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Abstract

Let (G,V) be a prehomogeneous vector space over a finite field of odd characteristic. Taniguchi
and Thorne [2] developed a method to calculate explicit formulas of the Fourier transforms of any
G-invariant functions over V. By means of their method, we calculate the Fourier transform of any
G-invariant function for several prehomogeneous vector spaces. .

1 Introduction

Let K be a field and K be the algebraic closure. Let V be a finite dimensional representation of a
reductive algebraic group G defined over K. When there exists a G(K)-orbit of V(K) which is Zariski
open, we refer to the pair (G, V') as a prehomogeneous vector space. Taniguchi and Thorne [2] developed
a general method to compute the Fourier transform and applied it to obtain explicit formulas for the
prehomogeneous vector spaces 1@Sym?*(F2), Sym®(F2), 10 Sym*(F?), 2@ Sym?*(F2), 20 Sym?(F?), where
F, is the finite field of order a prime power ¢g. There are many prehomogeneous vector spaces for which
the explicit formula of the Fourier transform is not yet calculated. The speaker calculated the explicit
formula of the Fourier transform for 9 more prehomogeneous vector spaces Fg ® Fg ® Fg, F2@F2@F3,
F2 Fg ® Fg, Fg Q@ Hy(Fp2), Fg ® /\2(15‘3), the space of binary tri-Hermitian forms over Fs, % ® IE‘% ® Fg,
Fg ® H3(Fg2), F2 ® A?(FS) by using the method developed by Taniguchi and Thorne. In this paper, we
see the calculation method and the results for some spaces.

2 Fourier transform

Let p is an odd prime and IF, is the finite field of order p. Let g is any power of p and F, is the finite
field of order g. Let V' be a finite dimensional vector space over F, with a finite group G linearly acting
on V. Suppose the pair (G, V) satisfies the following Assumption 2.

Assumption 1. There exist an automorphism ¢ : G 5 g — ¢g* € G of order 2 and a non-degenerate
bilinear form B :V x V — F, such that

Blgz,g'y) = B(x,y) (v,y € V,g € G).

Then we can identify the dual space V* with V' by the linear isomorphism V' 3 x — 8(z,-) € V* (see
[2] for detail). We reformulate the definition of the Fourier transform only in terms of V. For ¢ : V — C,
we define its Fourier transform ¢ : V' — C as follows:
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Here Try, /r, : Fg — I, is the trace map. Let ]-'g be the set of all G-invariant maps from V to C, i.e.,
F¢={p:V = C|glgx) = d(x) (g€ G azeV)}

Note that }"Cf is a finite dimensional vector space over C. We can easily see that if ¢ is a G-invariant
function, $ is also G-invariant. In fact, the Fourier transform map ]-'g > ¢~ qg € }"C,; is a linear
isomorphism. Let O;(1 < ¢ <) be all the distinct G-orbits in V', and for each i let e; be the indicator
function of O;. The functions ey, ...,e, are clearly G-invariant, and they form a basis of ]-"5 . Thus we
only have to calculate the Fourier transform of ej,...,e, to calculate that of all ¢ € .7-"5 . We use the
following proposition for our calculation of e;.



Proposition 2. [2, Proposition 6] Let W be a subspace of V, and let W+ := {y € V |Vz € W, B(z,y) =
0}. Then
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In this paper, we call W+ the orthogonal complement of W. By Proposition 3, when we choose one
subspace of V', we obtain one equation of linear combinations of €; and e;. Therefore if we choose r
different subspaces and the corresponding equations are linearly independent, we obtain an expression of
each €; in terms of eq, ..., e,. In other words, we can determine the following r-by-r matrix M explicitly:

(€1, en) = (e1,..yen) M.

We calculate the matrix M with this approach.

