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Abstract
In this paper, first, we introduce attractive point and fixed point theorems and mean
convergence theorem for two commutative 2-generalized mappings in Hilbert spaces.
Next we obtain a weak convergence theorem of Mann’s type iteration, a strong conver-
gence theorem of Halpern’s type iteration, and a strong convergence theorem by the
hybrid method for two commutative 2-generalized hybrid mappings in a Hilbert space.
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1 Introduction

Throughout this paper, we denote by N the set of positive integers and by R the set of real
numbers. Let H be a real Hilbert space and let C be a nonempty subset of H. Let T be a
mapping of C into H. Then we denote by F(T') the set of fized points of T and by A(T) the
set of attractive points [23] of T, i.e.,

(i) F(T)={2€C:Tz=2z};
(i) AT)={z€ H: |Tz—z| < ||z — 2|, Yz e C}.

We know that A(T') is closed and convex. This property is important for proving our main
theorems. A mapping T : C — H is said to be nonezpansive if | Tz — Ty|| < |z —y| for
all z,y € C. It is well-known that if C' is a bounded, closed and convex subset of H and
T : C — C is nonexpansive, then F(T) is nonempty. Furthermore, from Baillon we know the
first nonlinear ergodic theorem in a Hilbert space: Let C be a bounded, closed and convex
subset of H and let T' : C — C be nonexpansive. Then for any x € C,

1 n—1
Sn$ = E kZ_OTkl'

converges weakly to an element z € F(T). In 2010, Kocourek, Takahashi and Yao [10] defined
a broad class of nonlinear mappings in a Hilbert space: Let H be a Hilbert space and let C
be a nonempty subset of H. A mapping T : C — H is called generalized hybrid if there exist
a, B € R such that

a|Tz =Ty + (1 - a)lle = Tyl* < BTz — y|* + (1 - B)l|z — yI? (1.1)



for all z,y € C. Such a mapping T is called (o, §)-generalized hybrid. We also know the
following mapping: For A € R, a mapping U : C — H is called A-hybrid if

Uz - Uy|l® < |lz =yl + 2(1 = N)(z — Uz,y - Uy) (1.2)
for all z,y € C. Notice that the class of generalized hybrid mappings covers several well-known
mappings. For example, a (1,0)-generalized hybrid mapping is nonexpansive, i.e.,

Tz — Tyl < llz —yll, Vz,y€C.

It is nonspreading for « =2 and =1, i.e.,
2Tz~ Ty|* < ||ITz — yl* + | Ty — 2|*, Va,yeC.

It is also hybrid for a = % and g = %, ie.,

3Tz — Tyl < llz — ylI> + | Tz — yl* + Ty — =|*, Va,yeC.

In general, nonspreading and hybrid mappings are not continuous. We also know that A-hybrid
mappings are in the class of generalized hybrid mappings. The nonlinear ergodic theorem by
Baillon for nonexpansive mappings has been extended to generalized hybrid mappings in
a Hilbert space by Kocourek, Takahashi and Yao. Recently, Kohsaka [11] also proved the
following theorem:

Theorem 1.1. Let H be a Hilbert space and let C be a nonempty, closed and conver subset
of H. Let S and T be commutative A and p-hybrid mappings of C into itself such that the set
F(S)N F(T) of common fized points of S and T is nonempty. Then, for any x € C,

1 n n
SnClI = m Z Z Sle.T

k=0 1=0
converges weakly to a point of F(S) N F(T).

On the other hand, Takahashi and Takeuchi [23] proved the following attractive point and
mean convergence theorem without convexity in a Hilbert space.

Theorem 1.2. Let H be a Hilbert space and let C be a nonempty subset of H. Let T be a
generalized hybrid mapping from C into itself. Assume that {T™z} for some z € C is bounded

and define
1 n
k=0

for all z € C and n € N. Then {Spz} converges weakly to ug € A(T), where ug =
limp 00 Pacr)T™x and Pa(r) is the metric projection of H onto A(T).

Maruyama, Takahashi and Yao also defined a more broad class of nonlinear mappings called
2-generalized hybrid which contains generalized hybrid mappings in a Hilbert space. Let C
be a nonempty subset of H and let T' be a mapping of C into C. A mapping T : C — H is
2-generalized hybrid [15] if there exist a1, aq, 81, B2 € R such that

a1|T?2-Ty||* + czl|Tz — Ty||* + (1 — a1 — a2) ||z — Ty|* (1.3)
< BT e = ylI> + Ball Tz — ylI* + (1 = pr = Bo) |z — ylI?
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for all z,y € C.

