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Mobius gyrovector space (Z 2Tk Hilbert ZEf & ORI\ T Fr Y =272 6 < F
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FIEREEIC L 2 EREM, MEIEHFER YD counterpart BERINT N5,
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5. ZO#sERTIE, ERICET S (W4, (W5 OFHREZTF I VAL, £72FD7HIT
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W lE S, B O HAFHMM D = {a € C; |a] < 1} 12351) % Mobius OFIIE

a-+b
1+ab

admb= (a,beD)

TH O, BEEDIE L Bk BN S . Mobius ORIZFIR 5 81 51T\ 7245, 7 DR
D & 5 7 E, Einstein O$EEH F D IRAE T Ungar 12 & - T 1988 FITHA S T X
N2 ET, KPP TWERPr o7, & 5612 Ungar I XMTEEOENFZEMOBIERIZ Mobius
DM ZEHLIEL, £72 Mobius DAN 7 —f5%2EA LT, X7 MVEMO XS Gz s D
gyrovector space D&% e U 7z,

F-JE 12 Mobius gyrovector space DE&ZZ B WHZ 5. IkHid CBS A% R IL Mobius
DI gyrovector space DHFEH D2 THRRZZ B TELN, T 5 1T~
DEEREFR=—2avBIOERTHY, TOREKEIEIHRLDORFERDGRZ2E L  fijH
29 5. HlRIN7 (gyrocommutative) gyrogroup, gyrovector space O JE 35X H A HIH
ZOWTIE, BRI [U] 23HBL TWZ72 E 720,

Mobius Gyrovector Spaces.[U] V Z (RO ENBZM, [EE S N/ EOH s 12 LT
Vs ={aeV;|a]] <s}
&9 5. Mobius DB LU Mobius DA K T —F%1%

(1+ Z(a.b) + +[bl*) a+ (1 — [lal?) b

adPyb=
1+ Z(a,b) + [al?||b]]?
r®Ma:stanh<rtanh_1Ma||>|;” (if a #0), rov0=0
s

foralla,beV,, reRIZL-oTEHINS.
RNE(VV) D, ||Vs|| = (—s,8) IZBITF2HA Oy, om (A—DFSMEDNLS) 1F

a+b

adOpyb= ————
M 1+S%ab

a
r ®M a = Stanh (7“tamh_1 7>
s

for all a,b € (—s,s), r e RIZE>TEHEIND.
ZDEE, (Vs, &M, M) 1 gyrovector space £745. @y, Om 2 ETNENHEIZ O, ®
LELNITA=X s EHIRLEZWVWES T @, ®, £ EL.



—MRICIE, BRI ATRTE, BHEMNTH, DENTH RV EICEET %:

adbb#£Abda
ad(bde)£(abb)de
r®(a@b) #rxa drb
t(a & b) £ ta @ th.

LU, & (BXOA) Vv 1 wfEAER, O v 1 a kil A7 7 —HEiki, A7 7 —
MEEER YD H S & 512, gyrovector space 1R T R EENLNTMEEZE L TWS.

s—>00&2T25LV, 2LV ICHARL, HE O, @, I XEEDRZ MVH, A0 T —
iz o <.
Proposition.[U]
a®;sb—>a+b (s— 0)

rosa —ra (s — 00).

Notation.[U] It is obvious that —u is the inverse element of u with respect to @ as

well. As in group theory, we use the notation
acb=a®(-b).

The Mobius gyrodistance function d on a Mdbius gyrovector space (Vg, @, ®) is de-
fined by the equation

d(a,b) = [|b© al|.
Moreover, the Poincaré distance function h on the ball Vy is introduced by the equa-
tion

d(a,b)

S

h(a,b) = tanh "

Theorem.[U] The function % satisfies the triangle inequality, so that (V,,h) is a

metric space. It is also complete as a metric space provided V is complete.

Proposition. Let s > 0. The following formulae hold
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@) Lo 2 =
S S 2 9
(i) lla o, bl — _lall’+2(a.b) + bl
’ 1+ 2 (a,b) + X||al|2||b] |2

a b ad;b
g@

for any a,b € V.

