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INJECTIVITY OF GLOBAL MAPS OF CELLULAR
AUTOMATA

HIROYUKI ISHIBASHI

ABSTRACT. The purpose is to show briefly and visually that
cellular automata A's of finite type with a quiescent state g are
injective if and only if ecither A contains two mutually erasable
configurations c;, ¢z in Moore [2] or two not distinguished config-
urations dp, do in Myhill [3].

1. PRELIMINARIES
o A={Z? S N, f} : a cellular automaton
where
Z ={0,%+1,£2,---} : the rational integers,
S = {s1, 82, - ,st} : the state sct ,

i+ (-1,1) i+(0,1) i+ (1,1)
N(@{)=< i+ (=100 i+(0,0) i+(1,0) » CZ°
i+ (=1,-1) i+ (0,-1) i+ (1,-1)

: neighbourhood of i for i = (iy,13) € Z?, ,

so [NGi)| =9,
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9

f=S%xSx-x89—S : local map,

o C = S8% . configuration set,
Coc=(,c(i),~-+) : Z* - S, amap
o F:C — C : global map
c=(-,ci), ) =(- ) )
where (i) = f(c¢(N(7))) with ¢(N (7)) = ¢|ng)
© Cp ={da,[ceC}
where A, is an n X n - square subset of Z?
(Note : Since F' is homogeneous, the choice of
A, in Z?* is not essential. )
0 Cpya = {CAMZ ! S C}

where A, 5 is the extension of A,, one cell on

four sides.
0 Cryz \ Co = {clana, | c € C}
: the set called edges or frames
o F =c\ ¢, : environment of ¢, ,
where ¢ € C and ¢, € C,, and we write
c=c,VFE

oForc=c¢,Ve with ¢ € Cyiz, ¢, € Cp and e € Cpia \ Cp, we
have

¢(N(@)) Cec for i€ A,
This allows us to define a function
F,.:C, — C,
with
a (i) = f(e(N(7))) and c=¢c, Ve

oqe S with f(q,q,---,9) = ¢ : quiescent state.
9
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oceC with |[{i €Z*|c(i) # q}| <
: a configuration of finite type,
ie., c¢ : finite type & c=c¢c,VE
for some ¢, in C,, and F an environment of which states are all q.

& Assumption.
(1) g€ S.

(2) Ve e C = c: finite type.

2. STATEMENT OF THE THEOREM

Definition.

dy,ds € Cp,_4 with d; # dy : n-mutually erasable
& 3d € Cn_4, E]g, g' € Cho \ C,_4 and 3h e C, \ Ch_a

such that

Cho>ddi1 V g Fn—27h,

\

d vV g, S Cn_g.

Cn~—2 > d2 Vv g
n—2,h
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Remark. (a) Let di,ds; be n-mutually erasable. Then, for any I
in Cp,i9 \ Cy there exists A’ in C,, \ C,,_5 such that

Cn901:d1VQVh Fn,l

dVgVvh edl,.
CHBCQZdQ\/g\/h

n,l

(b) Note that d} = d; V g and dy = dy V g are also (n+2)-mutually
erasable by taking h, [ for g, h and thus this procedure can be continued
until to get their extensions ¢;, ¢ in C.

Definition.

dy,ds € C,,_4 with d; # dy : n-not distinguished

3¢ eC and’E € C\C,4
such that

O S C = d1 \Y E F
decC.
Cocy=dyVE _—
2 2 P
Now we state our theorem.
Theorem.  The following are equivalent:

(I) F # injective.
(In) “dy,dy € Cy_y : n- mutually erasable for some n in N.

(I') 3dy,dy € Cp4 : n- not distinguished for some n in N.
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3. PROOF FOR THE THEOREM

(a)
(I) : F # injective = 7¢;,co € C such that
(1) C1 # Cy
(i) F(er) = Flca)
= Since
c1,co - finite type,
we have
Hdl, dey € Cp_4 and
IE € O\ C,_4 of which states are all ¢
such that
Ci:di\/E for 7= 1,2,
where
(i) di # dy by (i),
(if) F(e1) = F(cz) by (ii)
= (I,)
(b)
(I'/n) . adl, dQ S Cn—4 with dl 7é d2 and EiE e C \ Cn_.4
such that

F(diVE)=F(dV FE)
= expressing F as
E=gVhVE, where
g n Cn_g \ Cn_4, h in Cn \ Cn_g and
E’ an environment of C),,

we have d' in C,,_4 and ¢’ in C,,_5 \ C,,_4 such that

diVyg Foan
dVvyg,

d2 V g
n—2,h
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(c)
(L) : ?dy,dy, d in C,_4 with d; # da, 29,9 in Cp_5\ Cyy_4,
“hin Oy \ Cp_s
such that

dl V g Fn*Q,h

dVg
dz \Y g
Fn—2,h
= by (b) of Remark
391 in Cn \ Cn—2a 392 in Cn+2 \ C’m -+ and
deeC
such that

CBClzdl\/g\/gl\/gz\/"'

F\‘
0902:d2v9V91V92V"' F/V

= 1 # ¢ by dy # dy, and F(c1) = F(c2)

d,

= (I).
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