ are complex (resp. real) valued
for (1.1) (resp. (1.2)) with (1.3). For simplicity, we assume F is a polynomial of
0% Yy, 0% 17, ... u,u (vesp. %7 'u,0% u,. .., u) for (1.1) (resp. (1.2)) without
any constants and linear terms, though this assumption is not essential and we
consider more general functions F' in [3]. The final goal of the author’s research
plan is to find some algebraic conditions on F' to ensure the local well-posedness of
(1.1) or (1.2) with (1.3) for sufficiently large s. The difficulty of this problem comes
from so called “derivative losss”. The smoothing effect of the linear part of (1.1)
(resp. (1.2)) on the torus is so weak that we can not control the terms including
some derivatives of v in F'. In fact, if F' does not include any derivatives of u, that
is F = F(u,7w) or F' = F(u), we can easily show the local well-posedness of (1.1) or
(1.2) with (1.3) for sufficiently large s by the standard fixed point argument. On the
real line case z € R, the smoothing effect of the linear parts of (1.1) (resp. (1.2))
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is strong enough to obtain the local well-posedness of (1.1) or (1.2) with (1.3) in a
weighted Sobolev space without any additional assumption on F.

Remark that we can deal with “one derivative loss” when u is real valued by
the argument below. As an example, we consider the case F' = u?'(0,u)P?* with
p1,p2 € N. By the Leibniz rule,

S

(Fyu) e = Y (01F, 07u) 12 = pa(uP (Opu)P 185w, B o + (1.4)

=0

The terms omitted in (1.4) do not have “derivative loss”, that is, they are bounded

by C|lul/5%:* if s > 3/2. Since u is real valued, by the integration by parts, we have

(1 (D05, B o = {2 Dy, P @)

L
(1.5)

-1
= S0 (), (05)P)

for s € N. Therefore, by (1.4), (1.5) and the Sobolev embedding, we obtain
[(F,u) | < Cllul/%:? when s > 5/2. Though we assumed s € N for simpleness,
we can generalize this argument for fractional s. This argument also works for any

polynomial F(0,u,u) when s > 5/2, that is to say, we obtain |(F(0,u,u), u) .| <

He
C(1+ ||lul|gs)™ for sufficiently large m and s > 5/2. This means that we have the
local well-posedness of (1.2) with (1.3) for any polynomial F(9,u,u) when s > 5/2
by the energy method. Therefore, (1.2) with 7 = 1 is easy problem and we are
interested in (1.2) only for j > 2.

On the other hand, we can not deal with even “one derivative loss” when w is
complex valued by the standard energy method and the integration by parts. Pre-
cisely, for general F'(0,u, 0,%, u, @), it does not hold that |(F(0,u, 0,T, u, W), u) 5| <

C(1+ |lul
§& 1

Here we mention some model equations in mathematical physics. The KdV hier-

gs)™ even for large m and s. Therefore, we are interested in (1.1) for

archy:

Oyu + B3u = 8, (u?),
Opu + Ou = 509,(9,u)? — 100, (ud?u) — 100, (u®),
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and the mKdV hierarchy:

Opu + OPu = 9,(u?),
Opu + O2u = 50, (ud?(u?)) — 60, (u®),

are known as complete integrable systems. Each member of this hierarchy satisfies

(1.2). The derivative nonlinear Schrodinger equation:
Owu + i02u = 0,(|ul?u)

satisfies (1.1) with j = 1.

2. MAIN RESULTS

In this section we mention the main results in [2], [3]. First, we mention the main
results in [2]. In this paper, we consider (1.2), (1.3) with j = 2, that is

(8 + B)u = F(O3u,8u,0u,u), (t,z) € [-T,T] x T, (2.1)
u(0,z) = o. (2.2)

For sufficiently smooth function f on T, we put

1
J&2 :=—/8wa,w,w,w dz.
P =g e B (s, wa, w1, wo) (w3 w201 w0)=(83f(2),82f (2) 85 £ (2), ()

We say JI(,S’Q) =0if J§’2)(f) = 0 holds for any f € C*(T).

Theorem 2.1 (L.W.P. of dispersive type). Let JI(,5’2) =0, se N and s> 13. Then,
we have the followings.