3 Main result

The speaker calculated the Fourier transforms for the following prehomogeneous vector spaces over a
finite filed:

o V' =2®2® 2, the space of pairs of 2-by-2matrices; G = GLy X GLo x GLo,

e V' =2®2® 3, the space of triplets of 2-by-2matrices; G = GLy x GL2 x GL3,

e V' =2®2®4, the space of quadruples of 2-by-2matrices; G = GLy x GLy x GLy4,

o V =2®Hy(F,2), the space of pairs of Hermitian matrices of order 2; G = GLy x GLy(F2),
e V =2® A%(4), the space of pairs of alternating matrices of order 4; G = GLy x GLy,

e V is the space of binary tri-Hermitian forms over Fys; G = GL; x GLa(Fgs),

e V=283®3,G=GLy x GL3 x GL3,

o V=20H3(F,2),G=GLy x GL3(Fp2),

e V=2®A2%6),G = GLy x GLg.

Here, we write about the complicated cases V =2 ® 3 ® 3,2 ® H3(F,2),2 ® A?(6).

31 F2eFQF:

Let V :Fg(}QFg@Fg and G = G1 X G5 x G3 = GLy x GL3 x GL3. We write z € V as x = (A,B)
where A and B are 3-by-3 matrices, and write g € G as g = (g1, g2, g3) where g; € GLs and go, g3 € GL3.
G acts on V by

gz = (92Ags , 92Byg3 ) g1

V' consists of 21 G-orbits in all. The following elements x1, ..., T2 are representatives:
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Here, pi1, po, v2, V1, o € Fy are elements such that X2+ X +po, X2+ X2+ X+ € Fq[X] is

irreducible.

The subspaces we choose to calculate the Fourier transform are as follows:
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The orthogonal complements of these subspaces are as follows:
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Wit = Way, Wik = Wag, Wit = Wiz, Wit = Wy, Wit = Wiy, Wt = Wi, Wit = Wi, Wt = Wy,

*

Wgt = Wig, Wig = Wig, Wis = Wia, Wik = (| *
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Theorem 3. The cardinalities |O; N W;| for the orbits O; := Gz; and the subspaces W; are given as
follows:

Wy Ws Ws W, Ws W Wo Wy Wo Wio Wi Wig
O ] 1 1 1 1 1 1 1 1 1 1 1 1
Oy | 0 [1001] [1011] [1002] [1011] [1011] [1010]a; 2[1001] [1030] [1001]a;  [1021] [1001]a;
O3 | 0 0 [2111] [2112] 0 0 [2120] 0 [2120]  [2111]  [2121]  [2111]
O, ] 0 0 0 [3311] 0O 0 0 0 0 0 0 0
Os | 0 0 0 0 [2111] 0 [2110] 0 [2120]  [2111]  [2121]  [2101]
Os | 0 0 0 0 0  [2111] [2110]  [2001] [2120]  [2101]  [2111]  [2111]
O | 0 0 0 0 0 0 [3120] 0 [3130]  [3111]  [3131]  [3111]
Os | 0 0 0 0 0 0 0 [2111]  1[2330] [2311] 112331]  [2311]
Oy | 0 0 0 0 0 0 0 0 %[4310] %[4311} 0
O | 0 0 0 0 0 0 0 0 0 [3311} [3331] 0
Onl 0 0 0 0 0 0 0 0 0 0 [4421] 0
O] 0 0 0 0 0 0 0 0 0 0 0 [3311]
O3] 0 0 0 0 0 0 0 0 0 0 0 0
Ol 0 0 0 0 0 0 0 0 0 0 0 0
O15] 0 0 0 0 0 0 0 0 0 0 0 0
O | 0 0 0 0 0 0 0 0 0 0 0 0
O] 0 0 0 0 0 0 0 0 0 0 0 0
O | 0 0 0 0 0 0 0 0 0 0 0 0
O | 0 0 0 0 0 0 0 0 0 0 0 0
Og | 0 0 0 0 0 0 0 0 0 0 0 0
Os | 0 0 0 0 0 0 0 0 0 0 0 0
Wis Wiy Wis Wi Wir Wi Wi Wag Waq Wik
1 1 1 1 1 1 1 1 1 1
[1021]  [1010]b; [1000]c;  [1000]by  [1021] [1010]bs  [1001]az  [1001]b;  [1012]  [1000]c,
[2121]  [2130] [2110)b; [2110Jay [2112]  [2140]  2[2111]  [2131] [2122]  [2110]b,
0 0 (3310] [3300]  [3311]  [3320] 0 [3311] [3321]  [3310)
[2111]  [2111]  [2120]  [2100)bs [2111]  [2130] [2111] [2121] [2112]  [2120]
[2121]  [2111]  [2120]  [2100)bs [2111]  [2130]  [2101]az  [2121] [2112]  [2120]
[3131]  [3130]  [3130]  [3110Jay [3121] [3120]b3  2[3111] [3121]a;  [3132]  [3130]
%[2331] [2330] [2320]  $[2300]by [2321] $[2320]as 3[2311] 1[2321]as %[2332] [2320]
1[4311] 0 114300 0 114310] 0 1[4311]  §[4312] 0
0 [3330] [3320]  [3300]as [3321] [3320]az  2[3311] [3321]a;  [3332]  [3320]
0 0 0 [4400] 0 [4420) 0 [4421] [4422] 0
[3331]  [3330]  [3320] [3300]ay [3321] [3320]as [3211]ax [3321]a;  [3332]  [3320]
[4421] 0 0 [4400] 0 [4420) [4311] [4421] [4422] 0
0 [4420] 0 [4400] 0 [4420] [4311] [4421] [4422] 0
0 0 [4320]  [4300]a; [4321]  [4320])ay 0 [4331] [4332]  [4320]
0 0 0 [5400] 0 [5420] 0 [5421] [5432] 0
0 0 0 0 [3611]  [3620]  2[3411] [3611]az  [3622] 0
0 0 0 0 0 [4620]  2[4411]  2[4621]  [4632] 0
0 0 0 0 0 0 [4511] Liar21)  L1[4732] 0
0 0 0 0 0 0 0 2[5711] %[5722] 0
0 0 0 0 0 0 0 0 £[6731] 0
Here, let [abed) = (¢ — 1)%¢% (¢ + 1)¢(¢*> + ¢+ 1)¢ and
a1 =2¢+1 b =2¢>+2¢+1 caa=¢+4¢*> +3¢+1

