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1. INTRODUCTION

A coupled fixed point theorem is a combination between fixed point
results for contractive type mappings and the monotone iterative
method proposed by Bhaskar and Lakshmikantham [1]. Several au-
thors [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] investigated it. It is a strong tool to
study a existence and uniqueness solution of boundary value problems
for several ordinary differential equations, see [1, 4, 11, 12]. Recently
n [12], Jleli et.al extend and generalize several existing results in the
literature. They also show the existence and uniqueness of solutions of
the following fourth-order two-point boundary value problem for elastic
beam equations:

{u’”’(t) = f(t,u(t), u(t)),
u(0) = u'(0) = v"(1) = 4" (1) =0,

where f is a continuous mapping of [0,1] x R x R into R.

We are also concerned about higher order boundary value problems.
In particular, for the existence of a solution the use of a fixed point
theorem is a very popular method. So, for instance, we consider the
following problem,

(1) u"(t) = f(t,u(t), w'(1),
u(0) = u(l) = u”(0) =u"(1) =0,
or, for example, the next one (see [12]):

ull/l(t) — f(t, u(t), u”(t)),
(2) {U(O) — ’LL/(O) — u"(l) — u/l/(l) — 0’
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where f is a continuous mapping of [0, 1] x R x R into R. We will show
that some coupled fixed point theorems are very useful in order to get
a solution of these boundary value problems.

For the existence and uniqueness of solutions for the fourth-order
two-point boundary value problem for (1), many researchers have stud-
ied, see [13, 14, 15] The proof is carried out using the Leray-Schauder
fixed point theorem, etc.

In this article, using the method of coupled fixed point theorem in
[1, 4, 5, 7, 12], we show the existence of solutions for (1) and (2).

2. FIXED POINT THEOREM

First of all, we cited the following definitions and preliminary results
will be useful later. Let (X, d) be a metric space endowed with a partial
order <. We say that a mapping F' : X — X is nondecreasing if for
any r,y € X,

r=y=Fx <X Fy.

Let @ denote the set of all functions ¢ : [0,00) — [0, 00) satisfying

(a) p is continuous and nondecreasing;
(b) ¥~ ({0}) = {0}.
Let ¥ denote the set of all functions v : [0,00) — [0, 00) satisfying

(c) limyr4 (t) > 0 (and finite) for all r > 0;
(d) limyo4 9(t) = 0.

Let © denote the set of all functions € : [0,00) x [0,00) x [0,00) X
[0,00) = [0, 00) satisfying

(e) 6 is continuous;
(f) 6(s1,s2,s3,54) =0 if and only if s1s2s3s4 = 0.

Examples of functions 1 of ¥ are given in [7]; see also [4, 16]. Examples
of functions # in © are given in [12].

In [12, Theorem 3.1, 3.2], the following fixed point theorem is ob-
tained. We require an additional assumption to the metric space X
with a partial order <: We say that (X,d, <) is regular if {a,} is a
nondecreasing sequence in X with respect to < such that a, - a € X
as n — 00, then a, < a for all n.

Theorem 1. Let (X,d) be a complete metric space endowed with a
partial order X and F : X — X a nondecreasing mapping such that
there ezist p € @, v € ¥ and 6 € O such that for any x,y € X with
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x =y,

p(d(Fz, Fy)) < p(d(z,y)) = ¥(d(z,y))
+ 0(d(x, Fz),d(y, Fy),d(z, Fy), d(y, Fz)).

Suppose also that the following (i) or (ii) hold.

(i) F is continuous
(ii) (X,d, <) is regular.
Also supose that there exists zo € X such that xy < Fxq (or xo = Fxo).

Then F admits a fixed point, that is, there exists T € X such that
z=IT.

3. FIXED POINT THEOREM FOR MONOTONE MAPPING

In this section, for mappings F of X x X into X, we introduce
a monotone property. Moreover we consider fixed point theorems for
monotone mappings which have this monotone property. We say that a
mapping F' of X x X into X is mixed monotone if F' is nondecreasing in

its first variable and nonincreasing in its second, that is, for z,y,u,v €
X,

zzuy3v= F(u,v) 2 F(z,y),
and a mapping F of X x X into X is reverse mixed monotone if F is

nonincreasing in its first variable and nondecreasing in its second, that
is, for z,y,u,v € X,

zzuy 2= Fluv) = Flz,y).
Let (X, d) be a metric space, Let F' and F be mappings of X x X into

X. We also consider the mapping A of X x X into [0,00) and the
mapping B of X x X x X x X into [0,00) defined by

x,F(x,y)) + dly, F(z,y))
2

Az, y) = il

d(z, F(u,v)) + d(y, F(
2

Definition 2. Mappings F' and F admit a pre-coupled fized point, if

there ezists (a,b) € X x X such that a = F(a,b) and b = F(a,b).

B(z,y,u,v) = u7v)),(x,y,u,1)) e X x X xXxX.