(Ezistence) Let ¢ € H*(T). Then, there exist T = T(||||g12) > 0 and a solution to
(2.1)+(2.2) on [-T,T] satisfying u € C([-T,T); H*(T)).

(Uniqueness) Let T > 0, uy, up € L®([=T,T); H'*(T)) be solutions to (2.1)~(2.2) on
[—T,T]. Then, ui(t) = us(t) on [-T,T).

(Continuous dependence) Assume that {¢’}jen C H*(T), o € H*(T) satisfy ||¢’ —
Ollags — 0 as j — oo. Let u? (resp. u) be the solution obtained above with initial
dota 9 (resp. ) and T = T({[plla). Then supye( g [4(t) — u(t)
j — oo.

gs — 0 as
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Theorem 2.2 (L.W.P. of parabolic type). Let Jffz) #0,se N and s > 13. Then,
we have the followings.

(Ezistence) Let ¢ € H*(T) and J},S’Q)(cp) > 0 (resp. Jl(f’z)(go) < 0). Then, there exist
T =TI (), llollg2) > 0 and a solution to (2.1)~(2.2) on [0,T] (resp. [-T,0])
satisfying u € C([0,T); H*(T))NC>®((0,T] x T) and J&? (u(t)) > Py(p)/2 on [0, T)
(resp. u € C([-T,0]; H¥(T)) N C=([-T,0) x T) and JS?(u(t)) < J$?(p)/2 on
[=T.0]).

(Uniqueness) Assume that T > 0, uj,ug € L>®([0,T]; H'*(T)) (resp. wuy,uy €
L>([-T,0]; H'*(T))) be solutions to (2.1)~(2.2) and Py(ui(t)) > 0 on [0,T] (resp.
Pn(uy(t)) <0 on [-T,0]). Then, ui(t) = uz(t) on [0,T] (resp. [-T,0]).
(Continuous dependence) Assume that {¢'}jen C HS(T), p € H*(T) satisfy Pn(p) >
0 (resp. Py(p) <0)) and ||¢ — ¢
lution obtained above with initial data @' (resp. @) and T = T(Pn(p), ||l g12).
Then supiepor 169(¢) — w(®)ll-e) = O (resp. supier gy 06 (1) — )
Jj — oo.

gs — 0 asj — oo. Let u? (resp. u) be the so-

Hs(T) — 0) as

Theorem 2.3 (non existence of parabolic type). Let ¢ & C(T) and J>(p) < 0
(resp. J(Fs‘2)(g0) > 0). Then, for any small T > 0, there does not exist any solution
to (2.1)~«(2.2) on [0,T] (resp. [—T,0]) satisfying u € C([0,T); H*3(T)) (resp. u €
C([=T,0; H®(T))).

Theorem 2.1 is a typical result for dispersive equations in the following sense:
they can be solved on both positive and negative time intervals and the regularity
of the solution is same as that of initial data. Theorems 2.2 and 2.3 are typical
results for parabolic equations in the following sense: they can be solved on either
positive or negative time interval with strong smoothing effect and they are ill-posed
on the other time interval. Since (2.1) are semilinear dispersive equations, Theorem
2.1 seems to be a natural result. On the other hand, Theorems 2.2 and 2.3 are
somewhat surprising. These theorems mean that when Jl(f 2 # 0, the nonlinear
term cannot be treated as a perturbation of the linear part and the effect by the
second derivative in the nonlinear part is dominant.

In [3], we consider (1.1), (1.3) with j = 1, that is

(0, +i02)u = F(Opu, 0,1, u, W), (t,z) € [-T,T] x T, (2.3)
u(0,z) = p € H(T). (2.4)



For sufficiently smooth function f on T, we put

1
J&n :=—/3wa,w_,w,w_ dz
Fo)=g e (1, @1, wo, &) (@1,w0)=(92 (@), /()

We say Im J},z’l) =0 if Im Jf’l)(f) = 0 holds for any f € C*°(T).

Theorem 2.4 (L.W.P. of dispersive type). Assume that Im J,(,z’l) = 0. For any
s> 89> 5/2 and K > 0, there exists T = T(K,so) > 0 which satisfies the follow-
1mngs:

(Ezistence) For any complex valued function ¢ € H*(T) satisfying |¢||lgo < K,
there exists a solution u € C([-T,T]; H*(T)) to (2.3)~(2.4) on [-T,T].
(Uniqueness) If ui,ug € C([—01,02); H®(T)) satisfy (2.3)—(2.4) on [—d1,09] for
01,09 > 0, then ui(t) = ug(t) on [—dy, ds).