as=3¢g+1 by=5¢>+3¢+1
as=q+2 b3=¢>+3¢g+1
as=4q+1 by=br=¢>+8¢+1
as =5q¢+1 bs=3¢>+2¢+1

By this result and Proposition 3, the representation matrix M of the Fourier transform on }'g with



respect to the basis ey, ..., €21 is given as follows:
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[3332]
[2320]d2
[1310]es

—[1311]by
—[2320]b2
[1320]eq
[1300]es
[1300]e7

[1330]

—[1310]cy
[1330]
(13f 3

—[0310]dy

—[0310]dy
¢Pes

—(]3“1

—[1310]b4
qbr
—[1300]bs
[0310]b,
—[0311]

[1012) [2122] (3321) [2112] [2112] [3132) 112332] 1[4312] (3332) [4422)
e [1120)d;  [2310]c;  [1110)d;  [1110]d;  [2120]ds  £[1320]d3  £[3310]c;  [2320]ds  [3420]cy
[0010]d1 q91 [1300]62 [1110]62 [1110]62 [1110]63 2[1310]614 71[2300]61 [1310]63 7[2410]61
[0001)e;  [0101]ez @ h —[1111]  —[1111]  —[1111]by  —3[1311]ay %[2301] —[1311)b;  [2411]
[0010]d;  [1120]c;  —[2320] qfa [1110]c;  [1120]e,  1[1320]ds  1[2310]ds  [1320]es  [2420]ds
[1000]d;  [1120]c;  —[2320]  [1110]cy qfa [1120]e4 i[1320]015 1[2310]ds  —[2320]by  —[2410]c;
da qes —[1300]b, qes qes q92 2[1300]037 —2[1300)ds  [1300)es  —[1400]dy
ds [1100]dy  —[2300]a;  [1100)ds  [1100]ds  [2100]d; LgPes —1[3320]  [1300]e;  —[2400]c3
[0010]ca  —[0110]c;  [1310] [0110]dg  [0110]dg  —[0120]dg i[1340] gq%g [1330] —[1410)
ds qes —[1300]by qeq —[1100]by  [1100]es §q3e7 1[2310] @ fs —[1400]dy
[0010]ca  —[0110]c;  [1310] [0110]dg —qc; —[0110]dy —1[0310]cs  —1[1300]  —[0310]dy qds
do qes —[1300]b;  —[1100]by qeq [1100]es 1¢%er 1[2310]  —[1310]cy  [2420]
[0010]c;  —[0110]c;  [1310] —qc1 [0110]dg  —[0110]dg —3[0310]cs  —3[1300] [1330] —[1410]
[0010]ca  —[0110]c;  [1310] —qc —qc [1110]dio  30310]d1;  $[2310]bs  —[0310]dg  —[1410]
[0011?162 [ qeg ] —q3§5 [—qcl] [—qcl] (ll)f4 —%%0310&-3 —1%[[130%]) q3§3 —[14}110]
—by 0120 —q 0110 0110 gbics —1[0310]b, —21[1300)b3 —qPay q
ds [qblcl]b —[[231(])] - 1{)20] —[11b20] —[1110]e; —3 [(1)3%0%5 : {2300]]b - [1;%0]@ [2[410] ]
