The number of linear factors of supersingular
polynomials and sporadic simple groups
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EETIE, 2 VAN S RSEAON 2RI B 1T 28PN 7O 2, B=iX
RO OBEF & UTHRIMZR L 72, & 512205 OB R L ANV T O A
R DR S N2 ZBOEA L, & 5EAEILEMEOMBORRBDES L D—H % Az,
ARONRITIRIL[14] LU THRIZT 72 7 M INTW S 72OFEHOMEICIZIH A ST,
DR EDPRMNEFERDOAEND . FEMIIFRX DS 2SI NI\, BB, R
MCRFHEETIEMN T VARWA B L NV ORIZBET 2 R LAY, H 2D =MARHCHK
TR Z IHA DB DI O W T H RN D.

1 EC®HIC

B p > 0 DK K EOHMEhiR E 2S8R 5RA (supersingular) TH 5 & 1%, EH» K L
p-torsion 2Rz mWIZ 2B WS, ZOEXMFIEE D j AEREDARIMEFEL, HEIFR j AER
Zp 2EET DT EIARMBEL 2R L, POENSIEFETE, ICADZEBHISNTWVS.
Z 2 CHIFERS IR ss,(X) &, WD &5 CHBR j RERIZRD X RIRDE=Y 7%
HATED S :

ss,(X)= [ (x—iB)).

E/Fy
E:supersingular

B p DRI j REBDEGITIF, LOMZIZEL Tstable TH 2025, ss,(X) € F,[X]
THdZEIZIERET D, Deuring IZ X 5RO HFIE j AEEDNFR ITASZ L, L
Mo T ssp(X) & F, LBENDAET D L@~ ZIRRFETUDPERENLNI LR, s5,(X) DIR
B (F 72 B p Oty R P RR O R RUE O AE 250

1 if p=2or 3,
deg s5,(X) = ;)1;21_|_%1 (1_ (%)) _|_% <1_ <_?3)> ifp>5

Ao TVS (6, 9] BET[I8, ChV §4] BI8). TIT (2) ¥ Logendre fl S TH . 7
Ep=2,31ZLTss,(X)=X (mod p) TH5 ([3, p.201)).
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T, RHTHIRE D 55,(X) OMEEE UTE VAR M OMBE OBFRERH TSNS,
T VAR —REMIE 26 EFE S 5 AR A EMHEO T CABBRRDBDTH Y, AL

#M = 808017424794512875886459904961710757005754368000000000
=9216.320.59.76.112.13%-17-19-23-29-31-41-47-59-71

TH5. H Ogg BEMNTZ L THIN, TNoDRKB p Xt U TR j AL &I
F, LEZIND. Tbb,

55p(X) DHRHEIR F- DA T E NS <= p | #M (1)

DR D SO ([15, p.7], [5]). REHHIZ I s8,(X) DFREIN T OEBUZE T 2 IROFER &, FE
il F W %

Theorem 1. p % 5L LDFEE, ss,(X) DF, LOBEKIIRIZ B 1T 2B 1 DfEEZE L(p),
B IR Q(/—p) DEHE h(\/—p) LB L E

sh(yv/=p) ifp=1 mod 4,
L(p) = { 2h(y/=p) ifp=3 mod 8,
h(y/—p) ifp=7 modS8.

Z ORER S AREMNZIE Deuring 1IZ X2 HDTH 5 ([3, §10], [4, eq.(9)]). UL Z Z Tk
R EIFETES B TEEREINT WS ([16, Lemma 2.6, [1, p.97] 2 2H). ZORE5D
TTHREOER (1) X

deg ssy(X) = L(p) <= p | #M (2)

cESIEINDS. U UVEEFEHNZ WG, MRZ O XS5 0—8REL 00, &
WD BERITN U TS &2 5 2 T iR,

2 FHER

A TRARDEERE, #BRERLIEXO L AU 2O OB R T OB OHRAR &,
(2) D—ftTHD. LA, 5 A EOFEH pIZx LT v, 6,e € {0,1} % Legendre 7t % H

WT
1 -2 1 -3 1 -1

(G2 (- G)) 2 (- (G))
EEDD. HRRLITAOBH 0 NDRRZ 58D LT PRI N TS, HIZIX, Ep > 5
WXL Tm=[p/12] LB & & ([] 1% Gauss 5L 5 ),
5 20—3e _ 1728
GG medn) @)
DD LD (TN HAREMNIZIE Deuring 12K 5). T2 ToF (o, B;v; ) 1% Gauss D]
W TH 5 :

s5,(X) = X™O(X — 1728)°, Fy (—m,

o0 TL

2 F1 (v, B5v; ) Z j;

n=0



T () (=1, (@)py=ala+1)---(a+n—1) (n>1)TEDD. L7zd>THIZ
o, 0 WEBEOGHEIZZEHAZ 525 L ILERT 5.