(Continuous dependence) Assume that pU) — () in H*(T) as j — oo and
16D £rs0, |9 |srs0 < K. Let ul9 (resp. u>)) € C([-T,T); H*(T)) be the so-
lution to (2.3)~(2.4) on [T, T] with ¢ = V) (resp. p = (> ). Then, u¥ — u(>)
in C([-T,T); H¥(T)).

Theorem 2.5 (non-existence). Assume that Im J,(f’l) #£0. Foranys >5/2, T >0,
there exists ¢ € H®(T) such that no solution u of (2.3)~(2.4) on [0,T] ezist in

C([0,T7; H*(T)) and no solution u of (2.3)—(2.4) on [T, 0] exist in C([—T,0]; H*(T)).

Theorem 2.4 is a typical result for dispersive equations. These theorems mean
that when Im J ,(,2’1) # 0, the nonlinear term cannot be treated as a perturbation of

the linear part and the effect by the first derivative in the nonlinear part is dominant.

3. IDEA AND CONJECTURES

In this section, we explain the idea of Theorems 2.1-2.5 intuitively. Note that it
is not rigorous proof. We use the energy method to prove Theorems 2.1-2.5. First,
we explain the proof of Theorems 2.1-2.3. We consider the parabolic regularized

equation of (2.1):
(0; + €02 + 82 u. = F(O3u., Oue, Opuc,u.), (t,x) € [-T,T) x T, (8.1]
el 8] = 2, ()

where € € (0,1]. By the presence of +¢82, the linear part has strong smoothing
effect and we can easily prove the local well-poedness of (3.1)—(2.2) on [0, 7%), where

T. is the maximal of the time interval of the existence. Taking ¢ — 0, we construct
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a solution of (2.1)-(2.4) as the limit of the solution of (3.1)-(3.2). In this process,
it is important to ensure that 7, does not shrink to 0. 7. has the property such

that T, = oo or liminf, ,7. ||u.(¢)]

gs — 00. Therefore, we obtain 7T, > T > 0 if we
have sup,¢(o 7y ||u(t)||zs < C. For that purpose we need to prove a priori estimate
of ||us(t)||z= To prove the continuous dependence, a priori estimate is not enough
and we also need an estimate for the difference of two solutions with different initial
condition, which is much complicated. For simplicity, we omit it and explain only

how to obtain a priori estimate of ||u.(t)| gs. Differentiating (3.1) j € N times, by

the chain rule, we obtain
(s + €0% + B2) B tte =By FOL 3, + (j0,00, F + 0,y F) 32
(J(J_Z_L)agawsF + j00.,, F + 6w1F) Bty 4 -

where the terms which include only 8%u (k = 0, ..., j) are omitted since the difficulty

(3.3)

comes from “derivative loss”.

Here, we consider the following linear equation of constant coefficients:
(8, + €85 + ) Fue = adiu, + b3, + & u, + d, (3.4)

where a, b, ¢, d, € R. We compute the inner products as below:

i [N P .
= 5Bl + €| 2w 3,

T T T fel o, Bt = 1,

<b5£+2u5,5iu5>L2 = *b”aiﬂusni% <d,c{}xju5>L2 < C(d)Hus”%{J"

(6 + 58;1 . 695:)831;“67 a;u€>L2

Here, we used the integration by parts. Therefore, we obtain the following energy

inequality for the solution of (3.4):
d . .
2 102uelZa + 261105 e |72 < CllullF.