3 Mobius OEEICEE L 7= CBS BARER
Mobius DFNZEE L 72 CBS BIARERNE UT, L IROEHEE2/L I LN TE /.

Theorem.[W2] Let V be a complex inner product space and let w € V be a fixed
element with ||w|| < 1. For any u, v € V and for any s > max{||ul|,||v||}, the
following inequality holds

(1)

— & Re(u,v) + S ful o]

<¢|mwnmmw+mw

The equality holds if and only if one of the following conditions is satisfied :

(i) u=v
(ii) |[|lw|]| =1 and v = Aw, v = pw for some A, u € C.

Remark. ¢ EFRNHEEMTELRAKETH L. TORERNIFRDO XS IZRRS5N 5.
[(u, w) S5 (v, w)| < ||u S 0|

for any [[ul], [[v|| <s, |Jw]] < 1.

ev, w4k 0, - TESHMZ L L HMNR CBS AEAEBS. £7/2,s 2002 T2I LI

> [l

K OMRER & U Ty 72 CBS REAPEILE N 5.

e FEX (1) ZMDEIITRT I LI TER. (BHIORFESH HUTIZK D SE727200.)

[{u, ) Os (v, w)| < [(u S5 v, )| < JuOs v [Jw]] < [Jucs |-

Example. C I2EWTHEE DN (u,v) = uv ZH\,
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[lull* = 2Re(u, v) + ||v]|?
= [Jewl]-

(u, w) — (v, w) 2
3 1 —2Re(u, v) + |[ul[?||v]|?

1- (u,w}(v,w>
2o x50, [ull,|lol] < L, [Jw]] < 1% LTRSS

5

[|u][> = 2Re{u, v) + ||v||?
— | 1 —2Re(u,v) + [|ul[?||v]|?

(u, w) — (v, w)

[Jwl]

1- (u,w><v7w>
MR L\, EHED 2018 £ 6 HDOKRIREFE I F—TINSR2FKER L& &,
EE B TR OB R & 22 S 7.

Qusetion.(S.-E. Takahasi) Is there any constant C' > 1 s.t.

||ull?> — 2Re(u, v) + ||v]|?
=7\ 1= 2Re(u, v) + [|ul[2]|v]]2

(u,w) — (v, w)
1 — (u, w){v, w)

[l

for any [[ul], |[v]| <1, [[w]| <17
THTEZ LS L UTROEHAE SNz,

Theorem.[W4] Let V be a complex inner product space. For any u, v € V, s >
max{||ul],[|v|[} and w € V with [[w]| <1, the following inequality holds

2 _ 2
<\/1 [[ul> — 2Re{u,v) +[o]> | 2ljuw -

(u,w) — (v, w)

1 — 5 (u,w) (v, w) — &Re(u,v) + Srllul2[[o]]2 T+ [fw][”

The equality holds if and only if one of the following conditions is satisfied :

(i) u=w
(ii) w=0
(iii) [Jw|| =1 and v = Aw, v = pw for some A, u € C.

1_2'_|||1|U|||2 < 2l|lwl|| 7ZH HIRHE D LD, Takahasi DFIWIZ C =2 & U THERNZR[H
w
Brbrb.

Corollary. If ||u]|, ||v]| < 1, |Jw|| <1, then

(ww) = o) | _ o [ lull2 = 2Retw, v) + o]

<2\ 1= 2Refu, 0 + el 1N

1 — (u, w){v,w)
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Remark. ¢ RN (2) IAEA (1) DARTHS. lj_Hin <17=Z06.

[lwl[2
o EMHERTHRAMTHS.
RO, FROROELOEL 2 3HSHKTRETHS I L2RL TS,

Proposition. For any constant C' < 2, there exist elements w,v,w € V satisfying

[[wl] [[ol] <1, [lw]] <1 and

[|ull® — 2Re(u, v) + ||v][?
1= 2Re(u, v) + [[ul[?[|v]|?

(u,w) — (v, w)

>C [|w]|.