In this paper, using means, we first obtain attractive point and fixed point theorems for
commutative 2-generalized hybrid mappings in Hilbert spaces. Using these results, we prove
weak and strong convergence theorems for commutative 2-generalized hybrid mappings in
Hilbert spaces.

2 Preliminaries

In a Hilbert space, it is known that

lz+y -2 = llz — 2l* > 2(y, @ — 2) (2.1)

for all x,y,z € H and

laz + (1 - a)y|* = allz]* + (1 - @) Jyl* — a(1 - @) |~ y|* (2.2)

for all z,y € H and o € R; see [21]. Furthermore, in a Hilbert space, we have that

2(z —y,2—w) = ||lz —wl|* + |y - 2* = & - 2|* = ly - w]® (2.3)

for all z,y,z,w € H. Let H be a Hilbert space and let C be a nonempty subset of H. A
mapping T : C — H with F(T) # 0 is called quasi-nonezpansive if

1Tz —u|| < |z —ul, VzeCl, ueF(T).

If C is closed and convex and T : C — H with F(T') # () is quasi-nonexpansive, then F(T) is
closed and convex; see Itoh and Takahashi [9]. For a nonempty, closed and convex subset D of
H, the nearest point projection of H onto D is denoted by Pp, that is, ||z — Ppz|| < |z — y||
for all z € H and y € D. Such a mapping Pp is called the metric projection of H onto D.
We know that the metric projection Pp is firmly nonexpansive; ||Ppz — Ppyl||®> < (Ppz —
Ppy,z — y) for all z,y € H. Furthermore, (x — Ppz,y — Ppz) < 0 holds for all x € H and
y € D; see 20, 21]. Using this inequality and (2.3), we have that

1Pz - yl|* + | Ppz — || < |lz - y||”, Ve eH, yeD. (2.4)
The following result was proved by Takahashi and Toyoda [24].

Lemma 2.1 ([24]). Let H be a Hilbert space and let C be a nonempty, closed and conver
subset of H. Let {z,} be a sequence in H. If |znt1 — u|| < ||zp —ul| foralln € N andu € C,
then {Pcz,} converges strongly to some z € C, where Pc is the metric projection of H onto

C.

Let H be a Hilbert space and let C' be a nonempty subset of H. A mapping T': C — C
was called 2-generalized hybrid [15] if there exist aj,az, (1,82 € R satisfying (1.3). We also
call such a mapping (a1, a2, 1, B2)-generalized hybrid. We know that the class of the map-
pings above covers well-known mappings. For example, the class of (0, asg, 0, 82)-generalized
hybrid mappings is the class of (ag, B2)-generalized hybrid mappings in the sense of Kocourek,
Takahashi and Yao [10]. If z = Tz in (1.3), then for any y € C,

arlle=Ty|* + azlle — Tyl® + (1 - a1 — az)l|lz — Ty||?
< Bullz = ylI* + Ballz — yl* + (1 = B1 = Bo)llz — ylI*.



Hence we have that
|z — Tyl < |lz—yll, VzeF(T), yeC. (2:5)

Thus, a 2-generalized hybrid mapping with a fixed point is quasi-nonexpansive. Hojo, Taka-
hashi and Takahashi [6] obtained the following attractive point and fixed point theorems for
two commutative 2-generalized hybrid mappings in a Hilbert space.

Theorem 2.2 ([6]). Let H be a Hilbert space, let C be a nonempty subset of H and let S and
T be commutative 2-generalized hybrid mappings of C into itself. Suppose that there exists an
element z € C such that {S*T'z : k,1 € NU{0}} is bounded. Then A(S)N A(T) is nonempty.
Additionally, if C is closed and convez, then F(S) N F(T) is nonempty.

Also, we prove a mean convergence theorem for commutative 2-generalized hybrid mappings
without convexity in a Hilbert space.

Let D = {(k,1) : k,l e NU{0}}. Then D is a directed set by the binary relation:
(k, 1) < (4,j) if k<i and [<j.

