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Abstract
Diaconis-Sturmfels (1998) 13175 A D& & 3 affine toric ideal DERMITTMN A TEE2H57HD
Markov chain Monte Carlo (MCMC) simulation D7z ®D Markov BEZ 525 L 2R LTz, EHIC
CDERTTIE Grobner HEDFE TRSOZ T ENARETDH 5.
A ARG T D affine toric ideal &L —fEDHBARTEESHELRTHS. LD BRI
(R EHEER) E T OHEROM L 755 . HEFIE T DA EREE DM 723k (contiguity relation)
B Z 135NN direct sampler MK TES Z EER Uz, Db ERD SIS I AatHAA

BOFEDEHETDHS.
T O/INTIFFBHEABICHE, BIEFD direct sampler ZHIEH U, FmIfS 5Nz < DH DFERDOEH]
ARG, D,

Abstract

Diaconis-Sturmfels (1998) show that any set of generators of the affine toric ideal for a matrix
A gives a Markov basis for the Markov chain Monte Carlo (MCMC) simulation for a distribution
associated to A. Moreover, a set of generators can be obtained by Grobner basis computation.

The A-hypergeometric system is a system of differential equations consisting of affine toric ideal in
the 9; space and a set of first order differential equations. The partition function (or the normalizing
constant) of the distribution associated to A is a solution of this system of differential equations. Mano
show that recurrence relations (or contiguity relations) of the partition function gives an efficient direct
sampler. We can apply several methods in computer algebra to derive recurrence relations for the
direct sampler.

In this note, we shortly introduce Mano’s direct sampler and present a sketch of our recent results
on the direct sampler.
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Sampler ¥1& “1% BATZAMHICHED BEL (N7 B L)Y BEKT 27T ZLDT & T
5%

(IS

ZITRONT MV u = (u1,u2) ZHWH

uy +u2 = B,u; € No
B' uy U2 (1)

LB ESICT Y LICER LI (2T T p; >0, p1 +p2 =1). DD random variable?) U WMl v ZH AR P(U = u) IC
DV TROAMNK D DL S I LTz,
PU =) = (1) %
feraEB=2,p=1/27%5
1
4
FEIY AT L RICETNEZRTTZ 7N ALDRESNTOT, ZEZEFROXICY VIV (B 21855 N TES.

PWU=(0,2) = 3, PW = (1,1)) = 5, P(U = (2,0) =

rbinom(20,size=2,prob=1/2);
[1112121102011220221211

HE (1,1),(2,0), (1,1),(2,0), (1,1),(1,1),(0,2),... IKHih. BERRCL A NI TLEELICIX

hist(rbinom(2000,size=2,prob=1/2))

AT L.

| Direct sampler T Z DELEEAESIIE? |

IHPUt: 67 P1, P2
Output: (ug,us)
1. (¢1,¢2) = (0,0) (init count vector)

— _D1 — P2
2. e = p1+p2’ €2 = p1+p2”

3. [0,1] Z e; : ex DX By, By IZ57E.

4. [0,1] ICfl%Z & DO—HEELE t ZZ— DK,

5. ift € By, then ¢; ++, § — — else if t € FE5, then ¢o ++, § — —.

6. if 8 > 0, then goto 4 else return u = (c1, ¢2).
. )

B =38,p; = 1/2 TTO direct sampler £7 055 LTHRETHAD, BECHERLE LT, KR THUL, ZOHTHIELL
TDOXIICEBIITTHS.
(3,0) T 4,(2,1) T3,(1,2 T2,(0,3) T

1
i
EE 1 (K<HM5NTL3)

(ur,uz) 2152 MRIE (1) =X

Proof. Step 5 T#EIIN 3 index DFNE iy,is,...,i5 £F 5. i; & 15 2 THB. §{k|ix = 1} = c1,
t{k|ir =2} = o, TH>oTz. E>TID index FZ1EFBMHERIT pi'ps?. AU c1,co DR 1,2 DARITIE
(Cﬁl) EBD. O
BRAIC R D rbinom I Y FIZ X O #ERIRELEER T VTV AL ZETLTW5.
Dy al—va O TREIBEE-TRY




AT D LR AL L2 DTH D, 47HIERD EORBMT5i, Young KIF i
DB %%, £ OREANHEEE. TO A DREERLES.
A: dx n 175 BEIED. pe R%,, B € N 7z [HE.