Cg —[0110]by 1300 —qo1 —qby qeio —54q°Co —5[1300 6 q o7 —[1400
C10 —[1110](1,1 qS(Lz —[1100](11 —[1100](1,1 —[2110](13 %;3811 —2%[3300] —[1300]bg [2400]
—by [0120) —¢° [0110) [0110]  —[0110]ci2  —2[0310bs  3q3cis [0310]b;  —[1410)
—[oo11]  [0111] —[0310] [0101] [0101] —[0111] [0311] —1[1301]  —[0311] [0401]
[4422] [4422] [4332] [5432] [3622] [4632] +14732] 1[5722] 16731]
[3420]co  [3420]co  [3330]c;  —[4420]b;  [2610)d5  [3620]cs  £[3720]c1o —?[4710]b2 —£[5730]
—[2410]c;  —[2410]c;  [2310]eg [3430] [1600]b1c1  —[2620]by  —#[3720]ay $[3720] 1[4720]
[2411] [2411]  —[1311]es  —[2411] —[2611] [2611] 1[1711]az —1[2701] —34[3720]
—[2410]¢;  —[2410]c;  —[2320]c, [3430] —[2630]  —[2620]b; —2[3720]ay 113720] 1[4720]
2420)dy  —[2410]c;  —[2320]c  [3430]  —[2630] —[26200b, —i[3720ay  L[3720)  L[4720]
—[1400]dy  [2400]d1o  [1300]fs  [2400)bicg  —[1600]c;  [1600Jero  —2[3710Jas —%[2700]ci2  —3[3710]
—[2400]c;  [2400]dy;  —[2310]cs  —[3410]by  —[1600]bs —[2600]co  §[2700]ciy  —4[3700]by  1[4710]
—[1410]  [2420]bs —[1320] —[2420]b3 [1610] —[1620]bs  —g[3720]  [1710]c13 —%[3720]
[2420]  —[1400]dy  [1300]cs ~ —[2400]a;  —[1600]bs  [1600]b;  —£[2700]bs  $[2700]b;  —x[3710]
—[1410]  —[1410] —[1320) [1410] [1610] —[1610] i[2710] —1[2710]  3[2710]
—[1400]dy —[1400]dy ~ [1300]cs ~ —[2400]a;  —[1600]bs  [1600]b;  —£[2700]bs  2[2700b;  —3[3710]
q*ds —[1410] —[1320] [1410] [1610] —[1610] i[2710] —1[2710]  1[2710]
_(410] gty —[1320]  [1410] n610)  -(610]  Lero)  Lfprno)  ipro
—[1410] —[1410] @ fs —[1400]b1b3  —[1600]by —[1600]ci2  ¢[1700]aras %[1700] %[2710]
q* q* —q3b1b3 qtenn [1600] —[1600]b3  1[1700]ay 1[1700] —111710)
[2410] [2410] —[2310]b, [3410] q5by [1610]ay 6—1[1710] —2%[2700] "o
—[1400]  —[1400]  —[1300]c12  —[2400]bs ¢bas ¢%b1o —3[1700] £[1700] 0
[2400] [2400] [1300]a1az  [2400]as —3¢8 —3[1600] q’ 0 0
—[1410]  —[1410] [0310] [1410] —q8 [0610] 0 —q" 0
[0401] [0401] [0311] —[0411] 0 0 0 0 ¢ ]