Theorem 2.3 ([6]). Let H be a Hilbert space and let C be a nonempty subset of H. Let S and
T be commutative 2-generalized hybrid mappings of C into itself such that A(S) N A(T) # 0.
Let P be the metric projection of H onto A(S) N A(T). Then, for any x € C,

Spx = (n+1 2ZZSle

k=0 1=0

converges weakly to an element q of A(S)NA(T), where ¢ = lim,yep PS*T'x. In particular,
if C is closed and convez, {Spx} converges weakly to an element q of F(S) N F(T).

3 Weak convergence theorem of Mann's type iteration

In this section, we obtain a weak convergence theorem of Mann’s type iteration for two com-

mutative 2-generalized hybrid mappings in a Hilbert space. Before proving the theorem, we
need the following lemma.

Lemma 3.1 ([5]). Let C be a nonempty, closed and conver subset of a Hilbert space H and
let S and T be commutative 2-generalized hybrid mappings of C into itself. Let {z,} be a
bounded sequence of C. Define

Spxn = T Zogslexn

for alln e NU{0}. Suppose that ||Spxn — Tn|| = 0. Then every weak cluster point of {x,} is
a point of F(S) N F(T).

Theorem 3.2 ([5]). Let H be a Hilbert space and let C be a nonempty, closed and convex
subset of H. Let S and T be commutative 2-generalized hybrid mappings of C into itself such
that F(S)N F(T) # 0. Let P be the metric projection of H onto F(S) N F(T). Let {a,} be
a sequence of real numbers such that 0 < oy, < 1 and liminf, o an(1 — ap) > 0. Then, a
sequence {xy} generated by z1 =z € C and

0 j1)2 Zis’vlwn, VneN

=01=0

Tpt+1 = 0Ty + (1 an)
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converges weakly to z € F(S) N F(T), where z = limp, 00 PTy.

4 Strong convergence theorem of Halpern's type iteration

Using the idea of mean convergence by Shimizu and Takahashi [18, 19], and Kurokawa and
Takahashi [14], we prove the following strong convergence theorem of Halpern’s type iteration
for two commutative 2-generalized hybrid mappings in a Hilbert space.

Theorem 4.1 ([5]). Let H be a Hilbert space and let C be a nonempty, closed and convex
subset of H. Let S and T be commutative 2-generalized hybrid mappings of C into itself such
that F(S)NF(T) # 0. Let u € C and define a sequence {z,} in C as follows: x; =x € C
and

1 n n
Tp4+1 = Ol + (1 - O{n)(—vrl)—2 Z Z Sle.’L'n, Vn € N,
n k=0 1=0
where 0 < an <1, oy = 0 and Y o | an = 0. Then {x,} converges strongly to Pu, where
P is the metric projection of H onto F(S) N F(T).

5 Strong convergence theorems by hybrid methods

In this section, using the hybrid method by Nakajo and Takahashi [17], we first prove a strong
convergence theorem for two commutative 2-generalized hybrid mappings in a Hilbert space.

Theorem 5.1 ([5]). Let H be a real Hilbert space, let C' be a nonempty, conver and closed
subset of H. Let S,T : C — C be commutative 2-generalized hybrid mappings such that
F(S)NF(T)#0. Let {z,} C C be a sequence generated by 1 =z € C and

Yn = QpTn + (1 - an)m ZZ:O Z?:o Slemn»
Co = {2 €C: lgn — 2| < llzn — 2II},
Qn=1{2€C:{(xn— 2,0 —x,) >0},

Znt1 = Pc,ng,t, VnEN,

where Pc,nq, 1 the metric projection of H onto Cp,NQy and {an} C [0,1] satisfies 0 < o, <
a < 1 for some a € R. Then, {z,} converges strongly to 20 = Pp(s)nr(T)T, where Pp(synr(T)
is the metric projection of H onto F(S) N F(T).

References

[1] K. Aoyama, S. Iemoto, F. Kohsaka and W. Takahashi, Fized point and ergodic theorems
for A-hybrid mappings in Hilbert spaces, J. Nonlinear Convex Anal. 11 (2010), pp. 335-
343.

[2] K. Aoyama, Y. Kimura, W. Takahashi and M. Toyoda, Approzimation of common fized
points of a countable family of nonexpansive mappings in a Banach space, Nonlinear Anal.
67 (2007), pp. 2350-2360.