1 — (u, w){v,w)

o, AER (2) 2572 CBS RER & A O 512 Bldiz 432 U CTRE
ATERWIZ L ZEKRLTWS.

Proposition. For any constant C' > 0, there exist elements u,v,w € V satisfying
[ul], [Jv]| < 1, [Jw|| <1 and

1

1 — (u,w){(v,w)

e 1 2
1= 2Re(u, v) + [[ulP[[o]|* 1+ [Jw]|*

Mobius 1# & UF Mobius A 777 — 505 2B U 72 & 2 B Cauchy BIR5E XA
(W1 TESATWLS, ROFHE, FRZEN L Mobius M5 £ O Mobius A% 7 —
i & DERDIRKE IZEWT, CBS BAFERNDRED HRBILEE ARSI NES.

Theorem.[W4] Let V be a complex inner product space. For any u, v € V, s >
max{||ul],||v]|} and w € V with ||w|| < 1, the following inequality holds

< Yo . (| Nl = 2Refu, ) +[Jo]]? (3)
= AT 2 Refu,v) + Lol

1- 5%<u7 w> <’U, w>
The equality holds if and only if one of the following conditions is satisfied :
(i) u=wv

(ii) w=0
(iii) [Jw]| =1 and v = Aw, v = pw for some A, u € C.



Remark. o REX (3) EAEX (1) DARTHS. 0<r <1,0<a<skHboi¥

rsa<arinn.
o ENMZEMTLAMKTHS. ZOARFRFROL S IZBRSNS.
Let s > 0. For any elements u,v,w € V with ||u||, ||[v]| < s, ||w]|| <1,
[{u, w) S5 (v, w)| < [|w]| @5 |luSs o] (4)
In other words,

[{u, w) &5 (v, w)|

tanh ™!

< [[w|| tanh M

or

h ((u,w) , (v, w)) < h(u,v) [[wl].

o FER (3) % (4) Ts — oo LT & iz CBS R
[(u, w) — (v, w)| < |Jwl[||u - v]|
PEEE NG,
70, AR D 32

Theorem. Let V be a complex inner product space and let w € V be an arbitrary

fixed element with ||w|| < 1. If K is a constant satisfying

(u, w) = (v, w) [|ull? = 2Re(u, v) +[[v]]?

<K :
N 2Re(u,v) + ||ul|?||v|[?

1 — (u,w){(v,w)

for any any element u,v € V with ||ull, ||v]| < 1, then ||jw|| < K.

4 Riesz BBORIFER

BB, AEX (4) OIGH & U T Riesz ORBUEHD O & DD counterpart & $#2rR7 5.
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Definition. Let V be an inner product space. For any map f : Vi — (—1, 1), define
fs: Vg = (=s,8) by

for any element x € V.

Theorem.[W5] Let V be a real inner product space, ¢ € V with ||¢|| < 1, and
consider the functional f:V; — (—1,1) defined by

f(x) = (x,¢)
for any element x € V;. Then,
(i) For any € > 0, fs satisfies the following conditions:
—{fs(®) s fo(y)} s fs (D y) = o(s72H) (5 = 00)
—{r®sfs(®)} ©s f5 (r2sm) = o(s7*7) (s = 00)

for any element x,y € V and any real number r € R. Here, f(s) = o(s%*) (s —

f(s)

(ii) The following formula

o0) means that

sup  —o———=== = [[c]|
syevi ety N(T.Y)

holds.

Theorem.[W5] Let V be a real Hilbert space. Suppose that f : V; — (=1,1)

satisfies the following conditions
—{/fs(®) s fs(Y)} ©s fs (@ Dsy) =0 (s = 00)

—{resfs(x)} @5 fs (roosx) =0 (s = 00)

and

0< sup
eyevi,ary N (Z,Y)

Then,



(i) For any @ € V, lim fs(x) exists as a real number.
5—00
(ii) There exists a unique element ¢ € V satisfying

h
lim fs(x) = (x,c reV and su ———= =2 = ||
lim fi(@) = () (wcV) s T el
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