Atkin ERZIHR L IEEN 5, @RRLEAOBEH 0 ~DFE LIV EET 5 ([10). £
DU AN SELPHORFTIZENT, ERRLEEHAD L NN SEHUY BRI LT
. X0 BRI, BRSO To(N) (N = 2,3,4) 0BT 2 R 21 sV (X)
A3 Tsutsumi [19] 12 & 0, Fricke B [5(N) (N = 2,3) 12B9 3 BREESIER 5587 (X) H
Koike [11], Sakai [I7[IZ &> TERINTH Y, FHIEEDBEMEIANRRIE, Ehp>5
WXL Tmy = [p/8],ms =[p/6] LEL L E

3 e—2v 256
ss(X) = X™ V(X — 256)"2 F (—mQ, s~ 1 b 7) (mod p),

f 1 6 . 108
ssP)(X) = X" (X — 108)°:Fy (—mg, 3 tgil 7) (mod p)

THd. 5B, Npe {23t LTiEssi™(X) = X (mod p) TH 5. FHmBUITE %

-1 3 —1 1 —2
degsS,(,2*)(X) :m2+€+V:pT+§ (1— (?>> +4_l (1— (?))7

-1 2 -3
degss](f’*)(X) =ms+ 20 = pT+§ (1 — (?>) )

INoD U NN ESBRRZIEA 2R L 722 &, €2 AX—FEDS O LR BT
WEDRLEL AT S DOXIEHRD K DTIFIRNP, &0 D BRI FDE L5217 - 7R,
DT 21372,

Theorem 2. ([14, Theorem 4]) 28 p > 512 U T TR D LD -

-3 (- (2) (o (D

p p

i o (o () (o (D)

TED ss,(X) DG L RL Y, BIPKTF OB E kK Q(v/=p) & Q(v—Np) DEIE
DR L o TWB Z DRI TH D, X 51T, Ths OIEN T OO IHR X%
FAWTHRGEM 2175 2 £°T, sso ) (X) BRBRTOARED & 5 B E, "E—EV 2
A —#EB, Fischer #f [, DAL

#B = 4154781481226426191177580544000000
=21 .318.56.72.11.13.17-19-23- 31 - 47,
#Fily, = 1255205709190661721292800
=221.310.52.7%.11.13.17-23-29.

D HEKE L DR % 1572



Theorem 3. ([14, Theorem 5]) & p (IZF U TIAFAEL D 3D -

deg ssi)(X) = L (p) <= p | #B,

p

deg s (X) = LB (p) <= p | #Fit,.

p

25 DFER I Brillhart-Morton 12 & % Legendre 22 X D BE 73 ICBE 3 B 655 &,
Tsutsumi, Koike, SakailZ &% b~ &R IHAICE T S8R 2 DI A G DY
52 TROND. TORIZH L 702 ORI O RBZ A K (Kummer’s relation)
8, §2.1.5., eq.(27)]

oF (204,26;04 + 08+ %; z) = (a,ﬁ;a +08+ %;42(1 — z)) (4)

Thd. TNITMAT, BAFEEDH T(N) & Fricke # TH(N) (2Bd 25 €Y 27 —BK
(7). n (1) (N = 2,3) D 7o 3 REBIHR A

256 64 64 108 27 27
,mﬂ‘47530‘ﬁv0’.ma‘4jmv0‘kuﬂ

& (4) DEBERZ D ELMINT 22 L ICHERLTHL.

2.1 Legendre %IEX DEL# 9

Brillhart & Morton (&K D (BHT) ZHX W, () (mod p) DEERI RIS 1T 2 #HPIN
T OB A BARRNIZ R D 72
m 2
Won(X) =Y (m) X" = o Fy(—m, —m; 1; X).

r
r=0

BLAHISNT WS K S1Z, Legendre FEHES
By =a(x—1)(z -\

D Hasse N B Wi,_1)/2(\) THZ 54, W £y HWERHE & 722 DI W, 1)/2(\) = 0
(mod p) DL ENDED L EITRD. LATNDFERITDWT H &4 824 722k MR O FEHER
DR DH 5.

Theorem 4 (Brillhart, Morton [1]). & p > 512X L T Ny(p,m) TLHA W,,(X)
(mod p) DRMEKFDEEKE RS, DL EF,

B - (- () (e (D)o
N (p.[£]) =0 2L(p) - 1),

Z 2T L(p) XIE % D s5,(X) DRI T DIEETH 5.