[3] J.-B. Baillon, Un theoreme de type ergodique pour les contractions non lineaires dans un
espace de Hilbert, C. R. Acad. Sci. Paris Ser. A-B 280 (1975), pp.1511-1514.

[4] B. Halpern, Fized points of nonezpanding maps, Bull. Amer. Math. Soc. 73 (1967), pp.
957-961.



[5] M. Hojo and W. Takahashi, Weak and strong convergence theorems for two commutative
nonlinear mappings in Hilbert spaces, J. Nonlinear Convex Anal. 18 (2017), pp.1519-1533.

[6] M. Hojo, S. Takahashi and W. Takahashi, Attractive point and ergodic theorems for two
nonlinear mappings in Hilbert spaces, Linear Nonlinear Anal. 3 (2017), pp. 275-286.

[7] M. Hojo, W. Takahashi and J.-C.Yao, Weak and strong convergence theorems for supper
hybrid mappings in Hilbert spaces, Fixed Point Theory, 12 (2011), pp.113-126.

[8] T. Igarashi, W. Takahashi and K. Tanaka, Weak convergence theorems for nonspreading
mappings and equilibrium problems, in Nonlinear Analysis and Optimization (S. Akashi,
W. Takahashi and T. Tanaka Eds.), Yokohama Publishers, Yokohama, 2008, pp. 75-85.

[9] S. Itoh and W. Takahashi, The common fized point theory of singlevalued mappings and
multivalued mappings, Pacific J. Math. 79 (1978), pp. 493-508.

[10] P. Kocourek, W. Takahashi and J.-C. Yao, Fized point theorems and weak convergence
theorems for generalized hybrid mappings in Hilbert spaces, Taiwanese J. Math. 14 (2010),
pp. 2497-2511.

[11] F. Kohsaka, Ezistence and approzimation of common fized points of two hybrid mappings
in Hilbert spaces, J. Nonlinear Convex Anal. 16 (2015), pp. 2193-2205.

[12] F. Kohsaka and W. Takahashi, Existence and approzimation of fized points of firmly
nonezrpansive-type mappings in Banach spaces, SIAM J. Optim. 19 (2008), pp. 824-835.

[13] F. Kohsaka and W. Takahashi, Fized point theorems for a class of nonlinear mappings
related to mazimal monotone operators in Banach spaces, Arch. Math. 91 (2008), pp.
166-177.

[14] Y. Kurokawa and W. Takahashi, Weak and strong convergence theorems for nonlspreading
mappings in Hilbert spaces, Nonlinear Anal. 73 (2010), pp. 1562-1568.

[15] T. Maruyama, W. Takahashi and M. Yao, Fized point and mean ergodic theorems for new
nonlinear mappings in Hilbert spaces, J. Nonlinear Convex Anal. 12 (2011), pp. 185-197.

[16] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), pp.
506-510.

[17] K. Nakajo and W. Takahashi, Strong convergence theorems for nonexpansive mappings
and nonezpansive semigroups, J. Math. Anal. Appl. 279 (2003), pp. 372-378.

[18] T. Shimizu and W. Takahashi, Strong convergence theorem for asymptotically nonexpan-
sive mappings, Nonlinear Anal. 26 (1996), pp. 265-272.

[19] T. Shimizu and W. Takahashi, Strong convergence to common fized points of families of
nonexpansive mappings, J. Math. Anal. Appl. 211 (1997), pp. 71-83.

[20] W. Takahashi, Nonlinear Functional Analysis. Fized Point Theory and its Applications,
Yokohama Publishers, Yokohama, 2000.

[21] W. Takahashi, Introduction to Nonlinear and Conver Analysis, Yokohama Publishers,
Yokohama, 2009.

[22] W. Takahashi, Fized point theorems for new nonlinear mappings in a Hilbert space, J.
Nonlinear Convex Anal. 11 (2010), pp. 79-88.

[23] W. Takahashi and Y. Takeuchi, Nonlinear ergodic theorem without convezity for gen-
eralized hybrid mappings in a Hilbert space, J. Nonlinear Convex Anal. 12 (2011), pp.
399-406.

[24] W. Takahashi and M. Toyoda, Weak convergence theorems for nonezpansive mappings
and monotone mappings, J. Optim. Theory Appl. 118 (2003), pp. 417-428.

41