Thus, we have a priori estimate of ||u.(t)||gs if b > 0. If b > 0, we also have a
priori estimate of |85 u,|| 2. By this, we obtain the parabolic smoothing effect. Of
course, the nonlinear equation (3.3) is much more difficult to treat than (3.4). But

roughly speaking, b in (3.4) corresponds to
1
j0s0sF + 0, F = (j0:00,F + 8, F — = /T j0:0,F + 0y F ) + JE? ()

in (3.3). The first term does not have 0 mode in the Fourier space with z. By the

effect of the nscillation we can deal with thie term and we have h ~ 7(,5’2)(u) ~



J, l(f ‘2)(90) on sufficiently small interval [0, T]. Therefore, we obtain a priori estimate
of ||ue(t)| = for (3.1)—(3.2) when JI(,S’Q)(QD) > 0. We also obtain the smoothing effect
when Jg’z)(gp) > (. Therefore, we have Theorems 2.1, 2.2. The smoothing effect on
positive time direction ¢ : t; — 5 means the solution lose smoothness on negative
time direction ¢ : ¢, — t; and we obtain Theorem 2.3.

Next, we explain the idea of Theorems 2.4, 2.5 intuitively. We consider the para-

bolic regularized equation of (2.3):
(0, — €82 +i02)ue = F(Opue, Oplle, ue, 0.), (t,x) € [-T,T) x T, (3.5)
u:(0,) = ¢, (3.6)
In the same manner as (3.3), we obtain
(0, — €02 4+ 102)Diu, = 0, FO . + 85, FO 0, + -, (3.7)
Thus, we consider the following linear equation of constant coefficients:
(8 — €02 +i0%) 00 u, = adu, + b, + ¢, (3.8)

where a,b,c € C. We compute the inner products as below:
1d
2 dt
Re (a5 ue, Bu.) 2 = (Rea) Re (8], 0lue) > — (Ima) Im (2 +u,, Olue)

= —(Ima) Im (07 u., Hue) .

Re (0, — €0} +103)Oue, Oue) 2 = 5— 1|00 |72 + €105 ue | 22,

(00210, ) o] = 5 [ 0u(0m)? = 0
T

(e, Oue) 2| < ClO)ulls-

Thus, we obtain the following energy inequality for the solution of (3.8):

d . . )
%Haiueﬂi? +2(Ima) Im <8:],:+1ue’ 8a]nUE>L2 < C’||u5||qu.

Thus, we have a priori estimate of ||u.(t)||g- if Ima = 0. Of course, the nonlinear
equation (3.7) is much more difficult to treat than (3.8). But roughly speaking, Ima

in (3.8) corresponds to
1
Im4,, F = Im (6W1F = g / 6w1FdiL‘>> + Im J}(,?’l) (u)
T

n (3.7). The first term does not have 0 mode in the Fourier space with z. By the

effect of the oscillation, we can deal with this term. Therefore, we obtain a priori
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gs for (3.5)—(3.6) when Im J(2 " = 0 and have Theorem 2.4.

Since Im (82" u,, &u.) - is not positive definite, we can not have a priori estimate
(2 1)

estimate of ||uc(t)]
of ||ue(t)|| = when Im JY # 0. To avoid this difficulty, we introduce the restriction
operator in the Fourler space, P, = F11¢0F, P = F'1,oF and we compute
| P+&ue|| L2 instead of ||&9uc||z2. Then, we can obtain the energy inequality for one
of ||Py&ue| 2 or || P-d%u.l||z2. By this, we obtain Theorem 2.5.

Finally, we mention some conjectures. We consider (1.2) with j > 3. By the
analogy of the argument above, The author guess the following: if Jp Ll =
holds for all [ = 2,4,...,25 — 2, then L.W.P. of dispersive type similar to Theorem
2.1 holds, and if JZ7*1 £ 0 holds at least for one of | = 2,4, ...,2j—2, then L.W.P.
of parabolic type similar to Theorem 2.2 and non existence of parabolic type similar
to Theorem 2.3 hold. We believe the method used in the proof of Theorems 2.1-2.3
also works for this conjecture. But, it is difficult to find the functional J @10 e
believe J&7 %~ should be defined by

J(2]+1 25— 2)

hon; o F (Woi—1, -« W _ dx.
27r/ =g 0) (@2j—20ni00)=(02 2 (), ... (=)

However, J}ZJ 9 for small I must be much complicated.

The problem for (1.1) with j > 2 is more complicated than (1.2) because u
is comlex valued. The author guess that there exist functionals and we obtain
theorems similar to Theorems 2.1-2.5, but the functionals and the conditions should
be much complicated. Mizuhara, studied the well-posedness of the fourth order
linear equations of variable coefficients in [1]. By his results, we know that the

functionals and the conditions are complicated even for the linear case.
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