LA W, (X) & P (X) ITIEBAF D & S RERPEK D 2D Z L ITiEET 5 [1, p.80)] :

wapqyammm(%}é)

2T & D liE DRI RIZ 51T BRI T OB 5T 57280, s (X) ORIEK T-
DIEED 25 Z LIZEET 5. X 512 Morton 1 Legendre £ I D RFE D ¥R IN 1 DA
BIZBEL, UTZ2RLTWVWAS.

Theorem 5 (Morton [12, 13]). & p > 51X LT B(p,m) T Legendre ZIHA P,,(X)
(mod p) DEEH —IRKFDS5H X2+ C L WHEEZLTWDHDDMEHRERT. ZDLZ,

5 (o [f]) =3 {vm -2+ n}s B (0 [5]) = H{ontv=m - s},

T @)

2.2 Ty(N) (N =2,3)ICEAY2BRELER

Tsutsumi 1& [19] IZEWTER LV NV DG FEERHFICE T 2R RLEA 2 EHR L, TOM
BITLIEALRREZ KDz, ZOBIZ, BHTEY 27 —B(T) £ To(N) (N =2,3) I
5EY 27— jn(r) D7z $REBEHRA

(72(7) +192)* — j(7) (ja(7) — 64)* = 0,
Ja(7) (s () +216)° — (1) (js(r) — 27)* = 0.

ZIRIZLTWA. Kb BRIz, FTHES Sy %

()

Sy = {jn € F, | the j-invariant determined by (5) is supersingular}
EREDD (pIZHEREFELTWVWD ZEITIER). T H5ITTTD ss,(X) DHHIT-> T,

sst(X) = [ (X —jn) €F,[X]
JNESN
LEDDZDTHD. HlZIXssy(X) =X (mod 2) &0 0HEE2I12H )2 MR j RER
THBEP5 (5 —192)> =0 (jo —64)2=0 (mod 2) &7 b, ZN%MNT j, =0 (mod 2)
DR 2 1281 B j, RERE RS, LEN>TIDEA S = {0}, ss7(X) = X
(mod 2) £ 725, A Sy X F, EOIEZIZE L Tstable £ 0, ssi"(X) € F,[X] TH5 2
CITERLTEL.

Proposition 6 (Tsutsumi [19]). (1) Fp>5IZLTm=[p/4 &EL. ZD&&E

3 e .64
s%WX):Xm“ﬂﬁ(4mZ—§ﬂf§) (mod p).



(i) B p>51cfLTm=[p/3| £BL. ZDL &

: 2 0 27
SSLEJJ)(X) = Xm+62Fl <_m7 g - 3a 1a X) (mOd p)
INSDEZHADIKBIILL T TEZ 6N 5.
p—1 1 f p—1 2
deg 55,(32)()() =T + 26 deg ss](f)(X) =3 + go.

Proposition 7. ##p > 5128 LT, L™ (p) (N =2,3) Tssh (X)
DEfERS. oL

L) =N (p [5]) +2 L9G) =N (p.[5]) +0
L7zhioT, EH1LEMA LD LM (p) (N =2,3) REHA(/—p) DEBETH 5.

N =23128LT, ss'V(X) (mod p) & Brillhart-Morton D% IHR W, (X) I (£
BOMM I —IRAWEHRDDH LT IRIFFLV. T LD LOMENS P

ITC, TIETIETHNERESIENTIH 2BBMBENI L > TERRINED, £h
BNz B BUIEEWFE R 2 S D, FIRIESHER ssP (X)) (mod p) &7 DBEEMSIEAFRIC

HHTAHZET
1 3 . 64
[p/4]+e e Tl
X 2F1<474717X>
®%Eﬁ%ﬁ®&p HT L BRE 5. b##ofﬁia R DEED S, RO &S 7%
ss(X) DERBEDBDDS. sV (X) DHAHABOENSHH 5

Theorem 8. ## p > 51X LT,

(p—14-2¢) /4 o\ /dn
ssP(X) = Y <n>< )X@*”””” (mod p),

—~

mod p) DFEIK T

e 2n
P=1420)/3 1o\ ra
ssl(f)(X) = Z ( N > ( N )X(p_1+25)/5_" (mod p).
n=0

kI LT, HERAFREUZEI Y % Clausen DA [8, §4.3., eq.(1)]
2Fi(a, B+ B+1/2;2) = 3520, 26, o + 85 200 + 26, 0 + 8+ 1/2; )

EFRHOVTHREZHE TS Z LT, SLy(Z),Ti(N) (N =2,3) IZHT 2 @8RELEHADFH
D, ZHEFEEAWZEREED.