U

ZaB) = Y. 5 2)
Au=8,ueNfy !
EBOVT, ue NP ICH LT AR ROKXTEDS.

U

p

PU=w =T

CZTul =u! - uyl

Bl: A= (1,1) %5 I8, OB B11Z4(B:p) = (p1 + p2)P.

MHFIE A 73S U direct sampler 7))L 3V AL KOG T A 7z “S.Mano, The A-hypergeometric
System Associated with the Rational Normal Curve and Exchangeable Structures, Electronic Journal of
Statistics 11 (2017), 4452-4487" 4.

direct sampler 77)L:3Y) XL (¥, 2018) |

Input: 8, p
Output: ¢

1. ¢:=(0,0,...,0) (init count vector)

2. e = piZ(B—aip) ; _q

Bz LT Lt
3. [0,1] Zer:ex:... e, lTHEL
4. [0, 1] ICMEZFED—KRELEL t 2— DR,

5.t M e; DFEICASTD ¢; 2 1 T, =8 —aj.
6. 8#07%5 goto 2.
BTLIEEE cld Ac = B ZT2T. 7535 a; 3175 A @ 4 5.

B —a; NI &5 e, =0. |B|=B1+...+ B4
bEFEL&D B T/ < input D 8
. J
ET T D direct sampler 7))V TV XL T Step 2 THIX B /3T A—2ZFDO0 B Z O ZEIHET %
DENDHB. Za(B;p) ZEBEENSFIETZDIE 8 ® A BV EFIHEIFE O S TN, He
THiNB XS A BERMROWEZ WS & T DFIE /37 A—2 2RO il O Ot X7z kD %
C ARSI THE T LS. s A= (T L) SORCC oMkt ik
- n
HNC3KR D T Young MIE LD &H 2 0ROV T DEIFEMIL direct sampler 7))V 3V AL 5 Z Tz,

DEBICKMHE LT, 1 ITHORMNEEES 1. rank = d HRELTHL.
4) https://projecteuclid.org/euclid.ejs/1510887943

Sz D& S EBICTDONTIE
http://www.math.kobe-u.ac.jp/HOME/taka/2015/2015-07-o0saka-slides.pdf D p.5,6 ICIRNSENTINS.



T T THHLEZEWOREHE X2 R RECCR e 2 BT E RS, B O 5% T 30 £LL ERFZEh
WTW5Z L THs. KIS B ERDESICKRS.

1. 1980 %10 D.Zeilberger OBFFELISF I HREDORIEIC. B “A = B9, Z0D14,

2. MR EMERBEDO T LT F—RIET (I+(S—1)D,)N D, %K. TT T D, FZHENXFED
W= EHIZEER. S 13EDEHIE.

3. Creative Telescoping {£C (I + (S —1)R,)NR, 1 ZRK®%. TT T R, FHEXRBOM? 20 E
GESIH

| MJ%¥ direct sampler D |

EE 2
1. A-BEE(TROD Plaffian 137 L7 F—RIKCatHEAHE. SNAMW{LN (contiguity) &5 X T TCER I
e, DL TERTESD.

2. N HOEEEFRT 372D DOFEEX O(r?B1N) 7T A Grobner RIKFIHOFHE. CTTrix A
@ normalized volume. XToEMHBOIHIOFRERIZE O(1) £ 5.
il
1. MCMC® DOFHERIE O(n(N * T + (burn-in OE%N))) 9.

