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Algebraic structures on R for means
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1 abstract

EQFEHRKE RY, nxnEEMITH2EE P, TRTZLIZTS. ZITWIELEE
THRFHREDETEZEZTNWD LTS, KiZ, Py =R, TH5. P, LOIHEHED
25, WS DORDOLRMZEE-THD% mean LIER, BOHNZR S X 512D D mean
AT HCEREORBINT S, UV Yy M By v 1 af ORI & AT HH
K5, AFTIERIZ, RTY EO mean ¥ D& S “IEHEBEORBN h L Ak THLT
EEMTEEHT 5.

2 IEEETTH

n xn {r5&hk%E M,(C) TKT. Ac M,(C) MWEEEEITNTH S L1, HABPET
HY, POABEOx c CPIZH LT, 2*Ax > 0BT EHI 20D, AWEEEMHTH
52Zr% A>0 TRY. LEEMEITHOS BNk 02 FIZEEREITIE VD, EE
EATHI AR P, EHIR AN T —FIZ DWW TH U TWaWzo, B4R LT M, (C) O
DRERNTIZ RS RWD, (METHDE RN T WS, £/, A>B < A-B>0
Z&oTP, EOYHERE > 2EE 5.

3 EIREF - AUREE - Vv /ORI v A O

TIHHEB 0 : S xS = S; (a,b) = aob WEHRINZETIRVES (S,0) % magma
W5, Magma (S,0) SZNHHANDEHY p: S — S T HEHR o 24795



D, TDHH p(xoy) = p(x)op(y) BKLT 5H D% magma (S,0) DECEEEEK L
W,

Magma (S,0) Dite € SH, LED a € SITNLT, eca=aoce=a %iiilz3 L&,
e % (S,0) DEAIFTTE WS . Magma WD TH BALILAEFFD L IXR S 2\, BALTAE
1£9 % magma % groupoid & 3.

(S,0) WG e € S 28D groupoid THd L &, z€ SITHLTroy=yox=c¢
LB ye SPHEIETNE, The o OHFTE WD, —IT € ST U THITHELE
THLIEELRVWL, FELTHEENDR LI ThHD LIFEL R,

(S,0) % magma £95. LEDxz € SITHLT, yoy=x &hdyeSHra=—7
WIFAET 5 & &, (X,0) ik uniquely 2- divisible TH2L\5. £/, DL E y %
x®D half THZ LW, AT HEREZ @ LWVWHFHFTTRTIENE V. (S,0) 2
uniquely 2- divisible THd & &, x € S D half % %@x EWVWIFEFTRTZLIZTS.

3.1 ¥EELTOHH

Definition 1. Magma (X, ®) 2RO RE (bl) 25 (a2) &2 & &, (X,D) (XA
FHTHLEWVD.

(bl) #EEIERIZ 7,
(b2) WHTH 5.

Definition 2. (X,®) % uniequly 2-divisible 2 f[# L 45, ZDL %, a,be X
LT, Lo (adb) 24BE LTORREIERI LIZT 5.
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32 Vv AOBELTOHRR

Definition 3. Magma (X, &) Y+ A O0Y v A OFTH L L1E, UFOARH (c1)
"o (c6) 7= THEE VD,

(cl) HAiste 2RO,

(c2) ®BTOze X ITNULT, FILIAFLT 5.

(c3) fEEDa,b,ce X IZNLT, a® (b@c)=(a®b) dd tdde X Pa=—7
IZFET 5. 2D d% d=gyr|a,blc TKT.

(c4) fEED a,be X ITRULT, ciZ gyrla,blc Z MG H 554 gyr[a,b] : X — X X



HOFEEHTH 5.
() fFED a,be X 2 LT, gyrla®b,b] = gyr|a,b].
(c6) fEED a,be X IZHLT, a®b=gyr[a,b](bD a).

Definition 4. ¥ v 1 0 (X, 0) ICHLT, -2 " HEAEB: X xX > X %
aBb=a®gyrla, Sblb

TEHTDH. ZOIHBEA B % (G, D) ® coaddition & \5.

Definition 5. (X,®) % uniequly 2-divisible Z2Y ¥ BT ¥ 1 Ot §5. 0D
¥, a, b€ X ITHUT, 10 (aBb) 2V v A OBELTORRLIPIILIZT 5.

’ 2

3.3 AHREE - v OT#Y v A OB & AR

Vv A aAaY vy aft, BROTEEEITE HICA RO R TH D, ATHREET
A ORE S Z 2D E FI2, BAGE W LDFIEEZHD b DTHD. —FH, Vv A
TR Y v 1 OREE AT & W DOFEIX T D £ F12, FEOHER & ATANCE T 2 A%
FOFHORHIZEZSMZ7ZEDTHS. Lzh-T, BN SAT, ThT R HRA
D—LEH->726DTHD. MOZLPFERLIVDETOSNTHS.

Theorem 1. (S,0) &% magma £ 3 5. [(S,0) BAEETH D] Z 2L [(S,0) A Al
WHNP OV YA BAY v A OB TH D] ZEIEFAETH 5.