Theorem 9. ¥ p> 5L T

(p— 1+85)/6 I
ss,(X)? = (X — 1728)° ( ) ( ) ( )X(p 1+89)/6=n (mod p),

n

(p— 1+6€)/4 o\ /an
ss7(X)? = (X — 256)" Z < ) ( )X(p 1+62)/4=n (mod p),

n 2n
n=0

(p—1424)/3 on\ 2 /3n
881(,3*)(X)2:X5(X—108)5 Z < )( )X(p_1+26)/3_” (mod p).

"0 n n



2.3 LANISLUETIUTICNY BFAE
REILABE, X7 N IXHICE VAR —HOMBMOZRNEE2RT LT 5.
Ne&:=1{23,57,11,13,17,19,23,29,31,41,47,59, 71}.
RO & & LFERIZ, L)V N O Fricke # Tj(N) 1BIT 5 @A RS 551" 7 (X)
IIHEMEY 27— (r) & T(N) BT 5 EY 27 —B L (1) O T REBIRA %
WMUTERTD. VRS TN LU THIEPERMALIENIC LB LAERIZED R (&

Bbn3) M, Heun LIHRE W2 FHRIIEET 5. I 2 TIREER % E R0 4 1 [H
FTBPEERRBITE EDB. Butln), ui(n) %
= () G

ao= (S () (714} o

TEHT . BEOMIL, ZHREBHALZ D5k = [/Wﬁg%i%tbf%ib.
28, {ui(n)/(*") baso & Apéry 2% ((2) OEEERME (((3) Tld\) Z AT B B2 AW 724K
FITH 5.

Conjecture 10. (i) EHp > 712 LT

2(ms+us)
550 (X)? = (X7 —44X —16)" Y~ ug(n) X" (mod p).
n=0
(ii) FEp=5, p>11ITHLT
2(m7+pu7)
s (X0 = (X4 17X =217 3w (m)X*7 (mod p),
n=0

B () e (5)
o5t () ()

I ST FERIEMEE OFRE PRI NS, HN % Harada-Norton £, He % Held 8% &
T5. I DOREOAEIE

H4HN = 273030912000000 = 2'* . 3%.56.7.11 - 19,
#He = 4030387200 = 2'° . 3% . 52 . 73 . 17.

THb. LV (p) & s (X) DR FOMME T2 L SLTHAK IO & FHIND.
Conjecture 11. FE p iz LT

deg ssl(f*) (X) = L(5*)(p) < p|#HN,
deg ssl()?*) (X) = L™ (p) < p|#He.



VAL L EDOBIERLIERIZN U CAHFHHTE TWA Z 2132 R0, EHEBEER
W2 & o TFDOWE S L UCEBIEIN T OEBIZ O W TH— L FRETTAILIEFTETVAS

Conjecture 12. p>5%2R B E LU NeS - {2} P DONApTHDLT5H. ZDLE,

w1 () (1 ()
S () - ) G

WEN € G IFFEHBRDTssy(X) IFERINTWVWDZ LITEET 5.

Conjecture 13. p>5 2R ML UL NeS - {2} PO N#ApTHDHLT5H. ZDLE,

(N*) 1 -p
LY (p) = S\t L(p)
{2 (- (5) C (5)) o
8 Np Np b
ITCEHEDO—DF, HIZIELVXIVN =222V T

deg ssP(X) = L®)(p) < p| #B (6)

LWVWIORELTWE., DEDEESINZLRICH L THIMEZR O XS Rz p DE
BT XEETH o7, THEIFHIT NIV )p 2EELEEE, LA EEBITET
5H5FD TRM] 2HTHNAZENTES.

Observation 1. N € S 12 LT, BAFAEK D LD,

deg ssV ) (X) = LV)(2) «— N | #B,
deg ssi" (X)) = LOV(3) = N | #Fil,,
degss V(X)=LW9(5) < N |#HN,
deg s (X) = LV)(7) = N | #He

(6) DI & A~ D FFULMIME D ER p 12 U CHERT 20BN D 5. T DHIF

ZIXEBGEH & W CTHEBRE DB p 12 D5HRICE L LIAGRER D 7. —T
TIHLLIIERMBMOIEE N(=F v AR —HOMMBDHERE) I8 UTHERTIXL W, Z
DO TN OERIZSDE ZA XL AR5,