Here, let [abed] = (¢ — 1)%¢°(q +1)¢(¢* + ¢ + 1)¢ and

ar =2q¢+1 a=¢ —q-1 e1=2¢° +2¢* —2¢> —2¢—1
as =2q—1 c=¢-¢—q-1 =0 —¢F - +q+1
a3 =3q+1 c3=2¢>—2¢—1 es=q°—2¢* —2¢° + > +2¢+1
as=q—2 ct=2¢°—q¢*—2¢—1 ea=¢"—2¢°+q+1
bi=¢>—q—1 cs=q>—¢*+1 es=q¢°—2¢* —¢®* +3¢>2+3¢+1
by =2¢>+2¢+1 cs=q¢*+q+1 e¢ = 5q° — Tq* —4¢® +4¢> + 3¢+ 1
bs=¢*+1 o=¢+¢—-2¢-1 er =2¢° —4¢* —3¢° +3¢* + 3¢+ 1
bi=¢*>-2¢-1 cs=¢"—2¢*—2¢—1 es=¢+¢" —q+1
bs =2¢° —3¢—1 cg=¢°—4g—1 eo=¢ —¢* -+ +2¢+1
bo=q*—q+1 co=2¢>—2¢>—2¢—1 e0=0"—2¢" +¢* +2¢* —2¢ - 1
br=2¢>-29—1 c1=¢>—¢>+5¢+1 en=¢—¢*+q¢—-¢ -1
bs=q¢>—3¢—1 co=¢—¢+q+1 fi=d—@ -+ -1
by =q* —2 cs=¢+¢ —q+1 fo=d"+@ —q¢* —2¢* +q+1
bo=¢*—2¢+2 di=¢"+¢F-¢F—q-1 f3=4¢" =3¢ +4¢> —2¢—1

dy =2q* —2¢> —2¢ — 1 fi=¢®—q®+2¢> —2¢—1

d3 =3¢* —2¢> —2¢— 1 fi=a" 2" +¢*" —+q+1

di=2¢"—¢*—4¢>-3¢—1 g1=q¢"+¢"—3¢" -2+ ¢* +2¢+1
ds=q*+¢*—2¢> —2¢—-1 go=q¢" -4 +¢* +4¢* —2¢ - 1
d6:q4—q3—|—1

dr =q* —4¢° —7¢°> —4¢g — 1

dg:q4—q2—|—1

dy=¢"—¢*—¢@+q+1

dio=q¢*+¢*+2q+1

din=q* —2¢> +2q+1

2
3.2 Fq & Hg(Fq)
For a € Fy2, let @ be the conjugate of a over F,. Define the norm map as follows:
Ny :Fp2 220 2Z €.

N, is surjective and N2|IFX2 : IE‘;Z — ;' is a surjective group homomorphism. Let H,, (Fg2) be the set of
q

Hermitian matrices of order n. We consider H3(Fy2), i.e.,

ailp aiz2 @13
H3(Fg2):= ¢ A= |G12 ax as| € M3(Fp2)|ai; € Fg,a;; € Fr(l1 <i<j<3)
a1z G23  as33
Let V = F2 ® Hy(Fy2) and G = Gy x Gy = GLy(F,) x GL3(Fg2). We write z € V as z = (A, B) where

A, B € H3(F,2), and write g € G as g = (g1, g2) where g1 € GL2(F,) and go € GL3(F,2). The action of
G on V is defined by

gz = (92493 . 92B93 )91 -
Here, for a matrix h, h is the matrix whose (4, j)-entry is the conjugate over F, of the (i, j)-entry of h.
V' consists of 15 G-orbits in all. The following elements x1, ..., z15 are representatives:

1 1 1
$1:(0,0)7CE2:( 0 70)71:3:( 1 70)71:4:( 1 70)7
0 I 0) 1
1 1 1 [0 ] 1 -1
I5_( 0 ) 1 )7:176_( 0 ) 1 )7:177_( 1 y |Ho M1 )7
0 0 o] | 0) 0 0