We require additional assumptions to the metric space X with a
partial order =<:

Definition 3. Let (X,d) be a complete metric space endowed with a
partial order <. We say that

(z,y) € X x X,



(i) (X,d, =) is nondecreasing-regular (T-regular) if a nondecreasing
sequence {x,} C X converges to x, then x, < z for all n;

(ii) (X,d, =) is nonincreasing-reqular (1-reqular) if a nonincreasing
sequence {r,} C X converges to x, then x, = x for all n.

Motivated by [12, Theorem 3.4, 3.5], we have the following fixed
point theorem.

Theorem 4. Let (X,d) be a complete metric space endowed with a
partial order <X, F' : X x X — X a mized monotone mapping and
F: X x X — X a reverse mized monotone mapping. We assume that
there exist ¢ € ®, ¢ € U and 0 € © such that for any x,y,u,v € X
with © = u, y < v, the following inequality holds:

, (d(F(:c,y),F(u,v)) +d<ﬁ<x,y>,ﬁ<u,v)))

< (d(a:,u) -2F d(yﬂ’)z —y (d(x,u) -; d(y,v)>

+ 6 (A(x,y), A(u,v), B(z,y,u,v), B(u,v,z,y)) .
Suppose also that the following (i) or (ii) hold.

(i) F and F are continuous
(il) (X,d, xX) is nondecreasing-reqular and nonincreasing-regular.

If there exist xg,yo € X such that

To j F(x07y0)7y0 t F(‘TanO)a or

o t F(«TanO))yO j F(‘r07y0)7
then F and F admit a pre-coupled fized point, that is, there erists
(a,b) € X x X such that a = F(a,b) and b= F(a,b).

Proof. See, [17]. O

4. APPLICATIONS

In this section, we study the existence of solutions of two types
fourth-order two-point boundary value problems for elastic beam equa-
tions. As another applications, we can consider two types third-order
two-point boundary value problems, see [17]. In particular, the follow-
ing result is an extension of the result in [12].

) {u’”’(t) = f(tu(t) v (1)),
u(0) = A,u/(0) = B,u"(1) = C,u"”(1) = D,
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with I = [0,1] and f € C(I x R x R,R), where C(/ x R x R,R) is
a set of continuous mappings of I x R x R into R. Let € be a set of
functions w of [0, 00) into [0, c0) satisfying
(i) w is nondecreasing;
(ii) there exists ¢ € ¥ such that w(r) = § — () for all 7 € [0, 00).
For examples of such functions, see [7].
Next we consider the following assumptions (A1) and (A2).

(A1) There exists w € §2 such that for all ¢ € I and for all a,b,c,e €
R, with a > c and b < ¢,

0 < f(t,a,b) — f(t,c,e) <w(a—c) +w(e—b).
(A2) There exist «, 8 € C(I,R) which are solutions of

at) < /0 G(t,s)f(s,a(s),B(s))ds,t € 1,

B(t) > / Hi(t, )/ (s, afs), B(s))ds,t € I,

where the Green functions G and H; are defined by

1209
G(t,s) = (1).32(315 s), (0<s<t<1),
1% (3s — 1), (0<t<s<1),
_J0, (0<s<t<1),
Iﬁa”y_{s—a 0<t<s<l).

Note that

/()G(t,s)f(s,u(s),v(s))ds
:[; Hz(t,s)/o Hi(s,7)f(r,u(r),v(r))drds,

where the green function Hj is defined by

Hy(t,s) = {

It is easy to show that

t—s, (0<s<t<),
0, (0<t<s<1).

1
0<G(t,s) < étzs for all t,s € I,
and

0 < Hy(t,s) < min{s,t} for all {,s € I.



Now we have the following theorem.

Theorem 5. Under the assumptions (Al) and (A2), the fourth-order
two-point boundary value problem (8) has a solution.

Proof. See, [17]. O

As an application of our results, we also prove the existence of solu-
tions of the following fourth-order two-point boundary value problem,
see [13, 14, 15]:

u(0) = A, u(l) = B,u"(0) = C,u"(1) = D,

with I = [0,1] and f € C(I x R x R,R). We take the set of functions
2 same way as in former result, and the assumptions (A1) and (A2)
are same as those of former result with respect to the following Green
functions G and H.

CJis(1—t)(2t - 52— ), (0<s<t<1),
Gt s) = {%t(l _8)(2s — 12— 2), 0<t<s<1),

and

_)s(1-t) (0<s<t<1),
H(t’s)—{t(l—s) (0<t<s<1).

Note that
/0 G(t,s) f(s,u(s),v(s))ds
:/0 H(t,s)/0 H(s,r)f(r,u(r),v(r))drds,t € I.

It is easy to show that
0<G(t,s) < %st forall t,s € I,
and
0 < H(t,s) < min{s,t} for all t,s € I.

Theorem 6. Under the assumptions (A1) and (A2), the fourth-order
two-point boundary value problem (4) has a solution.

Proof. See, [17] O
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