2. A HBEBMR Tl Pfaffian = contiguity &7&%. Pfaffian DEHIFIEEDZVEIE TH SN, Fills A BRARICHL Tk
HERIIELIT Plaffian DNEHIN TV S, 72& ZIXERE, MARD E(k,n) O contiguity relation (& Grobner EEIC X5 ED
K DN EIFED sampler ZHEAEL TV 510,

MCMC IZ5§9 % direct sampler DF|sild, burn-in, thinning 7& £ D/8T A— X FEENARE (T2 & 213,
MBS T 2RAE) THEHT L ThHD. I EBOY Y IV EERT NI I 2 b—ya URERIET
MMEHDBIEEDTHS. —J, TD direct sampler DR FTZEFIANRL TV K5I MCMC i bR
HENEBENT EThHS. EHIMALGDLNELIIC 81 ® A D normalized volume r HRKEL LB L, Iz& X
contiguity BOD > TNBELTEEL RS, A 3x3 NEETE r=(5) =6 THZH 5 x5 77
KTEr= (Z) =70 THD O(r?) DR TAMIEL 725, T HICTRA DRIEIERTIE double RDFH
TRAHGZEADE KD DI b KA EDAEDMEZ K E L IETNS DT bignum DMK T
Holz. UL LUEMNS direct sampler (& DX X TUHNLATEEZR D TUFHFHEIC K D TORMZRMTE S
Batdsb0LEbNg. £ double MZFIHRBIGEND r AVNEWIEHENE D EH#tTE 5.
Risa/Asir D8 /r—3 gtt ds.rr O timing data Z25% £ TICFEY . EfTId Intel Xeon CPU(2.70GHz), 256G memory
DHARDFTER T T Ko7z,

/M | A B C  Har
A 2 2 0 4 1 9/10 11/10
B 8 9 2 19 , p=1| 1 13/10 99/100
C 0 0 3 3 1 1 1
i 10 11 5 26

Au = B: {7/, I LOETEZ SN EDTEE. TD&E 100 [ADELEOERRFFMIE 81.5s5 + 48.1s(GC).
VT MUY gttds.rr, thkds_ahg.rr DFEITH.

S https://www.math.upenn.edu/~wilf/AeqB.html
T Risa/Asir IC—fROEGFEDEEN Y 7 — tkds_ahg.rr & LTRESN TV 3.

8MCMC I & B FEICDUV T Diaconis-Sturmfels (1998) DFY
https://projecteuclid.org/euclid.aos/1030563990, FDHDEITARIF «J L7 F—itilhy” =S8

9n 1& Markov EHEDANY L& LTOEE. T & thinning ORI
10)Risa/Asir TOFEHE gtt ds.rr



Bl /HERN | 5 4 3 2 1| At
5 2 1 1 0 0] 4
4 8 3 3 0 0] 14
3 0 2 1 1 1| 5
2 0 0 0 1 1| 2
1 0 0 0 0 1| 1
i 10 6 5 2 3| 26
X 1: BHET—% (F L7 =38 p.221 X DHEH)

[1822] load("gtt_ds.rr");
[2720] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],
[f(1,9/10,11/10]1,[1,13/10,99/100],[1,1,111);

N
= =W

MC’)M\IHC’)OJS[\)OOO

H%HMH;&I—‘:OO’!H

gtt_ds.direct_sampler([[4,14,3],[10,6,5]],[[1,9/10,11/10],[1,13/10,99/100],[1,1,111);

N
N
[ ]
— e e o e b e e

] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],[[1,9/10,11/10],[1,13/10,99/100],[1,1,1]1]1);

O

MCMC & direct sampler 1€ & % p-HOFFFOLE| 1

Direct sampler DFfiTH % T A—RDPFRIIAETH S LWIHETET S, T Tid direct
sampler IC X% 5x5 HEIRICHT % p HOFEHZ O & DOMNT 5. LTl R7zX 51T DHE contuiguity
% Tz direct sampler ZEIEIEEDEL K578, T TRDEBE Z % Taylor BRIC X % inHEHE

TR % 15T direct sampler & MCMC ZLtigd 5.
11«7 L7 =il I E N TV, i T2 /N T2 D RGE T
K5 plEHOFETH 5. ﬂi:ﬂ%i&b% p 1312

— R B x? BUEREHRIC

1.01
0.97
0.94
0.97
1.01

1.05
1.05
1.03
1.01
1.01

0.95
0.97
0.98
0.93
0.99

1.06
1.07
0.99
0.99
1.03

0.93
0.97
1.07
1.01
1.06

HTIEDIEIZZ D p ITHT BIHRHEZ O TV S, FEARD direct sampler (ZRIFFOlii{bRIC K 5L T
72 Z4(B;p) D Taylor JERZAWIDELEIHICE 2D TH B, Eid p lci LTl 2 XD Taylor J&#
fTD direct sampler (mano taylor 2) IZSFITRHIEMN2E DD, K2 DT T T TRENTVE LI p