1 1 1 0 1 0

g = (|1 ) 0 ), w9 = ( 1 ) 0 )s T10 = ( 1 ; 1)),
0 1 1 1 1 1



1 0 1 0 1 0
(Ellz( 1 B 0 )7 leZ( 1 3 1 )7:E13:( 1 ) 1 )7
1
0 0 0 0 vy
0 1 0],{m 0 0f).
1 0 1 71 0 1y
Here, p11, v2 € Fy and po, v1, v € F,2 are elements such that X2 + 1 X — N(po), X3 4+ 12X2 — (N (vo) +
N(11))X + 12N (1) € F,[X] are irreducible. Since Ny is surjective, there exist such pq, po, v2, 1, 0.
The subspaces we choose to calculate the Fourier transform are as follows:

0 0 O 0 0 O 0 0 O 0 0 O 0 0 0 0 0
Wi=(|0 0 0|,[0 O Of),Wa=(|0 O 0]|,|0 O 0|),Ws3=(|0 0 0], ),
0 0 0] [0 0 0 10 0 x| [0 0 x| 10 0 0] [* * x|
[0 0o o] [ x| (0 0 0] [0 0 x| [0 1 [o ]
Wy=(|0 0 0}, *[),Ws=(]0 0 0],]|0 0 *|),We=(|0 = =*|,|0 x =x|),
0 0 0] | | 10 0 *] [x * ] 10 | |0 |
[0 0 0] [o 0 0] [0 0 x| [0 0 =x| [0 0 o] [0 1
Wz=(|0 0 %|,|0 0 =x|),Ws=([0 1,10 ),Wo=({0 0 Of, ),
_O kK| _O kK| KR I _O 0 x| |* ]
0 0 0 0 0 0 * 0 0 O 0 * =
Wl():( 0 0 5 0 * ),Wllz( 0 0 0 , |k * ),ng—( 0 0 = , |k Xk ),
0 = * 0 0 = * 0 = = Xk %
0 0 O * 0 0 0 0 =
W13:( 0 *x = s * ),W14:( 0 = 5 0 x = )andW15:V.
0 = = * x % x ok %
The orthogonal complements of these subspaces are as follows:
0 % = 0 % = 0 0 O 0 % =
Wit = Wis, Wob = (|% % x|, |x * x|), Wit =Wy, Wit = Wy, Wb = (|0 % x|, |x * x|),
* % % * k% 0 * = * kK

W7J‘ = W14, WGJ‘ = Wg, WQJ‘ = W12, le(_J = W10 and Wﬁ = Wll'

Theorem 4. The cardinalities |O; N W;| for the orbits O; := Gxz; and the subspaces W, are given as
follows:

W, W W W, W We W, W W
0, | 1 1 1 1 1 1 1 1 1

O, | 0 [101000] [100000] [100101] [101000] [101010] [101000] [101000]  [100001]
O3 | 0 0 [111010] [110111] [111010] [111010] [112000] [112010] [110000]c;
Oy 0 0 0 [230011] 0 0 0 0 [231000]
05| 0 0 0 0 [211010] [212010] [212000] [212010] [211010]
Os | 0 0 0 0 0 11231010] 0 0 [230000]
o0; | 0 0 0 0 0 %[231010] [231000] [231010] 0

Os | 0 0 0 0 0 0 0 [242010] 0

Oy | 0 0 0 0 0 0 0 0 (331000]
Ow | 0 0 0 0 0 0 0 0 0
On | 0 0 0 0 0 0 0 0 0
O] 0 0 0 0 0 0 0 0 0
O3] 0 0 0 0 0 0 0 0 0
Ou | 0 0 0 0 0 0 0 0 0
O15] 0 0 0 0 0 0 0 0 0




Wio Wi, Wia Wis Wiy Wis Wi Wy

1 1 1 1 1 1 1 1
[100001]  [100001]  [10001]  [100000)d;  [101010]  [101101]  [101010]  [101010
[110000]c; [110010]cs [110000]f; [110010]dy  [111000]c; ~ [111111]  [111010]cs  [111020