3 ZTDMDEE - F18

ARETCIXEFEEP I [14] TRFE-> TWARWER 1 TORBEELIER OB 2 HIZDWT,
FHRESBRORE R 2 T HEBIZHN TS



3.1 BRBLRILDIGE

ZZETOEMPOAND LD, HBHEY 27 —B(r) L#ELRHEOEY 27—
WO T MRBERAZHNT, ZORICET IERELZHAZ (BAWITIX) EXTSZ
EINTED. IC, EVAZR—HMOIEELEFZ 194D, ST HEY 27 —FK (W
H P 5 McKay-Thompson #kZ) O E&H 1% Conway-Norton [2] (ZH 5. FlZ X S DELH
TNA 2\ B EIE Fricke BT (N) (N € &) IZBT B E Y 25— L (r) LG LT
WA, ZNLHNDEODRD L )L (LB I L CHERRLHAZER L, BT
R 1 D % Kk B REFRZ T o72. UTFTIEL N6 DEHE D (Conway-Norton
DFLFTIZ6A DS 6FIZXInd 5) FREZHMNT 5.

Conjecture 14. v, := 3 (1— (’7”)) E95H, ZDEEHERKp>5I1T LT

3(p—1 3
deg ss(X) = (p—1) + vy, degssPB)(X) =p—1,
p 4 2 p
‘ 1 ‘ 1
deg ss:Ef’D) (X) = pT + 1y, deg ssl(f’c) (X) = ]OT + v,
-1 -1 1
deg ss\?)(X) = pT + 6, degsst™(X) = pT + 5(1/2 + 13 + 1g).

Conjecture 15. # p > 5125 LT LOW(p) T ss(X) (mod p) DI T D% %
£TLT 5. F7LO(p) IBHETTRZE 512 ss$2(X) (mod p) DREK T DL L 3
5., ZDOr E

L (p) = <2 + <_?3)> L®(p),

L) (p) = 2u, LP)(p),

<4+<:2>)}Mv5§b+éMvth

p

R ZIER ssV(X) (w = A, B, ..., F) DEFIZOWTHHRRTERDSH 305,
ZIZTIE—27Z 200 L5,

Conjecture 16. £ p > 512 L T

[ 0\ n+k\?
33&63)(X)2:(X2—34X+1)”6 { <k:) < i )}X”_l_” (mod p).
k=0

D

BE, AUORBUE Apéry 1IZ& 5 ((3) DEIEMEDIEHIZE N T WS,



3.2 HEHE=ARICHXTIEBERMNZEXNDEND A

FIEI CEZZDIIBOL X)L E EIFS, H50WIdAREERAOWE 2 BT 5 im0
REZHAD—RbTH L. ThoDGE, RBERICISBREZIH %2 BR M2 HA T
RIZLFHELWEEZONDS., TZTAHAUHASEZEZTAS. BLHoNhTWD LDz

PSLy(Z) ~ (S, T | S* = (ST)* =1)

Th-o>T, TN (2,3,00) ITNTE=AFELEMTHS. ZDO=MAEA2,3,00) & i
RS IERN 55,(X) DHIELTWB LS Z 21235, &C, Elkies [7, §3.3] 12 & » =R
A(2,4,6) 12653 5, ER B (1) (mod p) DEERFE &2 BUZRFD & 5 2% THR
DEMRIEDERIZH SN T WS ¢

~

o F1 (i,%;%;t) ifp=1,5 mod 24,

o Fy (%,%;%;t) ifp=7,11 mod 24,

o Fy (%, ;—Z; %;t) if p=13,17 mod 24,
19 23.3. e

kﬁuﬂ@@@ﬂ if p=19,23 mod 24.

W p > 5%
1 -n
p—1:24m+4u3+6ul+12uﬁ, mEsz Vn:§(1—<—>)

E—RBIMIZETLZ EITERL, FEO#EBMERREZELDT

1 3 1
Sp(t) =2 (—m, —m + 6 %; 3 + Vﬁ;t) (mod p)
ERT. ZTOMENFOMEBE N(p) b ERT L&, SIRBER> STV PHEINS.

Conjecture 17. B p > 512 LT

=55 (0 () 2+ (5) 0 (5)) o
S0 Gl ()0 ()
S/ 76) (1 + w5+ 36).

IRED S, (1) DEEIZ, BB i, v, v RO —RROREEDESLBEARLRDO P LN
BN, EOTEERDD &, FEGHT? S LT D Z L kB

deg S,(t) =m = N(p) < pe {5 <p<97,107,109,113,137}.

IR S,(t) (mod p) BN FOACBERMRE NG & 5 BB p Iy, TV AL —f
D& 5 HNE L ABECHT R VERE S DRSS 2 ?
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