TEOF RIS OV TRIFEREREZHR TV

L) SEAREER OIS FSTH B DR

)20 p 3T A FAICHESICHRDIETH D, BRI,

13)p DI HTNT 1 ORFIFFEDETIVIC LS sampler IIENE 5N



MCMC CPU R[] (ps)
burn-in:0 thinnng:f# 362,809
burn-in:10000 thinnng:fit L 378,440
burn-in:0 thinnng:100 17,063,450
burn-in:10000 thinnng:100 17,064,158

Direct sampler
Taylor 0 X 27,174,019
Taylor —XX 289,105,633
Taylor X 14,849,937,181

B TVENE 99 5. CPU KM 1 1,000,000 us T 1 #.

burn-in 0 burn=-in 10000 thinning 100 burn=in 10000 ,thinning 1
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2: MCMC & direct sampler I X% p-fHDFHE (FARGESK, B blisdl). A LD thinning 100 T
HBHM 00" HRIFTWBDTHEE.

FHE R AN (A 7|
“HEb, 7L 7 F—RIK” BHEEIE) TlE7 77 6EREINDS A TEE 5 toric ideal DRI N TV 5.
CITEM3DTITTNEEES)

1) c1ock() CaHAl Xeon E5-4650 CPU, 2.7 GHz; 256 GB of memory.
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3: Graph for A
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IZ DWW, direct sampler ZHEALT % 12 DHHLINE p DT XRTOHIH 1 OO ICHELTHS. OF
D, Za(b;1) D b IZDOWT DR ZRD B EHMETDH 5.
DX IEMBIC DOV TIIEFFIT DT D IFE S N T Z 7z creative telescoping WERTH S LN S.
T T Tl3 HolonomicFunctions.m (Christopher Kouchan) '7) /8w — TZ OW{b R ZFIH L THIZ. —
BRODFHHR TRD K 5 B Z 2R (b 1& 5)).
(14 b1)(1 +2b1)(1 + b1 + b2 + b3 + ba — b5)(1 + b1 — b2 + b3 — ba + b5)) 51
+  (1+b1+b3)(1+2b1 + 2b3)(b1 — bz + by — bs — bs),
(1 +b2)(1 +2b2)(=14 b1 — bz + b3 —bg — bs5)(1 + b1 + bz + b3 + bg — b5) S
+ (1 +b2+ba)(1+2b2 + 2b4) (b1 — b2 + bz — bs + bs),
(14 03)(1 4 2b3)(1 + by + ba + b3 + by — b5)(1 + by — by + b3 — by + b5)S3
+ (1 +b1 4 b3)(1 + 2b1 + 2b3)(b1 — b2 + b3 — bg — b5),
(T4 ba)(1 +2b4)(—1+4 b1 — b2 +b3 —bs — b5)(1 + b1 + b2 + b3 +bg — b5)S54
+ (140624 ba)(1+2b2 4 2b4)(b1 — b2 + b3 — ba + bs),
(=14 b1 — by +bs — b — bs)(1+ b1 — bo + bg — ba + b3)Ss
—  (=b1 — b2 —b3 —bs +bs5)

TTT Sif(b) = f(bi +1) (b ICDOVTDEDEHE).
O 17155 T-8D Mathematica NDASJZLLTDEBOTH 5.

ann4 = Annihilator[(1/Factoriall[ul])*(1/Factoriall[u2])*(1/
Factorial [u3])*(1/
Factorial[-bl - b2 - b3 + ul + u2 + b4 + b5])*(1/
Factorial[2*b3 - u2 - u3])*(1/Factorial[2*b2 - ul - u2])*(1/
Factorial[bl - b2 - b3 + u2 + u3 - b4 + b5])*(1/
Factoriall[bl + b2 + b3 - ul - u2 - u3 + b4 - b5]1)*1, {S[bil,
S[b2], S[b3], S[b4], S[b5], S[ull, S[u2], S[u3]}]
FindCreativeTelescoping[ann4, {S[ul] - 1, S[u2] - 1,
S[u3] - 1}, {S[b1l, S[b2], S[b3], S[b4]l, S[b5]1}]