[ [

] ]
] ]
[231000]  [231010]  [231010]  [230011] [232000]  [231011]  [232010]  [231010]
[211000]b,  [211010]  [211000]b;  [211011]  [212000]bs  [212111]  [212020]  [211011]

|
1[230010]  [230000]  $[230010] $[230010]b;  3[231010]  £[231111]  [231010]  $[231010]

%[232000] 0 %[232000] 1[231010]  3[231000]b4 §[231111] 1]231010)b;  $[231010]
[242000] 0 [243000] [242010] [242010] [242111]  [242010]b3  [242010]
[331000]  [331000]  [331000] [331020] [332000] [332111] [332010] [331010]
[342000] 0 [343000] [342010] [343000] [343111] [343020] [342010]
0 [261000]  [261000]  [260010]b, [262000] [261111] [262010] [261010]
0 0 [362000]  2[361010] [362000] [362111] [362011] [361010]
0 0 0 11470010] 0 Liariinn) 1473010 0
0 0 0 ; [371010] [372000] % [372111] % [372020] 0
0 0 0 0 0 $[473011]  £[473010] 0
Here, let [abedef] = (¢ — 1)%¢°(q + 1)(¢* — ¢+ 1) (¢®> + 1)°(¢* + ¢+ 1) and
b1 =¢*+2 a=¢+2¢°+1 =+ +¢F+q+1
by =2>+q+1 c2=¢4+32+q+1 d=¢d+¢@Z+q¢+1
by =2¢* + 1 a=¢+¢+1 =+ +3+3P+q+1
by = 3q2 +1

By this result and Proposition 3, the representation matrix M of the Fourier transform on ]-'g with
respect to the basis eq, ..., e21 can be calculated.

3.3 T2 ® A*(FS)

Let A?(FS$) be the set of all alternating matrices of order 6 over F,. We write A € A*(6) as

0 a2 G13 G4 Q15 Q16
—aiz 0 a3 Q4 A5 Q26

A= | M3 T2 0 434 @35 936 | Where ai; € Fy.
—a14 —024 —a34 0 Q45 Q46
—ais —azs —azs —ags 0 ase
|—a16 —age —aze —asg —ase O |

Let V =F2@A*(FS) and G = Gy x Ga = GLy x GLg. We write z € V as # = (A, B) where A, B € A*(6),
and write g € G as g = (g1, g2) where g € GLy and g2 € GLg. The action of G on V is defined by
gz = (92493 , 92893 )91 -

Let tmn(l <1<2,1 <n <m < 6) be the element of V' that the (n, m)-entry and (m,n)-entry of ith
matrix is 1 and —1 respectively and the rest are all 0. For example,

oS oo oo
OO OO oo
S oo o oo
[ecien i en i an B e M @)
oo oo oo
(esil el en i en M en M @)
SO oo oo
oo oo oo
(evilen i en i en B e M @)
(esill el en i en M e M @)
SO OO oo

0
ui12 = ( 0
0
0

The set {um, |1 <1<2,1 <n<m <6} is a Fg-basis of V.
V' consists of 18 G-orbits in all. The following elements x1, ..., x15 are representatives:
T = 0,
T2 = U112,
T3 = U112 + U134,
Ty = U112 + U134 + U156,



Ts = U112 + U213,
Te = U112 + U214 + U223,
Ty = U112 + U234,
Tg = U112 + U134 + U214 + HoU223 + H1U234,
Tg = U112 + U215 + U234,
T10 = U112 + U134 + U215 + U223,
T11 = U114 + U123 + U216 + U225,
T12 = U112 + U216 + U225 + U234,
T13 = U114 + U123 + U216 + U225 + U234,
T14 = U112 1+ U236 1 U245,
T15 = U112 + U134 + U236 + U245,
T16 = U112 + U134 + U234 + U256,
T17 = U112 + U134 + U214 + foU223 + U1U234 + U2sse,
T18 = U112 + U134 + U1s6 + VoU212 + U216 + U203 + V1U225 + VoU24s-
Here, p1, po, v2, v1, vo € Fy are elements such that X2+ mX + /L(),XS + X2 +unX+u € F,[X] is
irreducible.
The subspaces we choose to calculate the Fourier transform are as follows:

Wl :{O}a

W =(u112, u113, U114, U115, U116)F, »