(S,0) A uniquely 2-divisible L AHERTH 256G, Yyl WL TORREH
PR LCOHEDRAILEOTH D Z edbhd. InEEELTOFRREVWI Z 2T
T5. DB, Yy A ufEe UTOHR, B LToOHE, #EE L ToHRZE R L3N
Sitr, HMIZRBHARR[RLIERZ EI25.

UED &S ITEH I NZRB T IE VTS P IR T Db LWEE 2R > T
5ZeMbhb. FHZY Yy A 0y v 1 0FEOLEICDOWTIE [3] 2SI N0,

4 Mean &EREUEE

Definition 6. M : P, x P,, — P, (a,b) — M(a,b) PROFEM: (M1) 5 (M5) %
72§ E, M#%P, E® mean THD LS.

(M1) fFED a,b e P, T LT, Ta<b=a< M(a,b) <bl.



@

M2
M3
M4
M5

HDa,belP, ZHULT, M(a,b)=M(b,a).
TEBGE M (x,y) 1 FEEHIT DT HFTHE .
CEBEE M (x,y) 1 F A BT DV T,

(
(
(
( EED a,b e P, & n KEAITTH] 2 128 LT, M(x*ax,z*bx) = 2*M(a,b)x.

)
)
)
)
41 HEf¥EH

a+b

2
B, AlZP, E® mean THH, ZNzEAEY (arithmetic mean) & XX,

A(a,b) =

(a,bePy)

Example 1. P, FLOIHEE @y Z2BFEOFNCL->TED L. Thbb,
aGab=a+b (a,bePy)

958, (P,,®a) i& uniequly 2-divisible 72T HERECTH D, 22T, (P,,04) OF
BOLEREE U T ORI FATRES & —5T 5. Thbb,

a-+b
2

% %a(a@®ab) = —Ala,b)  (abePy).

4.2 FRFIF

H(a,b) =2 ' +b 1)t (a,b€P,)
¢32L, HiZP, E® mean THYH, ZhzAFMEYH (harmonic mean) ¥ k.3,
Example 2. (P,, &) %

a®gb=(at+b"1H)""! (a,bePy,)

2k o TED D &, uniequly 2-divisible 7 THRPEREIZ 5. 22T, (P, Dy) OFHY
REE U TORBIT USRI L — 85 5. $4bb,

1
5 ©m (a®nb) = 2t +b ) =H(a,b)  (a,beEP,).



4.3 HAFEH

1

G(a,b) :a%(a%b_laf)_%a% (a,bePy)
E92L, GIEP, E® mean THH, Tz HMFY (geometric mean) & LK. K
2, n=10BAERFIOWTHHRTHL LS
G(a,b) =Vab  (a,b e RY)
EMTB.
Example 3. (P,,®¢) %
a®ab=a?ba? (a,bePy)

WZE->TEDD L, uniequly 2-divisible 78 ¥ A B W[ #iy » 1 vtz d. 22T,
(P, ®g) DY YA BT v 1O it UTORBG P AU MEE e T 5. T4
bbb,

1

1
5 %G (aBgb) = a%(a%bflaf)*%a

N

= G(a,b) (a,bePy).

iz, n=10DH41F
a®gb=ab (a,b e RT)

ThD. LEN-T, (RY,Dg) RTHEETH D, BTTHEBEO T K & a7 T HAH
%%,

4.4 Max 15

n=1D550AEZS.
Max(a,b) = max{a, b}

95, Max 3 RT 10D mean THH, Tz MAX FHL LRI L1275,

Example 4. (P,, &) %

a @y b= max{a, b} (a,b € RT)



X o TEDD L, uniequly 2-divisible R FHCEEEZ 0D, 22T, (RT, Dyy) O
FEE U TORBNFSRIE MAX TP —HT 5. §72bb,

1

§®M (a ®p b) = max{a,b} (a,b € RT).

Kz, (RY,on) (FHEH (cancellation property) % 7= Z 720K 5L ETH 5.

5 R" LOREIBEE mean

FHIXINSORERPORD K SR PRE%ELTE.
conjecture 1. (RT, @) #% uniquely 2-divisible 72 ¥ f 0wty v A 0 ffTH O, £D
KRB F DI RT ED mean M L RIELTW5, Thbb,

M(a,b)z%@(aﬁﬂb) (a,b € RT)
RS, (RT,D) EATHEETH S,

ZOFPRIZH L, MOWREAELE UTUTDO XS il a2 Ry Z N TE L.
Theorem 2. (RT, &) »% uniquely 2-divisible 72 ¥ 4 B Wiy ¥ A UfETHD, TD
KRBT A RY LD mean M 2B LTWS, Tabb,

M(a,b)z%@(aEElb) (a,b € RT)
95, ZorE, (RY,®) D subgyrogroup THE (R, +) A DAFHET 5.

FH DO TP conjecture 1 1%, Z D subgyrogroup »% (R, @) D H D TIEAm\WVn & \»
SHDTH5S.
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