BB NINE W RIZIEAZ DU % Heuristics (by C.Kouchan) WEEINTWTHIFRNTH 5.
(Fepe7rrny—|

1) 3 DT 4,5 DBEDA->THM i FIHE jHIHIC 1 2#<
L6) Yy PEDRREIC 8 S 18

Mhttps://risc. jku.at/m/christoph-koutschan/




it THHDH B A| = | Direct sampler Z{FD 72w | | Wik &R % it SEE oM |

Iy DL TF—EE = MCMC MEN3'®
A8 0L = RO direct sampler HYENZ20).

1. #FT (HERIELT) Wit ZENNIE, random vector Z4ERKT % K O ZhEHIA 7))L IV ZLMENS.
2. FEMREBOFIET Za(B;p) D B IOV TOEHERXNMENIUL K D Zh#AY /K direct sampler HMENS.

thinning %> burn-in OFHEIIMWERIETH 5. 72L& 2T O TOT—2HID X 515 7 EIED
2 EE U TS 2550 B8 ORENZNE D ORI Z HE &3 5 541E thinning L7z ADNRW
B, HEEDHEE/NE L FTE5ONENTHNE thinning 2 LEWTINTOREREM-72IF 5> H K0
IAALS) uﬁénﬁﬂ%%%m)

e 2, RONENREEZ 5.

B1 B
A 53 19 | 72
As 56 31 87
109 50 | 159

2 HETRIC K AMEICBOT uyp < 43556 < uyp DEEA Y XL 181 A LB B I33T) DR
G 5% KM ETEAI S NS, BT vy, =53 205, REAGIZEA S NAV. BRI NA4 v XEH
1.544173... 72 DT, J@Mt A L@k B I3 TldR <, v X 3/2 LW S Xikadiz &> THB. ik
D R CIRIRAGHMNIE L S BAIE N B ERZMIN I &V D, HEICEHRT % &Mt id po = 0.172863... T
H%. MCMC I X5 OFHEiZ T E Lz, SHZREO T TO MCMC I & D 1,000 flED 77 #1272 Hfi
L, ZD5 B uy <430 56 <wupy 2L BEDDOHGZREIOHEERE Uiz, TO{T2 10 BIfTWY, i [[]
HORITICB T 2 OHEEEZ p; £ T 5. HEOHEREL LT, RMSE (root mean square error)

\l 1—10 Z(pi —Po)?

=1

ZzLb.
burn-in thinning RMSE
1,000 - 0.055001
1,000,000 - 0.059027
1,000 1,000 0.013220

burn-in 1,000, 1,000,000 DFERBIFIFEDL 5K WVDT, burn-in 1,000 TEWIGELTWVWE LS TH5. L
"L, burn-in 1,000,000 THRCERICGEL TWTH, thinning Z{ 78R UIEAEDKEZ V. THZ
1,000 {ED 7 EER DRI OMEAICHER T 5.
FHEFER?2) (3 thinning DA HEICIZIE X 572, burn-in 1,000, thinning 1,000 Ti& burn-in DI
1,000,000 D ENIRZARL L TS H, 1,000,000 {f5 N TZ2{H > 72 11 OHEE O RMSE 13 0.002384
18) JST CREST HHF—LAR, 7' L7 =i, 2011, H37HiRR, 221
19) contiguity & &R

20)S.Mano, Partitions, Hypergeometric Systems, and Dirichlet Processes in Statistics, JSS Research Series in Statistics
(2018), Springer

2DW.A.Link, M.J.Eaton, On thinning of chains of MCMC, Methods in Ecology and Evolution 3 (2012), 112-115
25 v X NI EIEDER O, Z OMONIICKEN D Z5E 1 thinning DER L BbN 5.




THY, thinning I 25HED 0.013220 EEANT, HEDZWEEICHFFENS 1//1,000 = 0.031623... {4
ZEETIEEWVD, 1/5 XD E/NELE>TWA. thinning 89, FXRXTOREEEMES THRRBWT &H5
N5.