W3 =<U123, U124, U125, U126, U134, U135, U136, U145, U146, u156>]Fq7
Wy :<U112, U113, U114, U115, U116, U123, U124, U125, U126, U134, U135, U136, U145, U146, U156>]Fq7
Ws =(u112, U113, U114, U115, U116, U212, U2137U2147u2157u216>]an
We =(u112, U113, U114, U115, U116, U123, U124,U125,U126,U212>1Fq,
Wz =<U112, U113, U114, U115, U116, U212, U223,U224,U225,U226>1Fq,
Ws =(u134, U135, U136, U145, U146 U156, U234, U235, U236, U245, U246 5 u256>]an
Wo =(u112, U113, U114, U115, U116, U212, U2137U2147U2157U2167U2237“2247“2257“226>]Fq7
Wio =(u123, U124, U125, U126, U134, U135, U136, U145, U146, U156, U223, U224 , U225, U226, U234, U235, U236 5 U245 > U246, u256>]Fq7
Wiy =<U112,U113,u114,U115,U116,U123,U124,U125,U126,U212,U213,U214,U215,U216,U223,U224,u225au226>mq,
Wi :<U114, U115, U116, U124, U125, U126, U134, U135, U136, U145, U146, U156, U245, U246, U256>]Fq7
Wiz =(u112, U113, U114, U123, U124, U212, U213, U214, U215, U216, U223, U224 , U225 , U226, U234>1Fq,
Wia =(u112, U113, U114, U115, U116, U212, U213, U214, U215, U216, U223, U224 , U225, U226, U234, U235, U2365 U245 > U246, u256>]Fq7
Wis :<U134, U135, U136 U145, U146, U156, U213, U214, U215, U216, U223, U224, U225, U226, U234, U235, U236, U245, U246 U256>]Fq7
Wie =(u123, U124, U125, U126, U134, U135, U136, U145, U146, U156, U213, U214, U215, U216, U234, U235, U236 U245 > U246, U256>]Fq7
Wiz =(u123, U124, U125, U126, U134, U135, U136, U145, U146, U156, U212, U213, U214, U215, U216, U223
y U224, U225, U226, U234, U235, U236, U245, U246, U256>]an
Wis =V.

The orthogonal complements of these subspaces are as follows:
Wit = Wig, Wik = Wig, Wit = Wiy, Wit = Wy, Wit = Wi, Wg- = Wiz, Wit = Wi, Wg- = Wiy,
Wis = Wia, Wi = Wi3 and

1
W5~ = (u123, U124, U125, U126, U134, U135, U136, Ulds, U146, U156, U234, U235, U236, U2455 U246, U256)F, -

Theorem 5. The cardinalities |O; N W;| for the orbits O; := Gxz; and the subspaces W; are given as



follows:
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Here, let [a,b,c,d,e, f,g] = (¢ —1)%¢* (¢ + 1)°(¢®* — ¢+ D) ® + 1)°(¢* + ¢ + 1)/ (¢* — ¢+ 1)Y and

a1 =q+ 2, 1 =2¢° +2¢+1, di =2¢* +* +2¢> + ¢+ 1,

as =2q+1, =@ +q¢+1, dy = q*+ ¢ +2¢°> +2¢+ 1,

b1 =2¢> +2¢+1, c3=2¢+5¢>+3q¢+1, dz=q¢*+2¢*+3¢>+q+1,

bo=2¢>+4q9+1, cs=¢*+2¢>+q+1, dy=3¢"+8¢+10¢> +4q+1,

by =22 +3¢+2, ¢c5=2¢"+¢*+q+1, ds =q¢* +¢®> +q+1,

bi=2¢*+q+1, c=q¢*+qg+1, er=¢q° +4¢* +4¢° +3¢> +2¢ + 1,

bs = ¢% + 2, eo = 2¢° +4¢* +4¢> +5¢°> + 3¢ + 1,
es = ¢° +5¢* + 64> + 6¢% + 3¢ + 1,
ea=¢"+2¢" +3¢° +4¢> +2¢ + 1

By this result and Proposition 3, the representation matrix M of the Fourier transform on }"Cf with
respect to the basis ey, ..., e21 can be calculated.
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